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Abstract

In this thesis, we explore a new knot invariant which we refer to as the petal length

of a knot, denoted ∆(K), which describes the minimal length among the set of petal

projections representing K. In order to define this, we introduce a measurement of

the “length” of a cyclic permutation. We prove the monotonicity of this invariant

with respect to two of the Reidemeister-type moves devised by Colton et al., and

demonstrate an application for identifying when a petal projection corresponds to the

unknot. We relate petal length to the ropelength of a knot. In particular, we obtain

upper bounds for ropelength in terms of petal length, and conjecture linear bounds for

∆(K) with respect to the crossing number and ropelength of K.
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1. Petal Projections

A knot is an embedding of S1 into R3. Intuitively, any closed curve in space without

self intersections is a knot. Every knot that is embedded such that particular continuous

transformations cannot transform it into a round circle is known as a nontrivial knot.

The term unknot is reserved for any knot which can be deformed into a round circle.

The continuous transformations which determine knot equivalence are ambient iso-

topies. Cromwell [1] defines an isotopy of a knot K ⊂ R3 as a continuous map

ι : K × [0, 1] → R3 such that each restriction ιt : K × {t} → R3 is injective. Then

knots K1 and K2 are equivalent if there exists an isotopy ι : R3× [0, 1] → R3 such that

ι(K1, 0) = ι0(K1) = K1 and ι(K1, 1) = ι1(K1) = K2. This type of isotopy ensures that

the space containing K is preserved under the transformation. We will see the need

for ambient isotopies in this paper shortly. Any property of a knot that is preserved

under ambient isotopies is known as a knot invariant, and the knot type of a knot K

is the set of knots equivalent to K up to ambient isotopy.

A knot diagram is any projection of K onto a plane with broken lines representing

the locations of the crossings of K. Classically, each crossing of a knot diagram K is

a point at which exactly two strands meet transversely at each crossing, represented

below with an example of the trefoil knot.

Figure 1.1: A diagram of the left-handed trefoil knot.

We can imagine altering the crossings in a knot diagram so that each crossing, the

overstrand becomes the understrand and vice versa. This results in the mirror image of

a knot. Some knots, amphichiral knots, are equivalent to their mirror images. Others,

including the trefoil above, are not, and are called chiral knots.
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In 2012, Colin Adams et al. [2] proved that every knot K with n crossings admits

a projection in which all n crossings are contained at a single point, known as an

übercrossing projection. The primary object of interest to this thesis is a petal projection

of a knot, an übercrossing projection with no nesting loops.

A petal projection with p petals consists of p strands, with each strand crossing

transversely at the übercrossing. These petal projections look like the petals of a

flower. Suppose such a projection has 2k petals for some positive integer k. Let p1

be any petal consisting of the incoming strand a and outgoing strand b connected

counterclockwise. Then let p2 be the petal with outgoing strand a. There are an even

number of strands between b as a strand of p1 and a as a strand of p2, and all of these

must be connected counterclockwise as distinct petals. Therefore a is an outgoing

strand of p2 and b is an incoming strand of p2.

Therefore each pair of strands are connected as a one-crossing knot and therefore

correspond to the unknot, and thus any such projection corresponds to a link consisting

of k unknots. Therefore we restrict our attention to petal projections with odd numbers

of petals.

Recall that a p-cycle σ ∈ Sp is a permutation that can be represented as a finite se-

quence of integers j ∈ {1, .., p}, each appearing exactly once, of length p that cyclically

permutes each integer. Then S̃p ⊂ Sp is the set of p-cycles in Sp.

Labeling the heights of each strand in this projection allows us to uniquely identify

every petal projection with a cyclic permutation σ ∈ S̃p for odd p > 1, so that there is

a bijective correspondence between S̃p and the set of petal projections with p petals.

Furthermore, every petal projection can be transformed into a regular star diagram,

resulting in classical knot diagram in the shape of a regular star polygon with Schlafli

symbol {p/(p−1
2
)} for odd values of p. This process retains the information encoded

by the permutation σ representing the strand heights of the petal projection. Observe

that we can obtain this by translating each petal strand to the right and and then

straightening the curved segments of the diagram. Figure 1.2 below demonstrates this

process.
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Figure 1.2: Obtaining a regular star diagram {5/2} from a petal diagram. Figure

from Even-Zohar et al. [3].

This thesis explores a new invariant, the petal length ∆(K) of a knot, defined with

respect to star and petal projections. We prove the monotonicity of this invariant with

respect to two of the Reidemeister-type moves defined for petal projections and obtain

bounds for the ropelength and crossing number of a knot in terms of ∆(K).



4

2. The Arclength Sum of a Cyclic Permutation

For any p > 2, consider a cylinder C ⊂ R3 of radius 1 and height p such that some

star diagram α corresponding to σ ∈ Sp has its strands positioned at corresponding

horizontal cross sections of the cylinder, connected by vertical lines along the surface of

C so that α is connected. Figure 2.1 depicts this for the permutation (13524). The solid

black lines represent the horizontal strands of the {5/2} star diagram corresponding

to this permutation, and the dotted lines represent the vertical strands that connect

each horizontal strand along the surface of the cylinder.

Figure 2.1: A right cylinder containing a star diagram corresponding to the trefoil.

Define γ(σi) = |σi − σi+1|. Then each γ(σi) corresponds to the length of the ver-

tical segment connecting the horizontal segments σi and σi+1, and Γ(σ) =
∑p

1 γ(σi)

represents the total contribution of these vertical segments to the length of α.

Now imagine stretching and turning C about some point in space so that it resembles

a torus with a slice taken out. Measure distance on this cylinder by the arclength of the

circle passing through the center of each horizontal strand of C and set the horizontal

strands at arclength 1 apart. Then “glue” a cylinder of the same radius of total arclength

1 to the first and last strands. This results in an embedding of C into a torus T , as

seen in Figure 2.2.
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Figure 2.2: A sketch of the star diagram corresponding to (13524) traced along the

torus T with the dotted lines representing the vertical strands we will perform an

ambient isotopy on.

Now we can move any vertical strand of the knot by lifting it off the surface of T and

placing it on the opposing side of T. For each vertical strand of arclength greater than
p
2
, perform this isotopy; the new strand will have a shorter length than the original.

The new diagram has vertical strands with lengths given by min{|σi−σi+1|, p−|σi−

σi+1|} = min{γ(σi), p− γ(σi)}. Each such displacement is an ambient isotopy, because

the space surrounding each strand is not deformed by the transformation and it never

results in a self intersection of the curve.

Figure 2.3: The torus T after the ambient isotopy.
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This motivates our first definition.

Definition 1. For any σ = (σ1, .., σp) ∈ S̃p, define δ(σi) = min{|σi−σi+1|, p−|σi−σi+1|}

and ∆(σ) =
∑p

1 δ(σi). We refer to ∆(σ) as the arclength sum of the cyclic permutation

σ.

One invariant of particular interest, explored in Chapter 4, is the ropelength of a

knot K. Rop(K) is intuitively thought of as the ratio of the length of the curve and

the maximal thickness of a normal cylinder that traces out the curve without self

intersections. Therefore, if K is a knot with a corresponding star diagram α, the

minimization of the length of α results in a smaller value of Rop(K), so the fact that

∆(σ) ≤ Γ(σ) motivatives this isotopy.

The definition of the petal length ∆(K) of K a knot is somewhat more nuanced than

the definition of the arclength sum of a cyclic permutation representing K. We will

define this in Chapter 3.
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3. Elementary Properties of ∆(σ)

Consider the equivalence relation between cyclic permutations defined by σ ∼ σ′ if

the ordering of the components in σ and σ′ do not differ, so that (12345)∼ (34512) but

(12345)≁ (13254). We refer to this as a horizontal rotation, and it is immediate that if

σ,σ′ ∈ Sp differ by a horizontal rotation, then ∆(σ) = ∆(σ′). For any petal projection

in the plane, such a rotation amounts to a simple rotation of the projection, and thus

is immediately an isotopy.

