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ABSTRACT 

In this thesis, we propose an improved distance-driven model (IDDM) whose 

computational cost is as low as the distance-driven model (DDM) and the 

accuracy is comparable with the area integral model (AIM). The performance of 

different system models, such as pixel-driven model (PDM), ray-driven model 

(RDM), AIM, DDM and IDDM, are compared in the content of iterative CT image 

reconstruction algorithms. One of the key factors that limit the clinical application 

of an iterative reconstruction algorithm is the high computational cost which 

mainly depends on the system model. This thesis can serve as the basis for the 

acceleration study and will have a direct impact on development of fast and 

accurate iterative CT image reconstruction algorithms. 
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1. Introduction 

1.1 X-ray Computed Tomography  

The first commercial x-ray Computed Tomography (CT) prototype was built in 

1972 by Godfrey Hounsfield, for which Hounsfield shared the Nobel Prize in 1979 

with Cormack, who had independently developed the math foundation at Tufts 

University in 1963. CT generates a 2D or 3D cross-sectional image of a scanning 

object, such as human body, from projection data obtained from different 

directions. This process is the so-called image reconstruction. Several other 

imaging modalities exist such as Positron Emission Tomography (PET) [2-5]. 

Single Photon Emission Computed Tomography (SPECT) [6-8] and Magnetic 

Resonance Imaging (MRI) [9-11]. Unlike CT, in PET and SPECT, the radioactive 

material is the radiation source which is located inside the body. MRI used a 

strong magnetic field to generate the internal structures of the body. CT is 

currently the most widely used imaging modality because CT is fast, easy to use, 

high resolution and relatively cheap than MRI or PET.  

1.2 Current CT Development 

Since the first commercial CT scanner was developed by Hounsfield in 1972, the 

technology of CT scanners has been tremendous improved. The driven force 

behind the scene is to achieve a better temporal resolution, a higher spatial 

resolution and a faster image reconstruction. The development of CT scanners 

can be distinctively marked by the beam geometry and the scanning trajectory.  
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1.2.1 First Generation CT Scanners 

As indicated in Figure 1.1 (a), the first generation of CT scanners used a single 

parallel x-ray beam with translate-rotate motion to acquire projection data. The x-

ray source and the detector are in a fixed relative position. In order to acquire the 

projection data in one direction, the apparatus need to move across the object in 

the anatomy plane of interest. To acquire a new projection data, the apparatus 

rotated one degree followed by another set of translations. In Houndsfield’s 

original scanner, called the EMI-Scanner, this process of data acquisition for a 

full scan (180 degrees) took about 4 minutes. The uses of the first generation CT 

scanners were typically limited to the head which is less susceptible to motion.  

1.2.2 Second Generation CT Scanners 

As indicated in Figure 1.1 (b), Instead of collecting a single x-ray beam at one 

time, the number of detector cells was increased which allowed the use of a 

narrow fan beam geometry to cover larger coverage and allowed faster rotations 

for acquisition time compare to the first generation CT scanners. Although the 

second generation still used the translate-rotate motion to acquire data, 

significant improvements in image quality were achieved by allowing higher 

temporal resolution and thus reduced artifacts caused by patient motion. The 

acquisition time was about 20 seconds and started to match patients’ breath hold 

ability.  

1.2.3 Third Generation CT Scanners 

As indicated in Figure 1.1 (c), the third generation CT scanners are the most 

widely used technology today. The field of view in the third generation was 
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increased large enough to cover the whole object, so a full projection data can be 

acquired at one direction at a time. The source and the detector still remain 

relative stationary, but there is no need to translate the position. With a simple 

rapid rotation around the patient, the temporal resolution was increased largely to 

a few hundreds of milliseconds in recent days which allowed the imaging of 

organs, such as lungs and even heart, keep moving.  

1.2.4 Fourth Generation CT Scanners 

One of the practical problems in the third generation CT scanners was the ring 

artifacts. If one of the detector elements is faulty calibrated, the detector element 

will give a consistently erroneous reading at each direction which will result in a 

circular artifact in the reconstructed images. Even if they are visible in the 

reconstructions, they might not be confused with disease. However, they can 

degrade the diagnostic image quality especially when the central detector 

elements are affected which will generate a dark smudge at the center of the 

reconstructed image. This led to the development of the fourth generation of CT 

scanners (Figure 1.1 (d)), in which detector cells 360 degrees around the gantry 

and remains stationary and only the source rotates with a wide fan beam 

geometry. Hence, the geometry is also called rotate-stationary motion. Although 

the imaging time had not been improved, the ring artifact problem was reduced. 
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Figure 1.1. [1] Different generations of CT scanners: (a) first generation, (b) 
second generation, (c) third generation, (d) fourth generation 
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1.2.5 Fifth Generation CT Scanners 

As indicated in Figure 1.2 [12], the fifth generation CT scanners are known as 

EBCT, that is, electron beam CT scanner. Rather than rotating the source, 

electron-beam focal point (and hence the x-ray source point) is swept 

electronically, not mechanically, this motion can be much faster. The scanning 

time of EBCT can be the order of milliseconds which is sufficient for cardiac 

imaging. This is the mainly advantage of the EBCT and the principle reason for 

the invention. 

 

1.3 CT data measurement 

In order to understand the nature of the CT data measurement, we need to first 

introduce the process of x-ray attenuation briefly. X-ray attenuation is the gradual 

loss of intensity of an x-ray beam when passing through the object, due to some 

Figure 1.2. Fifth generation CT scanner. 



 

6 
 

physical process such as Photoelectric effect and Compton scattering. A CT 

imaging system measures the initial intensity of the x-ray beam and its intensity 

after traversing an object. By comparing the measured x-ray intensity with the 

initial intensity, we can determine how much x-ray attenuation occurred during 

the process. In this thesis, we consider the attenuation as a deterministic process 

rather than a statistical process. The reconstructed CT images are the gray-level 

representation of the distribution of object’s the x-ray attenuation coefficients in 

the corresponding cross-sectional plane. The attenuation coefficients vary widely 

for different maters. For a specific material, it depends on the material’s atomic 

number, the x-ray intensity that transmits through it and probability of a photon 

being scattered or absorbed. 

Assume a narrow x-ray beam of mono-energetic photons passing through 

an object and there is no scattering in this process. According to the Lambert-

Beer’s law, the attenuation can be expressed as: 

𝐼𝑜 = 𝐼𝑖𝑒−𝜇𝑙                                                             (1.1) 

where 𝐼𝑜  and 𝐼𝑖  are the x-ray beam intensity after and before attenuation, 

respectively. 𝜇 is the linear attenuation coefficient and 𝑙 is the length of the path. 

For a single layer object with constant linear attenuation coefficient 𝜇1 and width 

∇𝑙, as indicated in Figure 1.3 (a), the attenuation process can be expressed as: 

𝐼𝑜 = 𝐼𝑖𝑒−𝜇1∙∇𝑙                                                       (1.2) 

In the case there are multiple layers of object with various different attenuation 

coefficients, as indicated in Figure 1.3 (b), the attenuation process can be 
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expressed as: 

𝐼𝑜 = 𝐼𝑖𝑒−∑ 𝜇𝑘∙∇𝑙𝑘                                                     (1.3) 

For an arbitrary object, the distribution of attenuation coefficients is a function of 

voxel locations. The sum of all products of the linear attenuation coefficients and 

the width of each layer becomes the line integral along the ray path. The 

attenuation process can be expressed as: 

𝐼𝑜 = 𝐼𝑖𝑒− lim∇𝑙→0 ∑ 𝜇𝑘∙∇𝑙𝑘 = 𝐼𝑖𝑒−∫ 𝜇(𝑥,𝑦,𝑧)𝑑𝑙𝑙                                (1.4) 

we can reinterpret the Equation 1.4 as:  

∫ 𝜇(𝑥,𝑦, 𝑧)𝑑𝑙𝑙 = 𝑙𝑛 𝐼𝑖
𝐼𝑜

                                          (1.5) 

Comparing to Equation 1.4, it is apparent that the line integral values are 

specified by the logarithm of the ratio of two intensities. If the two intensities 𝐼𝑜 

and 𝐼𝑖  can be determined, 𝑙𝑛 𝐼𝑖
𝐼𝑜

 yields an approximation to the line integral of 

𝜇(𝑥,𝑦, 𝑧) along the ray path.  

 In order to know the intensity before attenuation 𝐼𝑖, a blank scan which is a 

scan with x-ray on but without object, is performed prior to reconstruction and the 

measured intensities in each detector element are viewed as the original 

intensities corresponding to that ray path. The image from a blank scan is known 

as the flat field (or white field) image. The flat field is non-uniform which is caused 

by factors such as the non-uniformities in the incident x-ray beam and 
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non-uniform response of the detector elements, etc. To help reduce such readout 

errors, a dark scan which is a scan in the absence of any x-ray and any object, is 

taken to yield the baseline images corresponding to the variability of the detector 

response. By subtracting the dark scan signals (𝐼𝑑) from both the blank scan 

signals (𝐼𝑖) and normal scan signals (𝐼𝑜), these readout errors can be corrected. 

In other words, the line integral approximations for each projection ray in 

Equation 1.5 becomes 

∫ 𝜇(𝑥,𝑦, 𝑧)𝑑𝑙𝑙 = 𝑙𝑛 𝐼𝑖−𝐼𝑑
𝐼𝑜−𝐼𝑑

                                        (1.6) 
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there are other factors such as bad detector elements attribute to the readout 

errors. We do not consider these factors in this thesis. Then the projection data 

approximated by the line integrals in Equation 1.6 can be used to do 

reconstruction. One thing needs to mention, the approximate projection data 

calculated by Equation 1.6 is based on line integrals which considered each 

detector element as an ideal point. However, the real detector element has some 

size associated with it. Moreover, the line integral assumes that the photons 

reach the detector along a single line. In practice, the x-ray photons passed 

through the object involves some three dimensional path. These discrepancies 

need to be considered when designing the system models later.  