Less immediate is the classification of isotopic projections by other rotations. A

vertical rotation of a petal projection σ is an isotopy that consists of translating the

strand at height 1 downwards so that it becomes the strand at height p+ 1.

After a relabeling, this rotation amounts to applying the map f : S̃p → S̃p defined

by f(σi) = (σi − 1) mod p.

For example, applying a vertical rotation to the petal projection σ = (1356247)

would result in f(σ) = (7245136). Furthermore, if σ, σ′ differ by a vertical rotation,

then ∆(σ′) =
∑p

1 δ(σ
′
i) and |σ′

i − σ′
i+1| = |(σi − 1) mod p − (σi+1 − 1) mod p| =

|(σi − 1− σi+1 +1) mod p| = |(σi − σi+1) mod p| = |σi − σi+1|. Thus δ(σ′
i)= δ(σi) for

all i, and ∆(σ) = ∆(σ′).

Let Sp ⊂ S̃p be the set of equivalence classes σ̄ under vertical rotation. We refer

to these as the rotation classes of σ ∈ S̃p, and since ∆(σ) is invariant with respect

to rotation classes, it suffices to consider ∆(σ) : Sp → N. In an abuse of notation

we will write σ in place of σ, with the knowledge that we are referring to any cyclic

permutation in the rotation class of σ. As petal projections are only defined over Sp

for odd values of p, we are generally only concerned with the case that p is odd in

the observations that follow. However, as we will see, the image of ∆(σ) is thoroughly

mysterious in the odd case and straightforward in the even.
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Proposition 2. For all p ≥ 3, minσ∈Sp
∆(σ) = p. If p is odd, then maxσ∈Sp

∆(σ) =(
p
2

)
. Furthermore, each bound is realized by exactly one rotation class of permutation.

Proof. We construct σ ∈ Sp recursively by setting σ1 = 1 and σi = σi−1+
p−1
2

. Then for

any i, |σi−σi+1| = |σi− (σi+
p−1
2
)| = p−1

2
so δ(σi) = min{|σi−σi+1|, p− |σi−σi+1|} =

min{p−1
2
, p+1

2
} = p−1

2
. Then ∆(σ) =

∑p
1 δ(σi) = p(p−1

2
), so there exists a class of odd

permutations σ such that ∆(σ) = p(p−1
2
).

Furthermore, any other class of permutation cannot achieve this bound, because

maxσi∈σ δ(σi) =
p−1
2

for any odd p.

That minσ∈Sp
∆(σ) = p is immediate by setting σ1 = 1 and σi = σi−1 + 1, which

results in (123...p). □

The cyclic permutations σ ∈ Sp such that ∆(σ) = maxσ∈Sp
∆(σ) are precisely the

permutations corresponding to petal projections of the extremal torus knots Tm,m+1

where m = p−1
2

. On the other hand, the cyclic permutations such that ∆(σ) =

minσ∈Sp
∆(σ) all correspond to the unknot. Since each strand of the petal projection is

height 1 away from its adjacent strand except for the last strand, which connects back

to the first, we can simply translate each strand away from the übercrossing projection

until we obtain a circle.

We have shown that minσ∈Sp
∆(σ) = p is achieved for every p, so ∆(Sp) spans

N\{1, 2}. However, the specific values that the image of Sp under ∆ takes for each p

is dependent on the parity of p, and is a nontrivial problem when p is odd.

Software was used to calculate the values of ∆(σ) for each σ ∈ Sp for 5 ≤ p ≤ 11.

This calculation was performed on a data set obtained by Jason Parsley and Eric

Rawdon [4], and contained the knot types of each corresponding permutation.

We would like to understand why the data in the Appendix demonstrates that ∆(σ)

does not achieve every natural number between p and maxσ∈Sp
∆(σ).

In particular, the image of Sp under ∆ for even p appears to be the set of all even

numbers between p and (p−2
2
)p+ 2 inclusive, while the image of Sp under ∆ for odd p

appears to be much stranger.

Recall that δ(σi) = min{|σi − σi+1|, p − |σi − σi+1|} and define the signed p-tuple

of the arclength sum of σ as µ(σ) = (µ(σ1), µ(σ2), ..., µ(σp)) where µ(σi) = −δ(σi) if
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σi > σi+1 and µ(σi) = δ(σi) otherwise. Define the unsigned p-tuple of the arclength

sum as δ(σ) = (δ(σ1), δ(σ2), ..., δ(σp)).

The proof below demonstrates an argument using the hypothesis that every term in

µ(σ) has the same sign.

Proposition 3. The image of σ ∈ Sp under ∆ does not contain maxσ∈Sp
∆(σ)− 1 for

any odd p or minσ∈Sp
∆(σ) + 1 for any p.

Proof. Since our permutations are cyclic, we can assume without loss of generality that

σ1 = 1.

In the case of p = 3, we note that the only possible value for any σ ∈ S3 is ∆(σ) = 3.

So let p > 3 and suppose σ ∈ Sp is a permutation such that µ(σ) = (1, 1, ...1, 2). Since

we identify cyclic permutations up to rotation class, we can assume that µ(σp) = 2.

We claim that either every µ(σi) is positive or every µ(σi) is negative by construction

for all σ ∈ Sp with p > 3. Without loss of generality suppose that each term in µ(σ) is

positive except for some σi with µ(σi) = −1 for i > 1. Then σi−1 = i− 1, σi+1 = i+ 1,

and σi+1 = (i + 1) − 1 = i, which is impossible because σ is cyclic. Similarly, if

µ(σp) = −2, then σ1 = σp−3, and if µ(σ1) = −1, then σ1 = 1 and σ2 = p, but then

σ3 = 1.

So we may assume that every term in µ(σ) is strictly positive. Then since µ(σp) = 2,

we have that σp = p but σ1 ≡ p+ 2 ≡ 2 mod p, which is a contradiction.

Therefore there is no permutation σ with an associated µ−string of the form above,

and therefore ∆(σ) ̸= p+ 1 for any σ ∈ Sp.

Now suppose that p > 1 is odd and that σ is a permutation with µ(σ) = (p−1
2
, p−1

2
, ..., p−3

2
).

Then σp ≡ (1+ (p−1)2

2
) mod p and σ1 ≡ (1+ (p−1)2

2
+ p−3

2
) mod p. For any odd p > 1,

the term (p−1)2+p−3
2

is odd, so 1 + (p−1)2

2
+ p−3

2
mod p must be even. This contradicts

the assumption that σ1 = 1. □

In a more general setting, we rarely have the assumption that µ(σ) is unsigned. The

evenness of p is a distinct but similarly strong assumption which allows a clean visual

proof. We first define the winding number ω of a curve C about the point x as the

total number of times C travels counterclockwise around x.
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Figure 3.1: A representation of a cyclic permutation as points on a circle.

Proposition 4. If σ ∈ Sp and p ≥ 2 is even, then ∆(σ) is necessarily even.

Proof. Consider the circle C as given in Figure 3.1, with the values 1, 2, ..., p arranged in

clockwise order at equidistant points along C. We can identify any cyclic permutation

σ ∈ Sp with a closed curve drawn along C. As in Figure 3, then, the trefoil (1 3 5 2 4)

is obtained by traversing clockwise along the circle exactly two times.

We can identify δ(σi) as the smallest arclength required to travel from σi to σi+1, in

either a clockwise or counterclockwise fashion. So let σ ∈ Sp.