 1.4 CT Image Display 

The values in the displayed reconstructed images are mapped to different gray 

level, which are not the attenuation coefficient that are computed based on 

Equation 1.6. The Hounsfield unit (HU) which is the so called CT number is 

introduced for the purpose of image display and as a uniform measurement of 

pixels values in the reconstructed CT images. Because human tissues are mainly 

composed of water, the HU scale is defined at a linear transformation of the 

original linear attenuation coefficient measurements relative to that of water. The 

CT number (HU) of the distilled water at standard pressure and temperature 

(STP) is defined as zero HU. In a pixel with average linear attenuation coefficient 

𝜇, the corresponding CT number (HU) is therefore defined as: 

𝐻𝑈 = 1000 × 𝜇−𝜇𝑤𝑎𝑡𝑒𝑟
𝜇𝑤𝑎𝑡𝑒𝑟

                                       (1.7) 
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where 𝜇𝑤𝑎𝑡𝑒𝑟  is the linear attenuation coefficient of water which is depend on 

different x-ray energy levels. Form the definition in Equation 1.7, the HU does 

not proportional to the original linear attenuation coefficient. We can construct 

one proportional to the original attenuation coefficient by add 1000 in the right 

hand side of Equation 1.7. With this definition, some typical HU values are 

indicated in Table 1. The HU values of air and water are -1000 and 0, 

respectively. The bone has relative large HU values range from +400 to +4000 

HU. Because the lung is mainly composed of air, it has relative small HU values 

range from -600 to -400 HU. The HU values of soft tissue including fat, muscle 

and other organs range from -100 to +80 HU. 

 Because a typical CT image often includes bone, soft tissue and water, 

the large dynamic range of the image makes it difficult to observe finer details on 

the display. These CT numbers are then transformed to gray level images for the 

purpose of display. This defines a display window with average window level 𝑤𝑙 

and window width 𝑤𝑤 . The window level 𝑤𝑙  represents the central HU value 

within the window. The window width 𝑤𝑤 covers the HU of interest. Once 𝑤𝑙 and 

𝑤𝑤 are determined, the maximum and minimum thresholds of HU values for gray 

level mapping can be determined (Figure 1.4). CT numbers outside this range 

are displayed as either black or white. The gray level of a specific pixel within the 

window is linearly transformed to 0-255.  

 Because human vision can only differentiate about 40 different gray levels, 

the selection of window level and window width enables displaying anatomical 

features of different local parts in a reconstructed image hence helps determine 
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the nature of possible pathologies. Figure 1.5 illustrates the effect of different 

window level and window width selections on the image display. (a) and (b) are 

same reconstructed images but displayed with different window level and window 

width. We can see that with a smaller window level and window width (𝑤𝑙 =

200 𝐻𝑈,𝑤𝑤 = 400 𝐻𝑈), more small details can be seen clearly in (a). 

 

1.5 Thesis Organization  

The goal of image reconstruction is to approximate the attenuation map of the 

original object. As shown in Section 2.1, CT imaging process can be modeled as 

a linear system 𝑊𝑓 = 𝑝 . 𝑓  is the reconstructed image, 𝑝  is the measured 

projection data and 𝑊 is the system matrix. Each element in the system matrix 𝑊 

quantifies the relative contribution of the specific pixel to the specific projection 



 

12 
 

 

 

ray. In order to calculate the system matrix elements, we have to choose a model 

which is the so called system model or projection/backprojection model. The 

projection/backprojection model is critical to both the reconstruction accuracy and 

the efficiency of the iterative reconstruction algorithm. The ultimate goal of 

choosing a projection/backprojection model is to select a model that is accurate 

Figure 1.5. Same image with different display window level and window width. 
Window level and window width in (a) are 200 HU and 400 HU, respectively. 
Window level and window width in (b) are 550 HU and 500 HU, respectively.  

(a) (b) 
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enough to reconstruct the original attenuation map while computational efficiency 

enough to perform the reconstruction algorithm. In Section 2, we will first 

introduce different models such as the pixel-driven model (PDM), ray-driven 

model (RDM), area integral model (AIM) and distance-driven model (DDM). We 

proposed an improved distance-driven model (IDDM) after the analysis of 

different system models. In order to demonstrate the reasonability of the 

proposed IDDM, we compare the different system models by theoretical analysis 

and experiments that employ the projection and backprojection operations 

separately. In Section 3, we will discuss the iterative reconstruction (IR) 

algorithms for solving the linear system. The IR algorithms in medical imaging 

field can be categorized into two major groups, namely the algebraic and 

statistical algorithms. In this work, we focus on the algebraic reconstruction 

algorithms. In particular, we introduce the algebraic reconstruction technique 

(ART) and simultaneous algebraic reconstruction technique (SART). In order to 

verify the analysis in Section 2 and compare different system models in a more 

practical way, in Section 4, we will design a physical phantom to quantitatively 

and qualitatively compare the AIM, DDM and IDDM based methods assuming a 

typical fan-beam geometry.  Finally, in Section 5, we will conclude the thesis.  
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2. System Models 

2.1 Representation as a Linear System 

Many imaging system, such as CT scanners can be modeled by the following 

linear equations [13]: 

𝑊𝑓 = 𝑝,                                                      (2.1) 

where 𝑝 ∈ 𝑃  represents projection data, 𝑓 ∈ 𝐹  represents an unknown image, 

and the non-zero system matrix 𝑊 ∶ 𝐹 → 𝑃 is a projection operator. Based on the 

forms of 𝑓 and 𝑝, this linear system model can be classified into three category: 

continuous-continuous model where 𝑓 and 𝑝 are functions, continuous-discrete 

model where 𝑓 is a function and 𝑝 is a vector, and discrete-discrete model where 

𝑓 and 𝑝 are vectors, 𝑃 and 𝐹 are the corresponding vector spaces. For practical 

applications, the discrete-discrete model is assumed in this thesis. 

For the two-dimensional (2D) case, an image can be discretized by 

superimposing a square grid on the image. Usually 𝑓 is assumed as constant in 

each grid cell, which is referred to as a pixel. As a result, we have a 2D digital 

image 𝑓 = �𝑓𝑖,𝑗� ∈  𝑅𝐼 × 𝑅𝐽 , where the indices 1 ≤ 𝑖 ≤ 𝐼 , 1 ≤ 𝑗 ≤ 𝐽  are integers. 

Define 

𝑓𝑛 = 𝑓𝑖,𝑗, 𝑛 = (𝑖 − 1) × 𝐽 + 𝑗,                           (2.2)                                                        

with 1 ≤ 𝑛 ≤ 𝑁, and 𝑁 = 𝐼 × 𝐽, we can re-arrange the image into a column vector 

 𝑓 = [𝑓1¸ 𝑓2¸ …  ¸ 𝑓𝑁 ]𝑇 ∈ 𝑅𝑁. We may use both the signs 𝑓𝑛  and 𝑓𝑖,𝑗  to denote the 

image. This collection of pixels in 𝑓 represents the approximation of the original 
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attenuation map of the scanned object. The goal of image reconstruction is to 

reconstruct the original attenuation map from measured projection data. 

The projection data 𝑝 is usually measured by detector elements, which 

implies that 𝑝 is already discrete. These original projection data collected by each 

detector elements takes the form of photon counts, which is equivalent to the 

signal intensity. Then we modify them by using Equation 1.6 to obtain the 

projection data which is available for image reconstruction. Let 𝑝𝑚  be the 𝑚𝑡ℎ 

measured datum with  𝑚𝑡ℎ  ray and 𝑝 = [𝑝1¸ 𝑝2¸ …  ¸ 𝑝𝑀]𝑇 ∈ 𝑅𝑀 , where 𝑀  is the 

total number of rays, represents all the projection rays. Equation 2.1 can be 

rewritten as 

𝑝𝑚 = ∑ 𝜔𝑚𝑛𝑓𝑛𝑁
𝑛=1 ,𝑚 = 1,2, … ,𝑀                              (2.3) 

𝜔𝑚𝑛 is the element of system matrix 𝑊 = (𝜔𝑚𝑛)𝑀×𝑁. 

The system matrix 𝑊 relates the image domain to the projection domain. 

More generally, the system matrix 𝑊 = (𝜔𝑚𝑛)𝑀×𝑁  has 𝑀 × 𝑁  entries, the 

elements 𝜔𝑚𝑛  is called the weighting coefficient that represents the relative 

contribution of the 𝑛𝑡ℎ pixel to the 𝑚𝑡ℎ  measured datum. Thus, weighting 

coefficients relate to each projection ray yields one row in the system matrix. 

Similarly, weighting coefficients relate to each pixel yields one column in the 

system matrix. The product  𝑊𝑓  in the left side of Equation 2.1 projects the 

image domain to the projection domain, which is also known as the forward 

projection. 𝑊𝑇𝑝 (𝑊𝑇 is the transpose or adjoint matrix of  𝑊) backprojects the 

projection domain to the image domain, which is known as the backprojection 
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operation. In the iterative reconstruction methods, the projection and 

backprojection operations are iteratively applied to approximate the image that 

best fits the measurements according to an appropriate objective function. The 

system matrix also accounts for many factors such as system geometry and the 

attenuation process, etc.  

In order to determine the system matrix elements, we must choose some 

system models which are also called projection/backprojection models. The 

system model plays an important role in both the efficiency of the iterative 

reconstruction process and the reconstruction accuracy. The system model 

impacts the reconstruction accuracy because the solution of Equation 2.1 is the 

approximation to the measured projection data 𝑝 and the solution will be accurate 

only if the system matrix itself is accurate. Furthermore, the iterative 

reconstruction needs to recalculate the system matrix elements iteratively based 

on the system model, which is the major computational cost of the iterative 

reconstruction algorithm. So the system model also affects the performance of 

efficiency. Ideally, the weighting coefficient 𝜔𝑚𝑛 should completely quantify the 

contribution of the 𝑛𝑡ℎpixel to the 𝑚𝑡ℎ  measured datum. Creating such a system 

matrix is seemingly computational impossible. Thus, choosing a system model 

have to compromise between computational complexity and accuracy. The 

model should be not only accurate enough to yield acceptable approximations, 

but also should be computational efficiency enough to implement the 

reconstruction in an acceptable fashion. 

To our best knowledge, the current projection/backprojection models can 
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be divided into three categories [14]. All of those models compromise between 

computational cost and accuracy. The first is the pixel-driven model (PDM), 

which is usually used in the implementations of backprojection for FBP 

reconstructions [15-17]. The second is the ray-driven model (RDM), which is 

used for forward projection. The state of the art is the distance-driven model 

(DDM), which combines the advantages of the PDM and RDM [18, 19]. It can be 

used in the projection and/or backprojection processes. Recently, a finite-

detector-based projection model was proposed for iterative CT reconstructions 

by Yu and Wang [20], which was also called area integral model (AIM). This 

model without any interpolation is different from all the aforementioned 

projection/backprojection models and can be used in the projection and 

backprojection processes. Theoretically, the AIM based method is more accurate 

than DDM based method, while it is very time consuming due to the high 

computing cost of the system matrix. In this thesis, we proposed an improved 

distance-driven model (IDDM). Theoretically, the computational cost IDDM based 

method will be as low as DDM based method and the accuracy will be as high as 

AIM based method. In order to compare the different projection/backprojection 

models, we first choose to compare the AIM, DDM and IDDM with PDM with 

linear interpolation and RDM with linear interpolation.  First of all, the PDM and 

RDM are the most popular two existing models. The PDM based method with 

linear interpolation is probably the most popular one for filtered backprojection, 

while the RDM based method with linear interpolation or bilinear interpolation is 

also widely used for iterative reconstruction. Secondly, they form a good basis for 
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comparison in the two-dimensional space in terms of the accuracy and artifacts 

analysis. What’s more, these two models have a perfect duality which are 

suitable to compare with other models in terms of computational and artifact 

properties. Then in Section 4, we will present a more thorough comparison of 

DDM, IDDM and AIM based methods assuming a typical fan-beam geometry and 

ultimately demonstrate the reasonability of the IDDM based method. 

We use several methods to compare the different 

projection/backprojection models. The first method we employed in this section is 

the comparative analysis of the performance of different 

projection/backprojection models in different circumstances. For example, we will 

qualitatively analyze the performance of each model when the detector elements 

size are less than, comparable and more than the pixel size assuming the 2D 

parallel or/and fan beam geometry. Then the result can be always extended to 

the 3D circumstance.  When the detector element size is larger than the pixel 

size, it can also test the ability of high resolution reconstruction of each model. 

This is because the reconstructed images with a pixel size smaller than the 

detector element size can be views as a high resolution reconstruction compare 

to the detector resolution. We will also examine the likelihood of each model to 

introduce artifacts in the reconstructions. For example, we can project a uniform 

disk in only one view to examine the forward projection model (especially the 

PDM), backproject a uniform projection in only one direction to examine the 

backprojection model (especially the RDM) and/or backproject all uniform 

projection from all views to generate the pixel support to further examine the 
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trends of each model to introduce ring artifact in the reconstructions. We will see 

that the DDM, IDDM and AIM are outperforms the PDM and RDM after the 

qualitative analysis. Furthermore, the DDM, IDDM and AIM based methods will 

be further compared through the physical experiments which will be presented in 

Section 4. We will compare the reconstructions by DDM, IDDM and AIM based 

methods in terms of the computational cost, image noise, spatial resolution, 

Structural SIMilarity (SSIM) [21] and the ability of high resolution reconstructions. 

2.2 System Models 

2.2.1 Pixel-driven Model 

The PDM based approach refers to the main loop is the image pixel index. This 

approach is usually used in the implementations of backprojection for FBP 

reconstruction [15-17]. By connecting a line from the focal spot through each 

pixel center, a location of interaction on the detector is determined. A value is 

obtained from the detector samples via interpolation, usually by linear 

interpolation, and this value is used to update the pixel values [15-17]. The 

corresponding projection is the transpose of the backproejcton operation, but 

now the detector elements are updated with pixel values using similar weights. 

Simple PDM based approach with linear interpolation is rarely used for projection 

because it causes high-frequency artifacts [18, 22], we will explain this in this 

thesis. Some more complex PDM based approach exists such as the so called 

splatting method in which the analytic footprint of the pixel on the detector is pre-

calculated [23]. This approach eliminates the high frequency artifacts but at the 

cost of increased computational complexity. 
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2.2.2 Ray-driven Model 

The RDM based approach refers to the main loop is the detector element index.  

This approach is basically used for projection operation. Usually, the weighting 

coefficients in the RDM based approach can be determined in two ways. The first 

one is to define the weighting coefficients as the intersection length between the 

projection ray and the image pixels [24-27]. Another way is to define the 

weighting coefficient by interpolation, such as the linear interpolation or bilinear 

interpolation, between image pixels that lie close to the projection ray [25, 28]. In 

general, it connects a line from the focal spot through the image to the detector 

element centre. Then the line integral is calculated by accumulating the weighted 

image pixels that are related to this projection ray. The corresponding 

backprojection operation is defined as the transpose of the projection operation, 

but now the image pixels are updated with the values from projection using 

similar weights. Ray-driven approach is rarely used in the backprojection 

because it tends to introduce high frequency artifacts [14, 18]. 

2.2.3 Area Integral Model 

As indicated by the name, the AIM refers to the name by qualifying the 

contribution of each pixel related to the overlapped area between each pixel and 

each ray path. Instead of considering each ray path as an ideal line (PDM and 

RDM), the AIM considers an x-ray has width. As illustrated in Figure 2.1, 

assuming a typical fan beam geometry,  the AIM considers an x-ray as a ‘fat’ line 

or a narrow fan-beam [20], which covers a region by connecting the x-ray source 

and the two endpoints of a detector cell. The weighting coefficient is defined as 
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the corresponding overlapped area (𝑆𝑚𝑛) which is normalized by corresponding 

fan-arc length which is the product of the narrow fan beam angle (𝛾) and the 

distance from the center of the pixel to the x-ray source. For the details of the 

derivation, please refer to [20]. 

 

Figure 2.1. Area integral model assuming a fan beam geometry. 

2.2.4 Distance-driven Model 

The state of the art is the DDM, which combines the advantages of the PDM and 

RDM [18, 19]. It avoids both image domain and projection domain artifacts. 

Therefore, it can be used in the projection and/or backprojection processes. The 

DDM considers the detector cell and image pixel has width.  In order to calculate 

the normalized weighting coefficients used in the projection and backprojection, 

the key is to calculate the length of overlap between each image pixel and each 
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detector cell, and the normalized length of overlap will be used to calculate the 

weighting coefficient. To calculate the overlapped length, we need to map all the 

detector cell boundaries onto the centerline of the image row of interest. In this 

case the pixel boundaries are mapped onto themselves, but the detector cell 

boundaries are mapped onto the center line of each row of interest. One can also 

map all pixel boundaries in an image row of interest onto the detector, or map 

both sets of boundaries onto a common line. In Figure 2.2, we analyze this in a 

typical 2D fan beam geometry, we map the two boundaries of each detector cell 

onto the centerline of the image row of interest. The two boundary locations 

(sample locations) of 𝑛𝑡ℎ  pixel are represented by 𝑥𝑛  and 𝑥𝑛+1 . The two 

intersection locations (destination locations) between the centerline of the image 

row of interest and the two boundaries of the 𝑚𝑡ℎ ray are represented by 𝑦𝑚 and 

𝑦𝑚+1 . Based on these boundaries, we can calculate the overlapped length 

between each image pixel and each detector cell and define the weighting 

coefficient used in projection and backprojection by applying the normalized 

distance-driven kernel operation (Equation A.2), and the corresponding 

weighting coefficient is defined in Equation A.3. For the details of the DDM, 

please refer to [14]. The 2D fan beam geometry DDM can be extended to 3D 

cone-beam geometries by applying the distance-driven approach both in the in-

plane direction and in the z direction, resulting in two nested loops. Instead of 

using the overlapped length between each pixel and each detector cell, the 

overlapped area between each voxel and each detector cell are used to calculate 
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the weighting coefficients. For the 3D cone beam geometry, the computational 

cost is much higher than the 2D case. 

 

2.2.5 Improved Distance-driven Model 

The IDDM also considers the x-ray has width. In order to compute the weighting 

coefficient, instead of mapping the x-ray to the center line of the image row of 

interest, we map the x-ray to the upper and lower boundaries of the row of 

interest. In each boundary, similar way as DDM was used to compute the 

weighting coefficient, the ultimate weighting coefficient is the average of the 

weighting coefficients computed in the upper and lower boundaries. As illustrated 

in Figure 2.3, assuming a typical 2D fan beam geometry, the two boundaries of 

each detector cells are uniquely mapped onto the upper and lower boundaries of 

Figure 2.2. Distance-driven model assuming a fan beam geometry. 
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the image row of interest. Then the overlapped length between each image pixel 

and each detector cell can be determined. The normalized distance-driven kernel 

operation (Equation A2) can be applied to both upper and lower boundaries and 

the corresponding weighting coefficients can be calculated by (Equation A3). 

The final weighing coefficient will be the average of the weighing coefficients in 

the upper row boundary and lower row boundary. The 2D IDDM can be extended 

to 3D cone beam geometry by employing similar strategy as DDM. 

Compare to DDM, IDDM considers all the related pixels in each row which 

results in a higher accuracy (See the illustration in Section 2.3). Because the 

lower boundary in one row is the upper boundary in the next row, the 

computational cost of IDDM based method is similar to the DDM based method. 

 

Figure 2.3. Improved distance-driven model assuming a fan beam geometry. 
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2.3 Comparative Analysis of Different Models 

Before we compare the different models with simulated and/or physical 

experiments, we will qualitatively analyze the performance of different 

projection/backprojection models in different circumstances. We will qualitatively 

analyze the performance of each model in terms of accuracy, the ability of high 

resolution reconstruction and the likelihood of introducing artifacts. We will 

analyze the accuracy and the ability of high resolution reconstruction of each 

model (PDM, RDM, AIM, DDM and IDDM) assuming a 2D parallel beam 

geometry. Similar results can be obtained in the fan beam geometry and the 

results in 2D cases can be always extended to the 3D cases. We will analyze the 

performance of each model when the detector elements size are less than, 

comparable and more than the pixel size. When the detector element size is 

larger than the pixel size, it can also test the ability of high resolution 

reconstruction of each model. This is because the reconstructed images with a 

pixel size smaller than the detector element size can be viewed as high 

resolution reconstruction compare to the detector resolution. We will analyze this 

by taking a case where the image consists of only one row and projection data 

consists of only one direction. In each case, the image pixel size is fixed while 

the detector element size is keep changing. The results can be extended to the 

more general case with multiple rows in the image domain and multiple views in 

the projection domain. 
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2.3.1 Pixel-driven Model 

In PDM, each pixel corresponds to a ray during projection and backprojection. 