If δ(σi) is even for all 1 ≤ i ≤ p, then ∆(σ) is even by definition.

If δ(σi) is odd for any i, then either |σi − σi+1| = 2l + 1 or 2k − |σi − σi+1| = 2l + 1

for some integer l. Therefore if σi is odd, then σi+1 must be even. Similarly if δ(σi) is

even, then σi and σi+1 must both be even.

We must start our traversal of C at the point σ1 = 1 and end it at the same point.

If δ(σ1) is odd, then σ2 is necessarily even, and so unless at least one other value δ(σi),

i > 1 is odd, it is impossible that σp+1 = σ1 = 1. More generally, if δ(σi) is odd for any

odd 1 < k < p number of terms, then σp+1 is necessarily even, which is impossible.

Therefore δ(σi) must be odd for a necessarily even number of terms, and therefore

∆(σ) is necessarily even. □

Below is listed our conjecture that follows the pattern observed in Appendix 1.

Critically we would like to show that for any odd p > 5, ∆(σ) ̸= p+ 5 for any σ ∈ Sp.
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In the case that p = 5, we note that maxσ∈Sp
∆(σ) =

(
p
2

)
= p+5 = 10 which is realized

by the permutation representation of the trefoil knot.

Conjecture 5. If σ ∈ Sp and p > 5 is odd, ∆(σ) attains every value between p and(
p
2

)
except the values p+ 1,

(
p
2

)
− 1, and {p+ 3 + 2j} for 0 ≤ j ≤ p−1

2
− 3.

Table 3.2: A table of the values that ∆(σ) does not attain for 5 ≤ p ≤ 11.

Recall that a knot K is not necessarily equivalent (ambient isotopic) to its mir-

ror image, which we will denote K∗. Recall as well that for any cyclic permutation

σ = (σ1, σ2, ..., σp) ∈ S̃p, its inverse σ−1 is given by (σp, σp−1, ..., σ2, σ1). This is not a

horizontal rotation, as σ = (1 3 5 2 4) and σ−1 = (4 2 5 3 1)= (1 4 2 5 3). Here

σ : 1 → 3 while σ−1 : 1 → 4.

A knot and its mirror image, when reflected across a plane, must have the same

length. Therefore any attempt to assign a measure of length to a knot type must

assign the same length to its mirror image. The following Proposition shows that this

holds for the arclength sum of a cyclic permutation.

Proposition 6. Let σ, σ−1 ∈ Sp be the petal projections of a knot type K and its mirror

image K∗ respectively, where σ−1 is the inverse of σ. Then ∆(σ) = ∆(σ−1).

Proof. Let σ ∈ Sp be a petal projection of some knot K. Displace each strand of the

petal projection away from the übercrossing and straighten the petal tips in such a

way that we obtain the equivalent star diagram α of σ. Consider α embedded in a right

cylinder C as in Chapter 2.

Now reflect the cylinder C across the plane parallel to its base so that every over-

crossing of the projection is an under-crossing and every over-crossing is an under-

crossing. We have obtained a projection of K∗. Then displace each strand back into

its übercrossing projection. This is a petal projection representing the inverse of σ.

Furthermore, since we can write σ−1 = (σp, σp−1, ..., σ2, σ1), we have that δ(σ−1) =

(δ(σ−1
1 ), δ(σ−1

2 ), ..., δ(σ−1
p )) = (δ(σp−1), δ(σp−2), ..., δ(σ1), δ(σp)).



12

Therefore δ(σ−1) is equivalent to δ(σ) up to a reordering, so ∆(σ) = ∆(σ−1). □

In the context of Proposition 6, the following statement is nontrivial.

Proposition 7. For every p ≥ 6, there exist distinct rotation classes σ, σ′ with σ′ ̸= σ−1

such that ∆(σ) = ∆(σ′).

Proof. Consider the case p = 6 and let σ = (145632) and σ′ = (135642).

Then δ(σ) = (3, 1, 1, 3, 1, 1) while δ(σ′) = (2, 2, 1, 2, 2, 1) so that σ, σ′ cannot differ

by a vertical rotation because there exist σi such that δ(σi) = 3 but no σ′
i such that

δ(σ′
i) = 3. Therefore they belong to distinct rotation classes, but ∆(σ) = ∆(σ′) = 10.

In general if p is even, consider σ ∈ Sp with µ(σ) such that

µ(σi) =



p
2

i = 1

1 2 ≤ i ≤ p
2

−p
2

i = p+2
2

−1 p+4
2

≤ i ≤ p

.

This always results in a valid cyclic permutation because 1 + p
2
+ p−2

2
= 2p

2
= p, so

σ p+2
2

= p
2

and every σi for i > p+2
2

is strictly less than 1 + p
2
.

Furthermore, ∆(σ) = 2(p
2
) + 2(p−2

2
) = 2p− 2.

Similarly, let σ′ ∈ Sp with µ(σ′) such that

µ(σ′
i) =



2 1 ≤ i ≤ p−2
2

1 i = p
2

−2 p+2
2

≤ i ≤ p− 1

−1 i = p

This also results in a valid cyclic permutation since σi is odd for all 1 ≤ i ≤ p
2

and even for all p
2
< i ≤ p. Furthermore, ∆(σ′) = 2p − 2 but σ, σ′ belong to different

rotation classes.

If p = 7, observe that σ = (1357642) and σ′ = (1476532) satisfy ∆(σ) = ∆(σ′) = 12,

but δ(σ) = (2, 2, 2, 1, 2, 2, 1) and δ(σ′) = (3, 3, 1, 1, 2, 1, 1).

In general if p is odd, consider σ ∈ Sp with µ(σ) such that



13

µ(σi) =



p−1
2

1 ≤ i ≤ 2

−1 3 ≤ i ≤ p+1
2

−2 i = p+3
2

−1 p+5
2

≤ i ≤ p

This always results in a valid cyclic permutation because σ2 = 1 + p−1
2

and σ3 =

1+2(p−1
2
) = p, every σi for i ≥ 3 is strictly less than p, and the value 1+ p−1

2
does not

appear again because σ p+1
2

= 1+ p+1
2

while σ p+3
2

= 1+ p−3
2

. Furthermore, ∆(σ) = 2p−2.

Similarly, let σ′ ∈ Sp with µ(σ′) such that

µ(σ′
i) =



2 1 ≤ i ≤ p−1
2

−1 i = p+1
2

−2 p+3
2

≤ i ≤ p− 1

−1 p

Again, σi is odd for all 1 ≤ i ≤ p+1
2

and even for all p+1
2

< i ≤ p, and ∆(σ′) =

2p− 2. □
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4. Reidemeister Type Moves on Petal Permutations

Recall that ambient isotopies rigorously define the topological equivalence of two

knots as curves embedded in R3. Any two isotopic knot diagrams differ by a sequence

of planar ambient isotopies and Reidemeister moves, which preserve knot type without

necessarily preserving the number of crossings in that knot diagram.

Suppose that σ ∈ Sp and σ′ ∈ Sp′ correspond to the same knot K up to ambient

isotopy. Colton et al. [6] proved in 2018 that σ can be transformed into σ′ by a

sequence of trivial additions, trivial deletions, and crossing exchanges. These petal

diagram transformations for petal projections are analogous to Reidemeister moves

for knot diagrams. We maintain the definitions and notational conventions set forth

by Colton et al. in describing these transformations and present results on how these

transformations affect the value of |∆(σ)−∆(σ′)|.

The first Reidemeister type transformation for petal projections, the trivial addition,

allows us to add a petal to the petal projection σ ∈ Sp of some knot K and obtain a

projection σ′ ∈ Sp+2 without altering the knot type of K. The second Reidemeister

type transformation is the trivial deletion, the inverse of the trivial addition. Trivial

deletions allow us to delete a petal without altering the knot type of K.

Definition 8. A trivial addition is defined by inserting an unordered pair {m,m+ 1}

and applying the function gm(σi) =

σi σi < m

σi + 2 σi ≥ m
for 1 ≤ m ≤ p + 1. A trivial

deletion is the inverse of this function.

The resulting permutation under trivial addition is then given by either

σ′ = (gm(σ1), ..., gm(σj),m,m+ 1, gm(σj+1), ..., gm(σp))

or

σ′ = (gm(σ1), ..., gm(σj),m+ 1,m, gm(σj+1), ..., gm(σp)).

In particular, we obtain σ′ from σ by either setting σ′
i = m, σ′

i+1 = (m+1) for some

i and then setting σ′
j = σj + 2 for all σj satisfying σj ≥ m, or by setting σ′

i = m + 1,

σ′
i+1 = m for some i and then setting σ′

j = σj + 2 for all σj satisfying σj ≥ m.

For example, if σ = (13524), then we can trivially add the pair {2, 3} after the third

entry of σ such that σ → σ′ = (1572346) represents an ambient isotopy.
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Note that a trivial addition can be performed on any σ ∈ Sp, but a trivial deletion

can only be performed if there exists a pair {σi, σi+1} such that σi = σi+1 ± 1.

The monotonicity of ∆(σ) with respect to trivial additions and deletions is of interest

in properly defining ∆(K). Every knot type K can be represented by infinitely many

permutation σ ∈ Sp by performing arbitrarily many trivial additions, and so defining

∆(K) such that it is an invariant requires some care.

Theorem 9. If σ′ differs from σ by a trivial addition, then ∆(σ) ≤ ∆(σ′).

Proof. Let σ ∈ Sp and σ′ ∈ Sp+2 such that σ, σ′ differ by a trivial addition.

Let im be the entry in σ such that σ′
im = m and without loss of generality suppose

that σ′
im+1 = m+ 1.

For each i ̸= im±1, we may assume without loss of generality that i, i+1 < im so that

we need not worry about a shift in indices. If both σi, σi+1 < m, then δ(σ′
i) = δ(σi), and

if both σi, σi+1 > m, then δ(σ′
i) = min{|(σi+2)−(σi+1+2)|, p−|(σi+2)−(σi+1+2)|} =

δ(σi).

In the final case, assume without loss of generality that σi < m and that σi+1 ≥ m.

Then δ(σ′
i) = min{|σi − σi+1 − 2|, (p+ 2)− |σi − σi+1 − 2|}.

By an application of the triangle inequality, |σi − σi+1 − 2| = |σi − σi+1 + 2 − 4| ≤

|σi − σi+1|+ 2

So that δ(σ′
i) ≤ min{|σi − σi+1| + 2, p − |σi − σi+1|} and therefore δ(σi) ≤ δ(σ′

i) for

all i ̸= im ± 1.

The cases i = im ± 1 are analyzed individually.

Consider circles C1, C2 such that the values 1, 2, ..., p and 1, 2, ..., p+ 2 are arranged

in clockwise order and spaced evenly along C1 and C2 respectively. We identify any

σ ∈ Sp or σ′ ∈ Sp+2 with the order in which we traverse the circle C1 or C2 respectively

and identify δ(σi), δ(σ
′
i) as the smallest arclength required to travel from σi to σi+1 or

from σ′
i to σ′

i+1, respectively.

Then C2 differs from C1 by the addition of the points m,m+1 for some 1 ≤ m ≤ p+1.

Whether δ(σim−1) = |σim−1 − σim| or δ(σim−1) = p− |σim−1 − σim| does not matter,

as these cases are identical up to symmetry by reflecting C1, C2 about the line passing
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through the point 1 and the center of each circle. So without loss of generality suppose

δ(σim−1) = |σim−1 − σim|.

Suppose first that in C2, m,m+1 lie along the curve c of smallest arclength between

σ′
im−1 and σ′

im+2 as in Figure 3.2. Note that this implies that σ′
im−1 = σim−1 and

σ′
im+2 = σim + 2.

Then δ(σ′
im−1) is the sum of the arclengths between σ′

im−1, m, m + 1, and σ′
im+2,

which we compute as

|σim−1 −m|+ |m−m− 1|+ |m+ 1− (σim + 2)| = |σim−1 −m|+ 1 + |m− σim − 1|.

Then observe that

|σim−1 − σim| = |σim−1 −m+m− σim − 1 + 1| ≤ |σim−1 −m|+ 1 + |m− σim − 1|.

Therefore δ(σim−1) ≤ δ(σ′
im−1) + δ(σ′

im) + δ(σ′
im+1).

Now suppose that in C2, m,m+ 1 lie outside of c as in Figure 3.3.

Then the sum of the arclengths between σ′
im−1 and m, m and m+1, and m+1 and

σ′
im+2 is at least c. We may assume up to symmetry that σ′

im−1 lies counterclockwise to

σ′
im+2. If the arclength between σ′

im−1 and m is traversed clockwise, then this arclength

is already greater than the arclength between σim and σim+1. If the arclength between

σ′
im−1 and m is traversed counterclockwise and the arclength between m+1 and σ′

im+2

is also traversed counterclockwise, then the sum of these arclengths is exactly the

greatest arclength distance between σim and σim+1. If the arclength between σ′
im−1 and

m is traversed counterclockwise and the arclength cm+1 between m + 1 and σ′
im+2 is

traversed clockwise, then cm+1 is greater than c.

Therefore δ(σim−1) ≤ δ(σ′
im−1)+δ(σ′

im)+δ(σ′
im+1) in all cases, and ∆(σ) ≤ ∆(σ′). □
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Therefore ∆(σ) is monotonic with respect to trivial additions and deletions.

Figure 4.1: The case where m,m+ 1 lie along the curve of smallest arclength between

σ′
im−1 and σ′

im+2.

Figure 4.2: The case where m,m+ 1 lie along the curve of greatest arclength between

σ′
im−1 and σ′

im+2.

For any knot K with a corresponding set of permutation representations J and

P ⊂ J the set of representations that minimize petal number, we would therefore be

tempted to define ∆(K) = min{∆(σ) : σ ∈ P}.

We cannot do this. The third Reidemeister type transformation for petal projections

is the crossing exchange, which preserves the petal number of σ but does not preserve

∆(σ).

Consider the permutation σ = (σ1....σp). Let L = {{σ1}, {σ2, σ3}, {σ4, σ5}, ...{σp−1, σp}}

and R = {{σ1, σ2}, {σ3, σ4}, ..., {σp}}. Then L and R are the set of left and right pairs

of σ respectively. Suppose that l1 and l2 are left pairs (or right pairs) for σ with

l1 = {m,w + 1} and l2 = {m + 1, w} for distinct integers m,w with w ≥ 2. Suppose
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furthermore that any other l ∈ L or r ∈ R is either contained in or disjoint from

[m+ 2, w − 1].

Then σ satisfies the conditions for a crossing exchange, and the transformation σ →

σ′ is performed by swapping the locations of m,m+ 1 and w,w + 1.

For instance, take σ = (1 2 5 9 7 3 4 11 10 8 6)∈ S11 and choose the pairs {m,w+1} =

{2, 5} and {w,m+1} = {4, 3}. Then [m+2, w− 1] = [4, 3] = ∅ and so is disjoint from

every right or left pair of σ. Then performing a crossing exchange with this pair results

in the permutation

σ′ = (1 3 4 9 7 2 5 11 10 8 6)∈ S11.