Each ray determines a location of interaction on the detector. By using linear 

interpolation the image pixel values are updated in the backprojection process. 

Similar weights are used to update the projection values of each ray in the 

projection process. Figure 2.4 shows the PDM in three circumstances assuming 

a 2D parallel geometry. In each circumstance, there is one row in the image 

domain and multiple detector elements in a specific direction. The drawback of 

PDM in the projection process is that it is not accurate enough and introduces 

high frequency artifacts because some detector elements are updated more than 

their neighbors. Figure 2.4 (a), (b) and (c) are the cases that the detector 

element sizes are comparable, larger and smaller than the pixel size, 

respectively. In each case, we take two rays passing through pixel number two 

and three (p2, p3). For (a) which the pixel size is comparable with the detector 

element size, each detector element was interacted with about one pixel ray path. 

This can be viewed as each detector element was sampled about only once. The 

likelihood of the detector elements are updated more than their neighbors is 

small. But in the fan beam geometry, some detector elements might be updated 

more than their neighbors because the pixel ray path is not always perpendicular 

to the detector and this might result in some pixel ray paths interact with each 

detector elements ununiformly. This might be result in the fan beam geometry 

less inaccurate and more likely to introduce artifacts in the projection process 

compare to the parallel beam geometry in this case. For (b) which the pixel size 
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is smaller than the detector element size, each detector element was interacted 

with more than one pixel ray path in each row. The likelihood of the detector 

elements are updated more than their neighbors is very small. In this case, the 

performance of pixel-driven method should be better both for the parallel and the 

fan beam geometry. For (c) which the pixel size is larger than the detector 

element size, some detector elements have no interaction with the pixel ray path. 

This will result in some detector elements are updated more than their neighbors 

and even have some zero gaps for some detector elements, and finally degrade 

the accuracy and introduce artifacts. In order to show this analysis, some 

experiments are shown in Section 2.4. In summary, the larger the detector size 

is (compare to the pixel size), the pixel-driven method is more likely to have a 

better performance. 

2.3.2 Ray-driven Model 

In the RDM, each detector element determines a ray path by connecting the focal 

spot to a point on the detector element (usually center). Then an interaction of 

location is determined in the image row, and the detector element is updated with 

values from image pixels by using interpolation methods such as linear or bilinear 

methods. Similar weights are used in the backprojection process to update the 

image pixels with values from detector elements. The drawback of the ray-driven 

method is that it is not accurate enough and tends to introduce high frequency 

artifacts when applied to the backprojection process. Figure 2.5 shows the ray-

driven model in three cases with one row image and one detector element 

assuming a 2D parallel geometry. The dotted lines along the two boundaries of  
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(a) (b) 

Figure 2.4. Pixel-driven model with one row image and multiple detector 
elements assuming a 2D parallel-beam geometry. (a), (b) and (c) are the 
cases that the detector element size is comparable, larger and smaller than 
the pixel size. 
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the detector element show which pixels are actually included in the ray path. For 

(a) which the pixel size is comparable with the detector element size, the dotted 

line covers two related pixels (p2, p3) and the ray path (solid line) also passes 

through two pixels (p2, p3). All the related pixels are counted for the projection in 

this ray. Similar situation exist in (c) which the pixel size is larger than the 

detector element size. The ray-driven model based projection process in these 

two cases should be good enough. But the irregular contributions of the detector 

elements to the image pixels still cause high frequency artifacts in the 

backprojection process. For (b) which the pixel size is smaller than the detector 

element size, the dotted line covers all the four pixels while the ray path (solid 

line) only passes through two pixels (p2, p3). This will result the ray-driven 

method less inaccurate in the projection process because some pixels’ 

contribution are omitted. There are also zeros gaps during backprojection which 

finally introduces high frequency artifact. In sum, the smaller the detector size is 

(compare to the pixel size), the better the ray-driven method is. 

2.3.3 Area Integral Model 

The AIM refers to the name by determining the contribution of each pixel related 

to the overlapped area between each pixel and each ray path. The AIM 

considers an x-ray as a ‘fat’ line which has a width. For the parallel geometry, the 

weighting coefficient can be viewed as the ratio of the overlapped area and the 

distance from the pixel center to the x-ray source because the normalization by 

the fan-arc length becomes a constant which is the detector element length. 

Figure 2.6 shows the AIM in three cases with one row image and one detector 
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element assuming a 2D parallel geometry. Since the AIM considers the detector 

has width, the dotted line represents the virtual line from the focal spot to the 

detector center. The solid lines along the two boundaries of the detector element 

show which pixels are actually included in the ray path. For (a), (b) and (c) which 

are corresponding to the cases that the pixel sizes are comparable, smaller and 

larger than the detector element sizes, respectively. We can see that AIM 

considers the contribution of each pixel which is related to the ray path, and the 

contribution of the pixel to the ray path is exact the corresponding overlapped 

area. So the AIM can be used for both projection and backprojection no matter 

what the pixel size or the detector element size is, because there will be no zero 

gap both in the projection process (such as PDM when the pixel size is too large) 

and the backprojection process (such as RDM when the detector element size is 

too large). However, the AIM is not an ideal model yet, because the weighting 

coefficient is not the overlapped area, but is normalized area by a factor (fan arc 

length) in order to consider the physical process of photon attenuation. Otherwise, 

it will cause large errors in the projection and backprojection processes. For 

example, given a ray path, if there are two pixels with same pixel values in two 

different rows which are included within the ray path and the overlapped area 

between each pixel and the ray path is same. The pixel which is closer to the x-

ray source has more contribution to the ray path because it attenuated more 

photons and the AIM consider this physical process by introducing a factor. In the 

2D fan beam geometry, the AIM considers this physical process by assigning a 

different normalization factor to each pixel. 
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Figure 2.5. Ray-driven model with one row image and one detector element 
assuming a 2D parallel-beam geometry. (a), (b) and (c) are the cases that the 
detector element size is comparable, larger and smaller than the pixel size. 
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The normalization factor is the arc length which is the product of the distance 

from the source to the pixel center and the fan angle of the ray path. In the 2D 

parallel geometry, the normalization factor for each pixel if the distance from the 

pixel center to the x-ray source. This approximate normalization factor will 

improve the accuracy and reduce the artifacts. The computational cost of AIM 

based method will be high because the computation of the overlapped area and 

the normalization factor needs many multiplication operations. In sum, the AIM 

can be used in projection and backprojection processes no matter what the 

detector element and the pixel sizes are. Although the computation cost of AIM is 

high, its accuracy will be high. 

2.3.4 Distance-driven Model 

The DDM considers the x-ray has a width. In order to calculate the normalized 

weighting, DDM needs to calculate the overlapped length between each image 

pixel and each detector cell and the weighting coefficient will be used in 

projection and backprojection. Figure 2.7 shows the DDM with one row image 

and one detector element assuming a 2D parallel geometry. (a), (b) and (c) are 

the cases that the detector element size is comparable, larger and smaller than 

the pixel size, respectively. For each case, DDM might omit some pixels’ 

contribution. For example, for (a) which the detector element size and the pixel 

size are comparable, there are three pixels (p2, p3, p4) related to the ray path. 

However, DDM only considers the contributions of p2 and p3. It omits the 

contribution from p4 but regard the p3 as a full contribution which is not exactly 

the case. Similar phenomenon exists in (b) and (c). We will see that IDDM will 
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Figure 2.6. Area integral model with one row image and one detector element 
assuming a 2D parallel-beam geometry. (a), (b) and (c) are the cases that the 
detector element size is comparable, larger and smaller than the pixel size. 
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overcome this drawback. In case (a), the performance of DDM is comparable 

with RDM in the projection process and with PDM in the backprojection process. 

However, the DDM will outperforms PDM or/and RDM in cases (b) or/and (c). For 

(b) which the detector element size is larger than the pixel size, all the four pixels 

are related to the ray path. DDM considers the contributions of three pixels (p2, 

p3 and p4), but the RDM only considers the contributions of two pixels (p2, p3). 

Furthermore, there is no zero gap in the backprojection process for the DDM. 

However, the RDM is more likely generate zero gap in the backprojection 

process in this case. The DDM outperforms the RDM both in the projection and 

backprojection processes in this case. For (c) which the detector element size is 

smaller than the pixel size, there is no zero gap in the backprojection process for 

DDM. The DDM outperforms the PDM both in the projection and backprojection 

processes in this case. In sum, DDM combines the advantages of the PDM and 

RDM. It avoids both image domain and projection domain artifacts. It can be 

used in the projection and/or backprojection processes no matter what the 

detector element and the pixel sizes are. Theoretically, DDM is less accurate 

than the AIM, but the computational cost of DDM is low.  

2.3.5 Improved Distance-driven Model 

The IDDM also considers the x-ray has width. Figure 2.8 shows the IDDM with 

one row image and one detector element assuming a 2D parallel geometry. (a), 

(b) and (c) are the cases that the detector element size is comparable, larger and 

smaller than the pixel size, respectively. For each case, like AIM, IDDM 

considers each related pixel’s contribution to the ray path. For example, for (a) 
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which the detector element size and the pixel size are comparable, there are 

three pixels (p2, p3, p4) related to the ray path. Unlike DDM, IDDM considers the 

contribution of p4 and didn’t regard the p2 as a full contribution. Similar in (b) and 

(c), the IDDM approach accomplish this in a more elegant way. Because the 

lower boundary in one row is the upper boundary in next row, the computational 

cost of IDDM approach will be as low as DDM approach. In sum, IDDM approach 

can be used in the projection and/or backprojection processes no matter what 

the detector element and the pixel sizes are. Theoretically, the computation cost 

of IDDM approach will be as low as DDM approach, but the accuracy will be as 

high as AIM. 