Then ∆(σ) = 29 while ∆(σ′) = 33, so this is a counterexample to any conjecture

that ∆(σ) is preserved under crossing exchanges.

Consider the permutation representation given by σ = (1 3 5 2 4). This is a repre-

sentation of the trefoil knot T . Its set of left and right pairs admits no pair of the form

{n, n + 1} nor do any pairs satisfy the hypotheses for a crossing exchange. Therefore

there are no Reidemeister moves available to us to perform except trivial additions,

which necessarily increase the petal number of σ, and so we would be tempted yet

again to conclude that ∆(T ) = ∆(σ) = 10.

However, there is a possibility that there exists σ′ ∈ S7 a permutation representation

of T that differs by a trivial addition such that ∆(σ) = ∆(σ′) and that σ′ then differs

from some σ′′ ∈ S7 by a crossing exchange such that ∆(σ′′) < 10.

Such exotic behavior can occur. Table 1 in the appendix provides an example of this

phenomenon, as ∆(5.1) = 19 in S7 while ∆(5.1) = 18 in S9.

Therefore, in order to define ∆(K) as an invariant, we must set ∆(K) = minσ∈Sp
∆(σ)

for every σ ∈ Sp representing the knot K among all p.
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Definition 10. The petal length of a knot K is defined as

∆(K) = min
p≥3

min
σ∈Sp

∆(σ).

This is our final definition of ∆(K), and is the value we will use when analyzing the

behavior of our invariant with respect to ropelength and crossing number.

While crossing exchanges do not preserve ∆(σ), there is an upper bound on the

amount of damage that they can do. This is not true for trivial additions.

Proposition 11. If σ′ differs from σ by a crossing exchange, then |∆(σ)−∆(σ′)| ≤ 4.

Proof. Suppose that σ ∈ Sp is a permutation with some {σi, σi+1} = {m,w + 1} and

{σj, σj+1} = {m + 1, w}, i /∈ {j, j + 1} such that [m + 2, w − 1] is either contained in

or disjoint from any set of left or right pairs of σ.

Then σ′ differs from σ by a crossing exchange consisting of swapping the pairs

{σi, σi+1} and {σj, σj+1}.

Without loss of generality suppose i < j and i ̸= 1. We then have∑i−2
1 δ(σi) =

∑i−2
1 δ(σ′

i)∑j−2
i+2 δ(σi) =

∑j−2
i+2 δ(σ

′
i)∑p

j+2 δ(σi) =
∑p

j+2 δ(σ
′
i)

And δ(σi) = δ(σ′
j), δ(σj) = δ(σ′

i).

The remaining values are considered individually.

First recall that δ(σi−1) = min{|σi−1−m|, p−|σi−1−m|} and δ(σ′
i−1) = min{|σi−1−

m− 1|, p− |σi−1 −m− 1|}.

Then |σi−1−m− 1+1| ≤ |σi−1−m− 1|+1 so that if δ(σ′
i−1) = |σi−1−m− 1|, then

δ(σi−1) ≤ |σi−1 −m| ≤ δ(σ′
i−1) + 1.

If δ(σ′
i−1) = p− |σi−1 −m− 1| and δ(σi−1) = p− |σi−1 −m|, then since |σi−1 −m| ≤

|σi−1−m−1|+1, we have that δ(σ′
i−1)+1 = p− (|σi−1−m−1|+1) ≤ p−|σi−1−m| =

δ(σi−1).

Finally, if δ(σ′
i−1) = p− |σi−1 −m− 1| and δ(σi−1) = |σi−1 −m|, then

δ(σ′
i−1) ≤ |σi−1 −m− 1| ≤ |σi−1 −m|+ 1 = δ(σi−1) + 1.

Then in every case, |δ(σ′
i−1)− δ(σi−1)| ≤ 1.
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Similarly, δ(σi+1) = min{|w + 1− σi+2|, p− |w + 1− σi+2|} and δ(σ′
i+1) = min{|w−

σi+2|, p−|w−σi+2|}. An identical argument to the above shows that the absolute value

of the difference between δ(σi+1), δ(σ
′
i+1) is bounded above by 1; the same holds for

|δ(σj−1)− δ(σ′
j−1)| and |δ(σj+1)− δ(σ′

j+1)|.

Therefore |∆(σ)−∆(σ′)| ≤ 4. □

Furthermore, this bound is sharp, as demonstrated in our initial example that cross-

ing exchanges did not preserve ∆(σ).

Proposition 12. For all p > 5, there exists σ ∈ Sp and a trivial addition σ → σ′ ∈ Sp+2

such that ∆(σ′)−∆(σ) = p+ 2.

Proof. Let σ′
j > 1 be any odd number and consider the pair {2σ′

j+2, 2σ′
j+3}. Construct

the permutation σ′ = (1 ... σ′
j 2σ

′
j + 2 2σ′

j + 3 σ′
j+3 ... σ′

p+2) such that δ(σ′
i) = 2 for all

i ̸= j + 1, j + 2 and such that σ′
p+2 = 2σ′

j.

Then σ = (1 ... σ′
j σ′

j+3 ... σ′
p) satisfies ∆(σ) = 2p and σ, σ′ differ by a trivial

addition. Furthermore, p+ 2 = 2σj + 3 and p = 2σj + 1.

Then
∑j−1

1 δ(σi) =
∑j−1

1 δ(σ′
i) and

∑p
j δ(σi) =

∑p+2
j+3 δ(σ

′
i).

By construction, |σ′
j − σ′

j+1| = |σj − 2σj + 2| = σj + 2 = (p+2)−3
2

+ 2 = (p+2)−1
2

+ 1.

Therefore δ(σ′
j) =

(p+2)−1
2

.

Similarly, |σ′
j+2 − σ′

j+3| = |(2σj + 3)− (σj + 2)| = σj + 1 = (p+2)−1
2

.

Thus
∑j+2

j δ(σi) = 2(p+1
2
) + 1 = p+ 2, and hence ∆(σ′)−∆(σ) = p+ 2. □

Thus, in contrast to crossing exchanges, there exists no constant k such that ∆(σ′)−

∆(σ) ≤ k for any σ, σ′ differing by even a single trivial addition and the effect of trivial

additions on ∆(σ) is unbounded in general.

The following proposition highlights the difficulty in obtaining a similar result for a

sequence of trivial additions. In the result above, we assume that each σ ∈ Sp satisfies

δ(σi) = 2 for all i. Performing a trivial addition does not preserve this property,

and so a sequence σ1 → σ2 → ... → σk → σk+1 → ... of trivial additions such

that ∆(σi+1) − ∆(σi) ≥ pi for all i does not present itself in any immediate fashion.

Furthermore, we have no guarantee that the permutations with δ(σi) = 2 for all i are

necessarily knots for all p > 9. The existence of such a sequence is of interest, and

below we present a rudimentary example of this phenomenon.
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Proposition 13. There exists a sequence of trivial additions σ1 → σ2 → ... → σk →

σk+1 → ... such that each σi ∈ Spi is a knot and ∆(σi+1)−∆(σi) = 4 for all i.

Proof. Consider the trefoil (13524). Perform the trivial addition σ → σ1 by (13524)→

(1367524).

Now begin a sequence of trivial additions by adding {m,m + 1} = {pi + 1, pi + 2}

such that σi+1 = (1 3 ... pi − 1 pi + 1 pi + 2 pi... 2 4).

For instance, σ2 = (1 3 6 8 9 7 5 2 4) and σ3 = (1 3 6 8 10 11 9 7 5 2 4). We claim

that |∆(σi)−∆(σi+1)| = 4 for all i.

Fix an addition σi → σi+1 and set σ = σi ∈ Sp, σ′ = σi+1 ∈ Sp+2. Let m = p−1
2
.

Then σ′
i =



σi j < m

p+ 1 j = m

p+ 2 j = m+ 1

σi−2 j > m+ 1

And therefore we have that ∆(σ) =
∑m−2

1 δ(σ′
i) +

∑p+2
m+2 δ(σ

′
i) and that ∆(σ′) =

∆(σ) +
∑m+1

m−1 δ(σ
′
i).

Since σm−1 = p− 1 and σm+2 = p,
∑m+1

m−1 δ(σ
′
i) = 4.

Therefore |∆(σ)−∆(σ′)| = 4. □

The relative difficulty of finding a sequence of permutations which satisfy ∆(σi+1)−

∆(σi) = k for any given k is of note, and in particular we wonder whether or not

certain knot types may have bounded values of k while others may not.
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5. Identifying Knots

If the value of ∆(σ) is sufficiently small, then σ is necessarily a permutation corre-

sponding to the unknot.

Observe first that if σ ∈ Sp and ∆(σ) < 2p, then δ(σi, σi+1) = 1 for at least one

i ∈ [1, p], so the pair {σi, σi+1} satisfies the hypothesis for a petal deletion. Therefore

there exists σ′ ∈ Sp−2 such that σ′ represents the same knot type as σ.

Similarly, if ∆(σ) < 2p − 2, then δ(σi, σi+1) = 1 for at least two disjoint pairs

{σi, σi+1}, {σj, σj+1}. Without loss of generality suppose that σi < σj. Since the pairs

{σi, σi+1}, {σj, σj+1} are disjoint, σi+1 < σj, so performing a petal deletion with the

pair {σj, σj+1} results in a permutation σ′ ∈ Sp−2 that preserves the values of {σi, σi+1}.

Therefore {σi, σi+1} ⊂ σ′ satisfies the hypothesis for a petal deletion.

Theorem 14. For any σ ∈ Sp, if ∆(σ) < p+ 5 then σ represents the unknot.

Lemma 15. Let j satisfy 0 < j ≤ p−1
2
. If ∆(σ) < 2p− 2j, then σ admits at least j+1

trivial deletions.

Proof. Let σ ∈ Sp and let Xσ be the set of pairs in σ of the form {σi, σi+1}. Since

∆(σ) < 2p − 2j for some j, δ(σi) = 1 for at least j + 1 many disjoint pairs {σi, σi+1}

of σ, so |Xσ| = j + 1.

Let σm = max{σi : {σi, σi+1} ∈ Xσ}. By deleting the pair {σm, σm+1} we obtain

σ′ ∈ Sp−2 such that Xσ′ = Xσ\{σm, σm+1}. Proceeding in this fashion, we eventually

obtain σj ∈ Sp−2(j+1). □

Corollary 16. Suppose σ ∈ Sp. If ∆(σ) < p + 5, then σ admits at least p−3
2

many

petal deletions.

Proof. If ∆(σ) < p+5, then ∆(σ) < 2p−2(p−5
2
). So σ admits p−3

2
many petal deletions.

□

The statement of Theorem 14 follows immediately. Note that if ∆(σ) = p+ 5, then

σ admits p−5
2

many petal deletions and therefore we can reduce σ to some σ′ ∈ S5, and

the only knot types with petal projections on 5 petals are the unknot and the trefoil.

In particular, a representation of the trefoil is σ = (13524)∈ S5, for which ∆(σ) = 10.

So the bound is sharp.
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Conjecture 5 suggests that there exists no σ ∈ Sp for 7 ≤ p ≤ 13 such that ∆(σ) =

p+ 5. This suggests that the bound may possibly be improved to p+ 6 for p > 5.

Furthermore, we have the following construction that suggests such a bound would

be tight.

Theorem 17. For every p > 5, there exists σ ∈ Sp such that σ represents a trefoil

knot and ∆(σ) = p+ 6.

Proof. Observe that for every p > 5, σ = (1352467....p)∈ Sp satisfies δ(σ) = (2, 2, 3, 2, 2, 1, ..., 1)

and ∆(σ) = 11 + (p− 5) = p+ 6. Furthermore, p+ 6 < 2p− 2(p−7
2
) = p+ 7 so that σ

admits p−5
2

trivial deletions, and so the knot type of the petal projection corresponding

to σ has a representation σ′ ∈ S5, namely σ′ = (13524), the trefoil. □
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6. Crossing Number and ∆(K)

The crossing number of a knot type K, denoted Cr(K), is the smallest number of

crossings among all knot diagrams corresponding to K.

The crossing number of a knot type is a classically studied invariant, and the modern

tabulation and classification of knots is performed with respect to it. There is only one

knot up to isotopy satisfying Cr(K) = 3, the trefoil, and only two knots up to isotopy

satisfying Cr(K) = 5. On the other hand, there are 21 knots satisfying Cr(K) = 8,

and well over four thousand distinct knots with Cr(K) = 13.

Knot complexity is an amorphous concept, but is generally measured by crossing

number. Knots with higher values of Cr(K) are in this sense more “complicated” than

knots with lower values of Cr(K). We anticipate that, in general, more complicated

knots will have greater petal length than less complicated knots. Therefore it is of

immediate interest to compare the values of ∆(σ) that we have obtained with the

crossing number of the knots corresponding to each σ. In Figure 6.1 below we present

a scatter plot of ∆(K) plotted against Cr(K) where, again, we assume that the values

∆(σ) that are minimal among σ ∈ S11 are in fact minimal, and therefore correspond

to the actual value of ∆(K).

Figure 6.1: A scatterplot of ∆(K) against Cr(K) for all knots with projections in Sp

for p ≤ 11.
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The line which provides our conjectured upper bound, given in blue, is ∆(K) =

6Cr(K)− 8 and passes through the points (3, 10) and (4, 16), which correspond to the

trefoil and figure eight knots, respectively.

The line which provides our conjectured lower bound for all nontrivial knots, also

pictured in blue, is ∆(K) = 13
6
Cr(K) + 7

2
and passes through the points (3, 10) and

(15, 36), which correspond to the trefoil and T4,5, respectively.

The black line provides a conjectured lower bound for nontrivial knots excluding

extremal torus knots of the form Tm,m+1 where 2m + 1 = p. It has equation ∆(K) =

2.125Cr(K) + 7.5 and passes through the the points corresponding to the figure eight

knot and 11n118.

Definitive bounds are difficult to obtain in any generality. We know from Adams

et al. [2] that for any petal knot K with petal number p, the crossing number of K

satisfies Cr(K) ≤ p2−2p−3
4

. This bound is realized by the torus knots Tm,m+1 where

p = 2m+ 1, for which Cr(Tm,m+1) =
p2−2p−3

4
.

Since ∆(Tm,m+1) ≤
(
p
2

)
, we can deduce that ∆(Tm,m+1) ≤

(
2m+1

2

)
= 2cr(Tm,m+1) +

p+3
2

.

The inequality p+3
2

< p2−2p−3
4

holds for all odd p > 5, and thus we can safely

conclude that for all extremal tori Tm,m+1 except for the trefoil knot, 2Cr(Tm,m+1) <

∆(Tm,m+1) < 3Cr(Tm,m+1).

It does not hold that ∆(K) ≤ 2Cr(K) + p+3
2

for any K. In particular, ∆(7.7) = 28

and 28 > 14 + 6 = 20. For this knot in particular, ∆(K) = 4Cr(K).

We know that ∆(Tm,m+1) ≤
(
2m+1

2

)
, and we conjecture that ∆(Tm,m+1) =

(
2m+1

2

)
.

This would imply that ∆(Tm,m+1) = 2m2+m = 2(Cr(Tm,m+1)+1)+
√
Cr(Tm,m+1) + 1.