2.4 Experimental Analysis 

We will examine the above analysis by experiments with different system models 

assuming a typical fan beam geometry. We will do the experiments with different 

pixel sizes and detector element sizes to test different system models. For 

example, we can project a uniform disk in only one view to examine the forward 

projection model (especially the PDM), backproject a uniform projection in only 

one direction to examine the backprojection model (especially the RDM) and/or 

backproject all uniform projection from all views to generate the pixel support to 

further examine the trends of each model to introduce ring artifact in the 

reconstructions.  
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Figure 2.7. Distance-driven model with one row image and one detector 
element assuming a 2D parallel-beam geometry. (a), (b) and (c) are the cases 
that the detector element size is comparable, larger and smaller than the pixel 
size, respectively. 
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Figure 2.8. Improved distance-diven model with one row image and one 
detector element assuming a 2D parallel-beam geometry. (a), (b) and (c) are 
the cases that the detector element size is comparable, larger and smaller 
than the pixel size, respectively. 
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2.4.1 Projection of a Uniform Disk 

As we discussed in Section 2.3, the performance of PDM based approach is bad 

especially when the detector element size is smaller than the image pixel size. In 

order to demonstrate this phenomenon and compare the performance with AIM, 

DDM and IDDM based approach, we project a uniform disk in one direction (such 

as 126 degrees) with the detector element size is smaller, comparable and larger 

than the image pixel size, respectively. Because the DDM and IDDM need to 

change the projection axis in 45 degrees directions during projection and/or 

backprojection, which the approximation errors are large in these directions, we 

also show the experiments in these directions. Figure 2.9 shows the projection in 

126 degrees direction with the detector element size is larger than the image 

pixel size. From the first to the fourth rows, the system models are PDM with 

linear interpolation, AIM, DDM and IDDM. In each row, figure in the right side is 

the corresponding magnified region within the yellow square in the left side. We 

can see that the performance of PDM based approach is fairly good in this case. 

There are no vibrations even in the magnified figure. This is consistent with the 

analysis in Section 2.3. In fact, the four models have similar performance in this 

case. As the detector element size becomes comparable with the image pixel 

size (Figure 2.10), the PDM based approach begins to inferior to the AIM, DDM 

and IDDM based approaches. This is because the irregular weighting becomes 

more apparent for the PDM based approach compare to AIM, DDM and IDDM 

based approaches, which is also consistent with the analysis in Section 2.3. 

From the magnified regions, we can see that the vibrations of IDDM based 
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approach are smaller than AIM based approach, they are both smaller than the 

DDM based approach. This means that the AIM and IDDM based approaches 

are more accurate than DDM based approach in the projection process. As the 

detector element size becomes larger than the image pixel size (Figure 2.11), 

the irregular weighting in the PDM based approach becomes very serious and 

even make this model useless. The vibrations of IDDM based approach are 

further smaller than the AIM based approach, they are both smaller than DDM 

based approach. The vibrations of AIM, DDM and IDDM based approaches are 

barely affected by the relative image pixel sizes and the detector element sizes. 

Figures 2.12, 2.13 and 2.14 are same with Figures 2.9, 2.10 and 2.11 but in the 

135 degrees direction. Similar phenomena are also observed in the 125 degrees 

direction. In sum, AIM, DDM and IDDM based approaches are outperform to 

PDM based approach in the projection process. The AIM and IDDM based 

approaches are outperforms the DDM based approach. All the three models can 

be used for the projection process in different cases.  

2.4.2 Backprojection of a Uniform Projection 

As we discussed in Section 2.3, the RDM based approach tends to introduce 

artifacts when applied to the backprojection especially when the detector element 

size is larger than the image pixel size. In order to demonstrate this phenomenon 

and compare the performance with AIM, DDM and IDDM based approaches, we 

backproject a uniform projection in a specific direction (such as 126 and 135 

degrees) with the detector element size is smaller, comparable and larger than 

the image pixel size, respectively. Figures 2.15 and 2.17 show the 
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backprojection of a uniform projection data in 126 and 135 degrees direction. 

From the first to the third columns are the cases that the detector element sizes 

are larger, comparable and smaller than the image pixel sizes, respectively. From 

the first to the fifth rows, the system models are RDM with linear interpolation, 

RDM with bilinear interpolation, AIM, DDM and IDDM, respectively. We can see 

that the performance of bakcprojection with the RDM based approach (linear and 

bilinear interpolations) is very bad when the detector element size is larger than 

the image pixel size (the first two images in the first column). There are apparent 

zero gap during backprojection in this case just like we analyzed in Section 2.3. 

The bilinear interpolation used in the RDM can not improve the poor performance 

too much. When the detector element sizes are comparable with the image pixel 

sizes (the first two images in the second column), the performance of RDM 

based approach becomes much better. The RDM based approach with linear 

interpolation shows apparent stripe-like patterns. However, the RDM based 

approach with bilinear interpolation improves this stripe-like patterns a lot but at 

the cost of increasing computational cost. When the detector element size is 

smaller than the image pixel size (the first two images in the last column), the 

performance of RDM based approach is further improved. The RDM based 

approach with linear interpolation still shows some stripe-like patterns while the 

bilinear interpolation approach almost eliminates the stripe-like patterns. No 

matter what the sizes of the detector elements and the image pixel sizes are, the 

AIM, DDM and IDDM based approaches can generate a uniform backprojection,  
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Figure 2.9. Projection of a uniform disk in one direction (126 degrees) 
assuming a fan beam geometry with the detector element size larger than 
image pixel size. From (a) to (d), the system models are PDM with linear 
interpolation, AIM, DDM and IDDM. In each row, figure in the right side is the 
corresponding magnified region within the yellow square in the left side. 
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Figure 2.10. Same with Figure 2.9 but the detector element size is 
comparable with the image pixel size. 
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Figure 2.11. Same with Figure 2.9 but the detector element size is smaller 
than the image pixel size. 
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Figure 2.12. Same with Figure 2.9 but in the 135 degrees direction.  
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Figure 2.13. Same with Figure 2.10 but in the 135 degrees direction. 
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  Figure 2.14. Same with Figure 2.11 but in the 135 degrees direction. 
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which is outperform the RDM based approach. In order to further compare the 

performance of the AIM, DDM and IDDM based methods, we plot the contour 

maps of the backprojection generated by these three methods. Figures 2.16 and 

2.18 show the contour maps of the last three rows in Figures 2.15 and 2.17, 

respectively. A contour map is composed of contour line, which can be used to 

show valleys and hills, and the steepness of slopes. A contour line can be formed 

by joining points with values above a given threshold. When the lines are close 

together, the magnitude of the gradient is large which means the changing rate is 

fast. According to the contour plot, the performance of AIM, DDM and IDDM 

based approaches are also very similar. When the detector element is larger than 

the image pixel size (the first column), the contour interval for all the three 

approach is smaller than the other two cases. This means the vibrations in the 

backprojection are a little bit larger than the other two cases. But if we observe 

carefully, we will see that the vibrations of AIM approach in each contour line are 

smaller than the DDM and IDDM approach. This means the AIM approach is 

more accurate than DDM and IDDM approach in the backprojection process 

when the detector element size is larger than the image pixel size. When the 

detector element sizes are comparable and smaller than the detector sizes 

(second and third columns), for each method, there is no big difference observed 

from the contour plot. That means, when the detector element size is smaller 

than the image pixel size, the accuracy of the AIM, DDM and IDDM based 

approaches in the backprojection will not be improved too much. In sum, AIM, 

DDM and IDDM based approaches are outperform to RDM based approach in 
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the backprojection process. The AIM based approach are a little bit outperforms 

the DDM and IDDM based approach when the detector element is larger than the 

pixel element. All the three models can be used for the backprojection process in 

different cases. 

2.4.3 Pixel Support 

From a practical standpoint, the extent to which a system model avoids artifacts 

(ring artifact) is more important. Here we will generate the pixel support to further 

compare the system models in terms of support value consistency and examine 

the likelihood of introducing ring artifacts. The pixel support image is generated 

by backprojecting a projection data of constant ones. The support value for the 

𝑛𝑡ℎ pixel is equivalent to the sum of the 𝑛𝑡ℎ column of the system matrix. As the 

source and detector rotates around the isocenter, the intersections of the fan 

beam over all projection views yields a circle region. The scanner system 

provides data support within the circle region because the projection data is 

available within this region. There is no data support outside the region. So there 

will be a step change around the boundaries of the support region in the pixel 

support image. However, it is expect that there should be no large variations 

within the support region for a good system model. Large variations within the 

pixel support tend to generate ring artifacts in the reconstruction. Thus, we can 

test the effectiveness of different system models by generating the corresponding 

pixel support. Figure 2.19 shows the pixel supports with image size 512x512 

assuming a fan beam geometry. From the first column to the third column are the 

cases that the detector element sizes are larger, comparable and smaller than  
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 Figure 2.16. Contour plots of the last three rows in Figure2.15. 
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Figure 2.15. Backprojection of a uniform projection data in 126 degrees 
direction assuming a fan beam geometry. From the first column to the third 
column are the cases that the detector element sizes are larger, comparable 
and smaller than the image pixel sizes, respectively. From the first row to the 
fifth row, the system models are ray-driven model with linear interpolation, 
ray-driven model with bilinear interpolation, AIM, DDM and IDDM , 
respectively. 
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Figure 2.18 Contour plots of the last three rows in Figure2.17 

Figure 2.17 Same with Figure 2.15 but in the 135 degrees direction. 
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the image pixel sizes, respectively. From the first row to the fifth row, the system 

models are RDM with linear interpolation, RDM with bilinear interpolation, AIM, 

DDM and IDDM, respectively. We can see the severe ring artifacts from the pixel 

support generated by the RDM based approaches (linear and bilinear 

interpolations) when the detector element size is larger than the image pixel size 