Assuming that the lines bounding our scatterplot above remain upper and lower

bounds for all nontrivial knots, we have that for any nontrivial knot K, 13
6
Cr(K)+3.5 ≤

∆(K) ≤ 6Cr(K)− 8.

However, in the case that K = Tm,m+1, we have that 1
6
Cr(K) + 1.5 ≤

√
Cr(K) + 1

so that (Cr(K))2 − 18Cr(K) + 45 ≤ 0 and Cr(K) = 18±
√
164

2
≈ 15.4. Then for

Cr(K) ≥ 16, the lower bound fails.

In particular, T6,5 satisfies Cr(T6,5) = 24 and we assume that ∆(T6,5) =
(
11
2

)
= 55 =

48 + 2 +
√
24 + 1, and yet 13

6
Cr(T6,5) + 3.5 = 55.5.
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Therefore we conjecture the following.

Conjecture 18. For any nontrivial knot K,

2Cr(K) + 2 +
√

Cr(K) + 1 ≤ ∆(K) ≤ 6Cr(K)− 8.
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7. Ropelength and ∆(K)

We cannot imagine creating a trefoil knot out of rope ten meters thick and only one

meter long, and this is in fact impossible. The ropelength of a knot, Rop(K), is an

invariant that intuitively measures the maximal thickness of a knot if the curve defining

that knot were made of some real world material. In particular, the ropelength of a

curve represented the knot K is given by the ratio of the length of the curve over the

maximum radius of a normal cylinder surrounding the curve that does not self-intersect.

Formally, we define the thickness of a knot following the convention of Cantarella,

Kusner and Sullivan [3]. For any x, y, z ∈ R3 we define r(x, y, z) as the radius of the

unique circle passing through these points and for any Vx a line containing x we define

r(Vx, y) as the radius of the unique circle containing y and contained in the plane

tangent to Vx at x.

Then for any knot K a curve in R3 and any distinct points x, y, z ∈ K, the local

thickness of K at x is given by τx(K) = infy,z∈K r(x, y, z) and the thickness τ(K) of K

is given by infx∈K τx(K).

The ropelength of K is then given by Rop(K) = l(K)
τ(K)

, where the length of K l(K) =

inf{l(C) : C is a curve representing the knot K}.

This is a broad problem. There are very few ropelength values which are analytically

known, and the purpose of this chapter is to demonstrate the application of computing

∆(σ) to minimizing the length of a curve representing a knot with petal projection

σ, and to present and analyze data comparing known values of ∆(K) to Rop(K) for

noncomposite knots with Cr(K) ≤ 10.

We first consider a concrete example of computing a value for the length of a curve

representing the trefoil knot. Consider a cylinder C ⊂ R3 of diameter 1 and height 5

centered at the z−axis with its base contained in the plane z = 1. Let σ = (13524)∈ S5

be the minimal representation of the trefoil knot and let D5 be the 5-pointed star

diagram with Schlafli symbol {5/2} corresponding to σ.

Our primary object of study is the curve α formed by tracing out chords parallel to

the xy−plane at unit height distance from each other on the cylinder C such that, when

viewed from above, the chords form the star diagram D5. We connect these chords by
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vertical segments parallel to the z−axis along the surface of C in accordance with the

permutation σ. We refer to such a curve as a star curve.

To find the length of this curve, we employ some elementary geometry. When the

curve α is viewed from above on the cylinder, it traces out a star polygon with 5 points

evenly spaced around a circle. So consider any horizontal segment c = pq a chord from

the points p, q on the circle and add the line segments po and qo for o the center of the

circle. These segments have length the radius of the circle, and together the segments

po, qo, pq form an isosceles triangle. For m the midpoint of the horizontal segment c,

the right triangle formed by the points p,m, and o has angle ∠opm = π
5

and therefore

the angle ∠pom is given by π
2
− π

5
= 3π

10
.

Thus the length of c is given by sin(3π
10
) = l(c)

2(.5)
so that l(c) = sin(3π

10
).

The length of this particular curve, representing the trefoil knot, is therefore 5l(c)+

Γ(σ) = 5l(c) + 12 ≈ 16.04.

Now let α be any star curve corresponding to a star diagram Dp with Schlafli symbol

{p/p−1
2
}.

Proposition 19. For any knot K with petal projection σ ∈ Sp and α its corresponding

star curve traced along a cylinder as above, l(α) = p sin( (p−2)π
2p

) + Γ(σ).

Proof. The contribution to the length of α by the vertical segments of α is given by

Γ(σ), so it suffices to show that the length of any chord c is l(c) = sin( (p−2)π
2p

).

This amounts to a generalization of the argument above. For any horizontal segment

{p, q} with midpoint m, the right triangle formed by the points p, o,m satisfies ∠opm =

π
p

and therefore ∠pom = π
2
− π

p
= (p−2)π

2p
. □

It remains to determine a value for the knot thickness τ(α) that maintains the

property of being a C1,1 curve that does not self intersect. Finding the exact maximal

value for τ(α) is analytically difficult, so we bound it.

Since α consists of straight horizontal and vertical lines, τ(α) is bounded above by

the radius of a normal tube about each segment. However, we cannot let α turn at 90◦

angles, as we require the normal tube about each segment to be non-self intersecting. In

order to remedy this, we redefine each vertical and horizontal segment as a piecewise
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combination of a straight line and two quarters of a semicircle at each end of the

segment.

Consider the star diagram Dp for some p. For any horizontal segment h with vertical

segment endpoints v1, v2, let I be the set of points on h at which h intersects with

another horizontal segment and let i1, i2 ∈ I be the points furthest from the midpoint

of h and closest to v1, v2 respectively. We then have the following important lemma.

Lemma 20. For any star curve embedded in a circle C of diameter 1 corresponding

to the star diagram Dp for p ≥ 5 and any horizontal segment c with endpoints v1, v2,

and i1, i2 ∈ I the points furthest from the midpoint of h in Dp, l(v1i1) = l(i2v2) ≥ l(c)
5
.

Proof. We know that the length of c is sin( (p−2)π
2p

), so by drawing the line segment om

from o the center of C to the midpoint m of c and two line segments from o to v1, v2,

we obtain two identical right triangles with hypontenuse .5 and base 1
2
sin( (p−2)π

2p
). The

length of om is then given by
√

1
4
− 1

4
sin2( (p−2)π

2p
) =

√
1
4
cos2( (p−2)π

2p
) = 1

2
cos( (p−2)π

2p
).

Now consider the triangle formed by the segments i1o, i1i2, and i2o.

The right triangle formed by segments om, mi2, i2o has angle π
p

measured from the

center of the circle.

Then the length of the segment mi2 is given by tan(π
p
) = 2l(mi2)

cos(
(p−2)π

2p
)
.

Then l(i1i2) = tan(π
p
) cos( (p−2)π

2p
).

Then the inequality 1
2
(l(c)−l(i1i2)) ≥ 1

5
l(c) reduces to 3

5
sin( (p−2)π

2p
) ≥ tan(π

p
) cos( (p−2)π

2p
),

or 3
5
tan( (p−2)π

2p
) ≥ tan(π

p
).

Then observe that 3
5
tan( (p−2)π

2p
) = 3

5
tan(π

2
− π

p
) = 3

5
cot(π

p
) = 3

5 tan(π
p
)
, and tan(π

p
) > 0

for all p ≥ 5, so 3
5
tan( (p−2)π

2p
) ≥ tan(π

p
) reduces to 3

5
≥ tan2(π

p
).

Then from the observations that tan2(π
5
) = 5 − 2

√
5 ≈ .527 < .6 and that tan2(x)

is strictly decreasing on the interval [5,∞), we have that 1
2
(l(c) − l(i1i2)) = l(v1i1) =

l(i2v2) ≥ 1
5
l(c) for all p ≥ 5. □
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Proposition 21. Let K be any knot with petal projection σ ∈ Sp and corresponding

star curve α. There exists a star curve α′ which is a representation of K up to isotopy

such that α′ admits no right angles when traced along a right cylinder. Furthermore,

l(α′) = (6+π
10

)(p(sin( (p−2)π
2p

) + Γ(σ)).

Proof. Since the chordlength of any horizontal segment c for the star curve α of some

σ ∈ Sp is l(c) = sin( (p−2)π
2p

), we let s = l(c)
5
. Let v1, v2 be the vertical segments of α

that connect with c at right angles. Replace c with a chord c′ of length l(c)− 2s such

that the centerpoints of c and c′ coincide, and replace the vertical line segments v1, v2

with lines v′1, v
′
2 of length l(v1)− 2s, l(v2)− 2s respectively such that the centerpoints

of v1, v2 and v′1, v
′
2 coincide.

Between c′ and each of v′1, v′2 is a corner with sides of length s. Connect c′ to each

of v′1, v′2 by inserting one quarter of a semicircle with radius s, as in Figure 7.1.

Repeating this process for each horizontal segment, we obtain a curve α′ which is a

projection of σ traced along the cylinder C without any right angles. The arclength of

each semicircle is π
2
s, and so the length of each horizontal segment is now l(c)− 2s +

2(π
4
s) = sin( (p−2)π

2p
)(6+π

10
).

The length of each vertical segment v is l(v) = γ(σi) for some i, and so l(v′1) =

γ(σi)(
6+π
10

). □

Figure 7.1: Replacing each right angle in the star diagram with a quarter circle.

Now any regular cylinder of radius r normal to α′ at each point x ∈ α′ is at least

C1,1.
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Thus we may now try to determine a value for r such that the tube formed by this

normal cylinder is non-self intersecting.

There are four values that bound the value of r. They are the minimum distance

between any two horizontal segments, the minimum distance between any two vertical

segments, the minimum distance between any two horizontal and vertical strands, and

the rope thickness of a circle with radius s.

Lemma 22. The maximum rope thickness with respect to any two vertical segments is

bounded above by 1
2
sin(π

p
).

Proof. The p−many vertical segments of α′ are evenly spaced around a circle C, with

consecutive points of arclength 2π
p

apart. If we view the cylinder C from above as a

regular star diagram enclosed by a circle and then draw a chord v1v2 between any two

adjacent vertical strands, then the normal tubes enclosing these strands will intersect

if and only if their radii is greater than half the length of this chord. The line segments

ov1, ov2 for o the center of this circle have length the radius of the circle, which we

fix as 0.5. If m is the midpoint of v1v2, then the line segment om bisects the angle

v1ov2 = 2π
p

and splits the triangle ov1v2 into two right triangles. Thus the length of

one half of this chord is 1
2
sin(π

p
). So we require τ(α′) ≤ 1

2
sin(π

p
). □

Corollary 23. The maximum rope thickness with respect to any horizontal and vertical

segment is 1
2
(sin( (p−2)π

2p
)− tan( (p−5)π

2p
) cos( (p−2)π

2p
)).

Proof. This follows by Lemma 18. □

Lemma 24. The maximum rope thickness with respect to any two horiztonal segments

is 1
2
.

Proof. The distance between any two horizontal segments is clearly bounded above by

the distance between two adjacent, straight horizontal segments. Since our cylinder is

of height p, the distance between two such segments is unit length, and so this bound

is exactly 1
2
.

The curved portions of the horizontal strands do not intersect, because the points

of intersection I of a regular star polygon with Schlafli symbol {p/(p−1
2
)} lie on the

straight line segments of the strands by Lemma 18. □
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Theorem 25. The maximal rope thickness for the curve α′ as given in Proposition 18

is 1
8
sin( (p−2)π

2p
).

Proof. It is known in accordance with the rigorous definition given in [3] that the

ropelength of the unknot S1 is 4π. So 2π
τ(S1)

= 4π implies that τ(S1) = 1
2
, and in

general, the rope thickness of a circle of radius r is bounded above by r
2
. Therefore our

final constraint is τ(α′) ≤ s
2
= l(c)

8
= 1

8
sin( (p−2)π

2p
).

Therefore we conclude that

τ(α′) = min{1
2
sin(π

p
), 1

2
(sin( (p−2)π

2p
)−tan( (p−5)π

2p
) cos( (p−2)π

2p
)), 1

2
, 1
8
sin( (p−2)π

2p
)} = 1

8
sin( (p−2)π

2p
).

□

Now consider again the trefoil knot K with ∆(K) = 10 and its projection given by

σ ∈ S5. By performing our ambient isotopy into a torus T such that the arclengths

along T are scaled to equal the lengths of the vertical segments on the cylinder, we

can write the length of the star curve α′ corresponding to σ as given in Proposition 21

in terms of ∆(σ) instead of Γ(σ) to obtain l(α′) = (6+π
10

)(5 sin(3π
10
) + 10) ≈ 12.839 and

τ(α) = 1
8
sin(3π

10
) ≈ .101.

This gives an upper bound of roughly 127.19 for the ropelength of the trefoil knot,

which is far from an improvement to the best known upper bound of 32.7436.

However, this provides a technique of obtaining an upper bound on Rop(K) for any

knot K with only the knowledge of the permutation σ representing its petal projection.

The majority of the existing literature [7, 8] pertains to bounding ropelength for either

torus knots or special alternating knots.

In particular, there is no known upper bound on ropelength for many generic 14−crossing

knots. The above method allows us to calculate an upper bound on ropelength for any

knot up to 16 crossings. As data for p = 13, 15 becomes available, this number will

increase significantly.

For instance, K = 14n8491 satisfies ∆(K) ≤ 43 and in particular is not a torus knot.

It has a petal projection σ ∈ S11 with ∆(σ) = 43, so we can immediately obtain an

upper ropelength bound of

Rop(14n8491) ≤ ( 6+π
10

)(11 sin( 9π
22

)+43)
1
8
sin( 9π

22
)

≈ 408.12.
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We now present data obtained using software to calculate the minimum values of

∆(σ) for each σ ∈ S7, S9, S11. The values for ∆(K) are taken minimally among the

three values of p that were tested and may not be entirely accurate, but are within a

narrow margin of error.

We compare these values with ropelength data obtained from Ashton, Canteralla,

Piatek and Rawdon [9], which provided Rop(K) for each K with 10 or fewer crossings.

The resulting scatterplot is seen below in Figure 7.2.

Figure 7.2: A scatterplot of ∆(K) against Rop(K) for knots with 10 or fewer

crossings.

The line ∆(K) = .389Rop(K) − 2.75 passes through the points (32.7436, 10) and

(60.9858, 21) which correspond to the trefoil 3.1 and the torus knot 8.19, respectively.

The line ∆(K) = .628Rop(K)− 10.563 passes through the points (32.7436, 10) and

(61.4067, 28) which correspond to the trefoil and 7.1, respectively. The points within

a very small distance from this line are (42.0887, 16), (47.2016, 19), (82.6548, 41), and

(73.5054, 35) which correspond to the knots 4.1, 5.1, 10.163, and 8.16 respectively.
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Therefore we have the following conjecture.

Conjecture 26. For any nontrivial knot K,

.389Rop(K)− 2.75 ≤ ∆(K) ≤ .628Rop(K)− 10.563.
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Appendix

Table A: The minimum values of ∆(σ) among σ representing each knot appearing in

S9.
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