(the first two images in the first column). The bilinear interpolation used in the 

RDM can not diminish the ring artifacts. When the detector element sizes are 

comparable and smaller than the image pixel sizes (the first two images in the 

second and third columns, respectively), the pixel support of RDM based 

approach becomes much more uniform. The RDM based approach with linear 

interpolation has some artifacts while the RDM based approach with bilinear 

interpolation looks pretty good. No matter what the sizes of the detector elements 

and the image pixel sizes are, the AIM, DDM and IDDM based approaches can 

generate a uniform pixel support. In order to further compare the pixel support 

and examine the ring artifact of the AIM, DDM and IDDM based methods, we plot 

the contour map of the pixel support generated by these three methods. Figure 

2.20 shows the contour map of the last three rows in Figure 2.19. According to 

the contour plot, the performance of AIM, DDM and IDDM based approaches are 

also very similar. The image support seems best when the detector element size 

is comparable with the image pixel size (the second column) for the three 

methods. This is probably because the artifacts are accentuated when the 

detector element size is smaller than the image pixel size. The image support in 

the third column (detector element size is smaller than the image pixel size) is 
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more uniform than the first column (detector element size is larger than the 

image pixel size) because the contour interval in the third column is larger than 

the first column. In order to further examine the vibrations of the pixel support, we 

plot the line profiles of the 256𝑡ℎ row.  Figure 2.21 shows the line profiles which 

are corresponding to the first column in Figure 2.19, which the detector element 

size is smaller than the image pixel size. We can see that the vibrations of the 

RDM based approach (both for linear interpolation and bilinear interpolation) are 

larger than the AIM, DDM and IDDM based approaches. There is almost no 

vibrations in the AIM based approach in this case. There are smaller vibrations in 

the DDM and IDDM based approaches. Once again, the high resolution 

reconstruction ability of AIM based approach is better than DDM and IDDM 

approaches. Figure 2.22 shows the line profiles which are corresponding to the 

second column in Figure 2.19, which the detector element size is comparable 

with the image pixel size. The vibrations in the RDM based approach with linear 

interpolation are larger than the bilinear interpolation. There are almost no 

vibrations even from the magnified regions in the AIM, DDM and IDDM based 

approaches. All the three approaches outperform the RDM based approach. 

Figure 2.23 shows the line profiles which are corresponding to the third column 

in Figure 2.19, which the detector element size is smaller the image pixel size. 

We can barely recognize the difference between the RDM based approach with 

bilinear interpolation and the AIM, DDM and IDDM based approaches from the 

pixel support images. Now we can clearly see that there are still small vibrations 

in the image support generated by the RDM based approach when the detector 
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element is smaller than the image pixel size. There are no vibrations in the pixel 

support generated by AIM, DDM and IDDM based approaches.  

 From the above experiments, we can clearly see that AIM, DDM and 

IDDM based approaches are outperform the PDM based approach and RDM 

based approaches. The AIM and IDDM based approaches have similar 

performance in the projection process, which are both outperform the DDM 

based approach in the projection process. The AIM based approach outperforms 

the DDM and IDDM based approaches in the backprojection process when the 

detector element size is larger than the image pixel size, which means that the 

AIM based approach is more suitable for the high resolution reconstruction than 

the DDM and IDDM based approaches. The AIM, DDM and IDDM based 

approaches have similar performance in the backprojection process when the 

detector element sizes are comparable and smaller than the image pixel sizes. In 

Section 4, we will further compare AIM, DDM and IDDM based methods with a 

physical phantom experiment in terms of the computational cost, image noise, 

spatial resolution, Structural SIMilarity (SSIM) [21] and the ability of high 

resolution reconstructions. 
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Figure 2.20. Contour plots of the last three rows in Figure2.19. 

Figure 2.19. Pixel supports with image size 512 × 512 assuming a fan beam 
geometry. From the first column to the third column are the cases that the 
detector element sizes are larger, comparable and smaller than the image 
pixel sizes, respectively. From the first row to the fifth row, the system models 
are RDM with linear interpolation, RDM with bilinear interpolation, AIM, DDM 
and IDDM, respectively. 
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Figure 2.21. The line profiles of the 256𝑡ℎ row in the image support. From (a) 
to (e) are the corresponding profiles in first column of Figure 2.21, which the 
detector element size is larger than the image pixel size. In each row, figure in 
the right side is the corresponding magnified region within the yellow square in 
the left side. 
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Figure 2.22. Same with Figure 2.21 but for the second column of Figure 2.19, 
which the detector element size is comparable with the image pixel size.  
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Figure 2.23. Same with Figure 2.21 but for the third column of Figure 2.19, 
which the detector element size is smaller than the image pixel size.  
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3. Iterative Image Reconstruction Algorithms 

3.1 Overview 

Once the system model is selected, the system matrix 𝑊 can be determined. In 

order to reconstruct the object from the measured projection data, we need to 

compute an approximation to 𝑓  by solving the linear system represented by 

Equation 2.1. While direct methods exist for solving such a linear squares 

problem, such as applying Cholesky method to the associated normal equation 

of the linear square problem given by 𝑊𝑇𝑊𝑓 = 𝑊𝑇𝑝. However, the dimension of 

the system matrix 𝑊 prevents the direct methods from being practical. Rather 

than using the whole system matrix, the iterative methods use one or multiple 

rows of the system matrix at a time to solve the linear system equation iteratively. 

The basic idea of the iterative reconstruction (IR) methods is to minimize the 

error between the computed projection data and the measured projection data 

iteratively. Once the stopping criteria are satisfied, the current estimate of the 

solution will be regarded as the reconstruction.  

 The IR algorithms used for image reconstruction can be categorized into 

two major groups, namely the algebraic and statistical algorithms. Representative 

among the algebraic reconstruction algorithms are algebraic reconstruction 

technique (ART) [10, 29, 30] and simultaneous algebraic reconstruction 

technique (SART) [5, 31, 32]. The mainly difference between the ART and the 

SART is the numbers of rays that are considered at a time. The ART algorithm 

considers one projection ray at a time while SART considers all the projection 

rays in terms of views at a time. When the projection rays from partial views are 
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considered at a time, the SART becomes the ordered subset simultaneous 

algebraic reconstruction technique (OS-SART). The convergence speed is 

greatly accelerated when the OS-SART is used. The convergence of the SART 

or/and OS-SART type algorithms are proved by J. Ming and G. Wang [32] 

assuming a non-negative real space. The assumption of the non-negative real 

space is reasonable because the linear coefficients are always non-negative in 

the true CT applications. The statistical algorithms differ from the algebraic 

algorithms in that they attempt to look for the solution by some statistical 

approach. One of the most successful statistical reconstruction algorithms is the 

maximum likelihood expectation-maximization (ML-EM) algorithm [33-35], which 

is also called the Richardson-Lucy algorithm or Lucy-Richardson algorithm, 

because Richardson and Lucy first developed this algorithm for image deblurring 

applications in 1972 and 1974 [36, 37]. In the ML-EM algorithm, the objective 

function is not a least squares function but a likelihood function, which is the joint 

probability density function of some random variables (such as Poisson random 

variables). Then the solution (reconstructed image) can be obtained by maximize 

the likelihood function. Although the convergence speed of the EM-ML algorithm 

is slow, this algorithm is guaranteed to converge to the maximum likelihood [38]. 

However, the reconstructed image obtained by maximizing the likelihood 

objective function usually is not of the best visual quality. In practice, an 

empirically selected number of iterations are usually used to stop the iteration for 

most of the clinical applications. In this work, we only focus on the algebraic 

reconstruction algorithm (ART, SART and OS-SART). We choose to implement 
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the SART or/and OS-SART to compare the AIM, DDM and IDDM based 

approaches with the simulated and physical experiments. 

3.2 ART 

Before we introduce the SART and OS-SART, we first introduce the ART 

because the SART and/or OS-SART are a major refinement to ART. The ART 

was first proposed for the reconstruction of objects in three-dimensional electron 

microscopy by Gordon et al. [29], also referred to as the Kaczmarz method [30]. 

The ART is the first iterative CT reconstruction algorithm, and the first scanner 

designed by Hounsfield uses ART for image reconstruction. The mathematical 

formula of ART can be described as [30],  

𝑓𝑛
(𝑘+1) = 𝑓𝑛

(𝑘) + 𝜆𝑘
𝜔𝑚𝑛
‖𝑊𝑚‖2

(𝑝𝑚 − 𝑝𝑚~ ), 𝑘 = 0,1, …,                   (3.1) 

where the notations are same with Section 2.1. 𝑘  indicates the number of 

iteration, 𝜆𝑘 is relaxation parameter which is critical to the quality and speed of 

the reconstruction ( 𝜆𝑘 = 1  in our implementation), ‖𝑊𝑚‖2 = ∑ 𝜔𝑚𝑛2𝑁
𝑛=1 is the 

Euclidean norm of the 𝑚 -th row of the system matrix 𝑊 = (𝜔𝑚𝑛)𝑀×𝑁 , 𝑝𝑚~ =

∑ 𝜔𝑚𝑛𝑓𝑛
(𝑘)𝑁

𝑛=1  and 𝑝𝑚 − 𝑝𝑚~  is the rectifying factor used for backprojection. The 

ART algorithm considers one projection ray at a time, and the image is updated 

after each ray is considered. Once all the projection rays have been considered, 

the ART algorithm completes a full iteration. Furthermore, if the reconstructed 

image values need to be non-negative, a non-negative constraint can be used by 

simply assigning zeros to the image values that are non-negative after each 
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image update (after each ray is considered). Although the implementation of ART 

is straightforward, it suffers from artifacts and slow reconstruction speed. 

3.3 SART 

The Simultaneous Algebraic Reconstruction Technique (SART) was proposed by 

Anderson and Kak in 1984 [31] includes a major refinement to ART: 

𝑓𝑛
(𝑘+1) = 𝑓𝑛

(𝑘) + 𝜆𝑘
1

𝜔+𝑛
∑ 𝜔𝑚𝑛

𝜔𝑚+
(𝑝𝑚 − 𝑝𝑚~ )𝑀

𝑚=1 ,                  (3.2) 

where 𝜔+𝑛 = ∑ 𝜔𝑚𝑛𝑀
𝑚=1 , 𝑛 = 1, … ,𝑁 ,  𝜔m+ = ∑ 𝜔𝑚𝑛𝑁

𝑛=1 , 𝑚 = 1, … ,𝑀 , other 

notations are same with Equation 3.1. The improvement in SART over ART is 

that the overall rectifying factor used for the backprojection is the averaged 

individual rectifying factor 𝑝𝑚 − 𝑝𝑚~  over all projection rays. This weighting 

method effectively suppresses the noise in image reconstruction compare to the 

ART algorithm. However, the reconstruction speed of SART algorithm is still very 

slow. 

3.4 OS-SART 

To accelerate the reconstruction speed, one of the approaches is to apply the 

ordered-subset [39-41] or the block-iterative algorithm [42, 43]. To formulate the 

OS-SART algorithm, the projection data need to be divided into smaller 

nonempty disjoint subsets 𝑆𝑡, 𝑡 = 1, … ,𝑇, where 𝑇 is the total number of subsets.  

Each subset 𝑆𝑡 contains the indexes of the projection rays that are belong to this 

subset, such that ⋃ 𝑆𝑡1≤𝑡≤𝑇 = {1, … ,𝑀} . Then the OS-SART algorithm can be 

formed by applying the SART algorithm to each subset in sequence. The 

intermediate reconstructed image is used as the initial guess to the 
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reconstruction in the next subset. When all the subsets are considered, the OS-

SART completes a full iteration. The formula of OS-SART can be expressed as 

[44], 

𝑓𝑛
(𝑘+1) = 𝑓𝑛

(𝑘) + 𝜆𝑘 ∑
𝜔𝑚𝑛

∑ 𝜔𝑚′𝑛𝑚′∈St
𝑚∈St

(𝑝𝑚−𝑝𝑚~ )
𝜔𝑚+

                (3.3) 

 The convergence speed of the OS-SART is very close related to the 

number of subsets. The more number of subsets, the faster the convergence 

speed is. However, the number of subsets can not be too large. Otherwise, the 

algorithm may diverge [45]. 
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4. Experiments and Results 

To further verify the analysis in Section 2 and compare the performances of AIM, 

DDM and IDDM based methods in a more practical way, we designed a physical 

phantom experiment. The AIM, DDM and IDDM based methods will be compared 

in terms of the computational cost, image noise, spatial resolution, SSIM [21] and 

the ability of high resolution reconstructions. In order to verify the analysis in 

Section 2 and test the ability of high resolution reconstructions, we need to 

compare the different methods with different relative detector element size and 

image pixel size. In the physical phantom experiment, we fix the image pixel size 

while changing the detector element size by combining the neighboring detector 

elements. The combination of the neighboring detector elements only changes 

the number of the detector elements rather than the detector length. For different 

projection models, the same parameters were used in the OS-SART algorithms 

in each case. All the initial images were set to zero. 

4.1 Algorithm Workflow 

We choose to implement the AIM, DDM and IDDM based methods in the 

framework of SART and/or OS-SART. The weighted method in the fast iterative 

shrinkage-thresholding algorithm [46] was employed to accelerate the 

convergence of the OS-SART. The steps of the fast OS-SART is summarized in 

Table 4.1. In each of the main loop, the SART and/or OS-SART are used to 

enforce data consistency and the fasted weighted method is used to speed up 

the convergence. The two steps are applied iteratively until the stopping criteria 

are satisfied. 
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Table 4.1. Workflow of the algorithm 

Step 0. Take 𝑦1 = 𝑓0 ∈ 𝑅𝑛, 𝑡1 = 1. 

Step 𝑘. (𝑘 ≥ 1) Compute 

OS-SART:        𝑓𝑘 = OS-SART(𝑦𝑘)               

Fast Weighted: 𝑡𝑘+1 =
1+�1+4𝑡𝑘

2

2
                                    

                 𝑦𝑘+1 = 𝑓𝑘 + �𝑡𝑘−1
𝑡𝑘+1

� �𝑓𝑘 − 𝑓𝑘−1� 

 

4.2 Physical Phantom Experiment 

A physical phantom experiment was performed on a GE Discovery CT750 HD 

scanner with a circular scanning trajectory. After appropriate pre-processing, we 

obtained a sinogram of the central slice in typical equiangular fan-beam 

geometry. The radius of the scanning trajectory was 538.5 𝑚𝑚. Over a 360° 

range, 984 projections were uniformly acquired. For each projection, 888 

detector cells were equiangularly distributed, which defines a field of view of 

249.2 𝑚𝑚 in radius and an iso-center spatial resolution of 584 µ𝑚. There are 888 

detector cells used in the original projection data. We combined two, four and 

eight detector cells into one and obtained the other three sets of projection data 

with 444, 222 and 111 detector cells to simulate low-resolution projections, 

respectively. Then we reconstructed images with the four sets of projection data 

using the AIM, DDM and IDDM based methods. The size of all the subsets of 

OS-SART was set to 41. All the reconstructed image sizes are 512 × 512  to 

cover the whole field of view (FOV), and each pixel covered an area of 973.3 ×
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973.3 µ𝑚. For the original projection data with 888 detector cells, the pixel size 

and the detector cell size are comparable. For the other three sets of projection 

data, the less number of detector cells, the bigger the detector cell size is. 

Therefore, we can use the other three sets of projections to test the capability of 

high-resolution reconstruction. The full view of the phantom is shown in Figure 

4.1. Using the aforementioned sinograms, the three models were evaluated and 

compared quantitatively and qualitatively in terms of computational cost, noise 

level, spatial resolution, SSIM and image quality. 

4.2.1 Computational Cost 

The algorithms were implemented in Visual C++ and tested on a platform of PC 

(4.0 GB memory, 3.2 GHz CPU). With the four sets of projections, the 

computational cost of AIM, DDM and IDDM based methods in one iteration were 

recorded. The results are shown in Figure 4.2. We can see that with the number 

of detector cells increase, the computational cost of three methods in one 

iteration increase linearly. The slopes of DDM (blue line) and IDDM based (green 

line) methods are almost same, which indicate the computational cost of DDM 

and IDDM based methods are very similar. But the slope of the AIM based 

method (red line) is bigger than the DDM (blue line) and IDDM based (green line) 

methods. Specifically, in the 111 detector cells case, the DDM, IDDM and AIM 

based methods need ~8.74, ~9.86 and ~112.74 seconds in one iteration, 

respectively. The computational cost of AIM-based method is about 13 and 12 

times more than the DDM and IDDM based methods, respectively. For 888 

detector cells, the DDM, IDDM and AIM based methods need ~38.34, ~40.38 
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Figure 4.2. The computational cost of AIM and DDM and IDDM based 
methods in one iteration for 512 × 512image sizes with different number of 
detector cells in projection data. 

 

Figure 4.1. The full view of the phantom. 
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and ~242.34 seconds in one iteration, respectively. 

4.2.2 Image Noise 

The standard variance of the pixel values within a homogenous region were 

computed to measure the image noises using Equation 4.1: 

𝜎 = �1
𝐵
∑ �𝑓𝑗 −  𝑓𝑚�

2𝐵
𝑗=1           (4.1) 

where 𝐵 is the total number of pixels in the selected flat region, 𝑓𝑚 is the mean of 

the region. The experimental results are shown in Figure 4.3. We can see that, 

for the case of 888 detector cells, the image noise of three methods are very 

similar before 30 iterations, but the IDDM based has a little bit smaller image 

noise than the DDM and AIM based methods. After that, the image noises begin 

to level off and the DDM and IDDM based methods have the lowest and highest 

image noises. Actually, we can get a satisfactory reconstructed image with 20 

iterations. We can also see that with the increase of the iteration number, the 

image noise of three methods decrease and then increase and level off finally. At 

the beginning, the low frequency components are reconstructed and result in 

smoother reconstructions. Then, the high frequency components are 

reconstructed, and the noise image will be reconstructed from the noise in the 

projection data. Therefore, after certain number of iterations (4 iterations), the 

noise in the reconstructed images begin to increase and level off finally. For the 

cases of 444 and 222 detector cells, the image noise performance is very similar 

with the first one. But the image noises begin to level off later than the first one 

(not shown in this figure). It is becomes more apparent that the IDDM based 
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method has a smaller image noise before level off. For the case of 111 detector 

cells, the image noise decrease to reach to the minimum (3 iterations) and then 

increase and reach to the local maximum, and decrease again and reach the 

second minimum, and then increase. 

 For a qualitative comparison, the reconstructed images and profiles along 

the white line in Figure 4.1 are shown in Figures 4.4-4.7. For the case of 888 

detector cells, as indicated in Figure 4.4, the reconstructed images with 4 

(minimum image noise) and 40 iterations are shown in the first and second rows, 

respectively. There is no detectable difference between the reconstructed images 

in the same row visually. However, we can see that, the three images in the first 

row are smoother than the second row. The first row images are mostly 

composed by low frequency components and have smaller image noise. On the 

other hand, there are more high frequency components in the second row 

images, and we can see more details of the phantom. From the magnified region 

shown in the first row, we can barely recognize the difference, because the 

reconstructed images by three methods with 4 iterations have similar image 

noise. From the magnified region in the second row, we can see that the 

magnitudes of IDDM based method are a little bit larger than AIM and DDM. The 

DDM based method has the smallest magnitudes. However, the difference is not 

so obvious. This is because the image noises of three methods begin to level off 

at 40 iterations and the IDDM based methods have a little bit larger image noise 

(after level off). 
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For the high resolution reconstructions, Figures 4.5 and 4.6 showed the 

experimental results of 444 and 222 detector cells. The magnitudes of three 

methods are similar at 4 and 40 iterations. For the case of 111 detector cells, as 

indicated in Figure 4.7, the first row showed the reconstructed images with 3 

iterations (minimum image noise). From the magnified region of the profiles in 

Figure 4.7, we can see that reconstructed images of the DDM and IDDM based 

methods have similar magnitude. But the magnitude of the reconstructed image 

of the AIM based method is a little bit smaller than DDM and IDDM based 

methods in this case. This difference is more apparent than the case of 888 

detector cells. However, the second row of Figure 4.7 shows that the 

magnitudes of the three methods are similar. From Figures 4.4-4.7, we can 

conclude that the image noises of three methods are similar in terms of obtaining 

the satisfactory reconstructed images. 

4.2.3 Spatial Resolution 

Full-width-of-half-maximums (FWHMs) were calculated along the edge in a red 

square indicated in Figure 4.1 to compare the spatial resolution [47]. As shown in 

Figure 4.8, for the case of 888 detector cells with the increase of the iteration 

number, the spatial resolutions of three methods become better and reach the 

minimum at about 19 iterations. After that, the spatial resolution decrease a little 

bit, which might be caused by the noise in the projection data. Finally, the spatial 

resolution will be level off. Overall, the spatial resolution of three methods is very 

similar. In this case, the best spatial resolution of DDM, IDDM and AIM based 

methods are achieved at 19 iterations (1.5530 𝑚𝑚, 1.4632 𝑚𝑚 and 1.4985 𝑚𝑚). 
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Figure 4.3. The image noise (HU) versus the iteration numbers using four sets 
of projections with different detector cell numbers. From up to bottom the 
number of detector elements are 888, 444, 222 and 111. 
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Figure 4.4. Reconstructed images from the projections with 888 detector cells. 
The first and second rows are the results after 4 (minimum noise) and 40 
iterations, respectively. The horizontal profiles along the white line in Figure 
4.1 are plotted, where the green square regions are magnified.  
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Figure 4.5. Same as Figure 4.4 but reconstructed from the projections with 
444 detector cells. 
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Figure 4.6. Same as Figure 4.4 but reconstructed from the projections with 
222 detector cells. 
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Figure 4.7. Same as Figure 4.4 but reconstructed from the projections with 111 
detector cells. 
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In the high resolution reconstructions, for case of 444 detector cells, the 

behavior of spatial resolution is similar to the 888 detector cells case. The spatial 

resolutions of three methods reach the minimum at about 23 iterations. Overall, 

before reaching the minimum, the AIM based method performs better than the 

DDM and IDDM based methods, and the IDDM based method performs better 

than DDM based method. In this case, the best spatial resolution of DDM, IDDM 

and AIM based methods are 1.5574 𝑚𝑚 (21 iteration), 1.4970 𝑚𝑚 (25 iteration) 

and 1.5375 𝑚𝑚 (23 iteration), respectively.  

For the cases of 222 and 111 detector cells, with the increase of iteration 

number, the spatial resolutions of three methods becomes better and better. 

Overall, the AIM based method performs better than the DDM and IDDM based 

methods, and the IDDM based method performs better than the DDM based 

method. This phenomenon is more apparent as decrease of the detector cell 

number (e.g. 111 detector cells). Similar with the 888 and 444 detector cells 

cases, the IDDM based methods can get the best spatial resolution at some 

iteration among the three methods. 

The magnifications of the square region and the corresponding measured 

spatial resolution are shown in Figures 4.9, 4.10 and Table 4.1.  All the images 

in Figure 4.9 were reconstructed at 7 iterations. But all the images in Figure 4.10 

were reconstructed at 17 iterations. We can see that the spatial resolutions of 

both methods become better with the increase of the iteration number (e.g. 

Images in the same positions of Figures 4.9 and 4.10 or the same column in 

Table 4.1). With the decrease of the detector cell number, the spatial resolution 
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becomes worse under the same number of iterations (e.g. in the same columns 

of Figures 4.9 aand 4.10 or Table 4.1). This is because the detector cell size 

becomes larger and results in a worse nominal spatial resolution. Specially, for 

the case of 888 and 111 detector cells, the measured best spatial resolutions of 

the three methods are 1.4632 𝑚𝑚 (IDDM, 19 iteration) and 2.7511 𝑚𝑚 (IDDM, 71 

iteration), respectively. However, comparing to the corresponding iso-center 

spatial resolutions of 0.6 𝑚𝑚 and 4.7𝑚𝑚, higher resolutions are achieved for 

larger detector cell size. In other words, higher spatial resolutions are achieved 

using finer image grids. 

From the experimental results discussed above, we can conclude that the 

AIM and IDDM based methods can reconstruct a better spatial resolution than 

the DDM based methods. The AIM based method performs better than IDDM 

based method only in the high resolution reconstruction cases (e.g. 444 and/or 

222 detector cells). In all the cases, the IDDM based method can obtain the best 

spatial resolution at some certain iteration among the three methods. For a given 

projection set, the finer the image grid is, the better the reconstructed spatial 

resolution, and the more apparent the advantages of the AIM and IDDM based 

methods are (comparing to the DDM based method). This conclusion is 

consistent with the result of image noise analysis because high spatial resolution 

always means high image noise.   

4.2.4 Structural SIMilarity (SSIM) 

The SSIM index is a method to measure the similarity between two images [21]. 

The SSIM index can be viewed as a quality measure for the images being 
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compared, providing the other image is regarded as of perfect quality. If the 

measured image is exactly same with the reference image, the SSIM index will 

be equal to 1. The best spatial resolutions are achieved by the DDM, IDDM and 

AIM based methods after 19 iterations from the projection data with 888 detector 

cells, respectively. The corresponding images are averaged to obtain a reference 

image. The SSIM indexes are computed for the same images as Table 4.2. From 

Table 4.3 we can conclude that, the AIM-based method is better than the DDM 

and IDDM based methods in the 7 iterations. In the 17 iterations, the AIM and 

IDDM based methods perform better than DDM based method. As the decrease 

of the detector cell number, the image quality becomes worse after the same 

number of iterations, which is consistent with Figures 4.9 and 4.10.  

4.3 Discussion and Conclusion 

In conclusion, we have numerically evaluated the AIM, DDM and IDDM based 

methods in an OS-SART framework. The proposed improved distance-driven 

model (IDDM) has a computational cost as low as DDM and a spatial resolution 

as high as AIM. Because the AIM based method requires higher computation 

cost to compute the system matrix 𝑊 analytically, the DDM and IDDM based 

methods are faster than the AIM based method. While three methods have 

similar image noise performance, the AIM based method has a little bit better 

performance in terms of spatial resolution and SSIM especially in the high 

resolution reconstruction cases. The IDDM based method can obtain the best 

spatial resolution at some certain iteration among the three methods. The 
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proposed IDDM based method is reasonable because it can meet the 

requirements of higher spatial resolution with low computational cost. 

 

 

  

Table 4.3. SSIM index of DDM, IDDM and AIM based methods  

Table 4.2. Measured spatial resolution of DDM, IDDM and AIM based methods 
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Figure 4.8. The measured spatial resolution (mm) versus the iteration number 
for four sets of projections with different detector cell numbers. From up to 
bottom the number of detector elements are 888, 444, 222 and 111, 
respectively. 
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Figure 4.9. Magnifications of the square region indicated in Figure 4.1. From 
top to bottom, the detector cell numbers are 888, 444, 222 and 111, 
respectively. From the first to third columns, the system models are DDM, 
IDDM and AIM. All the reconstructed images are come from 7 iterations. 
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Figure 4.10. Same with Figure 4.9 but from 17 iterations. 
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5. Conclusions and Future Work 

In this thesis, we proposed an IDDM which the computational cost is as low as 

DDM and the accuracy is comparable with AIM. The goal of this thesis was to 

compare the performance of different system models (PDM, RDM, AIM, DDM 

and IDDM) in the iterative CT image reconstruction. We achieved this goal in 

several stages. First, we illustrate the computation of the weighting coefficient in 

each model assuming a typical fan beam geometry (Section 2.2). Second, we 

theoretically analyzed the performance of different system models assuming a 

parallel beam geometry assuming the detector element size is larger, 

comparable and smaller than the image pixel size (Section 2.3). The results can 

always be extended to the fan beam geometry and even the cone beam 

geometry. Then, we demonstrated the analysis by some experiments (such as 

pixel support) employ the projection and backprojection operations separately. 

The results shows that the AIM, DDM and IDDM based methods are superior 

compare to the PDM and RDM models based methods. The AIM based method 

is superior compare to DDM and IDDM based methods in terms of the high 

resolution reconstruction but at the cost of higher computational cost. The 

accuracy of IDDM based method is between the DDM and AIM based methods 

but with a similar low computational cost with DDM based method. Finally, in 

order to further compare the performance of AIM, DDM and IDDM based 

methods in a more practical way, we designed a physical phantom experiment 

and the results are consistent with the analysis in Section 2. 
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 One of the most important factors that limit the clinical application of the 

iterative reconstruction algorithm is the slow reconstruction speed. In the future, 

we will study the acceleration of different models such as AIM, DDM and IDDM. 

For example, we can employ some parallelization techniques and GPU-based 

methods to accelerate the projection and backprojection processes. In sum, this 

thesis can be the basic work before the acceleration study and will have a direct 

impact of the development of the fast and accurate iterative CT image 

reconstruction algorithm. 
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Appendix A 

A.1 Distance-driven Kernel 

The distance-driven kernel uses the length of overlap between each source and 

each destination to perform a weighted sum of the source values. This illustration 

of distance driven kernel is according to [19]. As indicated in Figure A.1, 

suppose that the source signal is defined as a set of sample values 

𝑠1, 𝑠2, … , 𝑠𝑀 and sample locations 𝑦1,𝑦2, … ,𝑦𝑀 ,𝑦𝑀+1 . Suppose the destination 

signal is defined as a set of sample values 𝑑1,𝑑2, … ,𝑑𝑁  and sample locations 

𝑥1, 𝑥2, … , 𝑥𝑁 , 𝑥𝑁+1. In order to determine the destination signal values, the key 

step is to assign the weighing coefficients to the related sample values. 

According to the distance driven kernel operation, the destination value is 

calculated as: 

𝑑𝑚 = (𝑥𝑛+1 − 𝑦𝑚) ∙ 𝑠𝑛 + (𝑦𝑚+1 − 𝑥𝑛+1) ∙ 𝑠𝑛+1                      (A.1) 

The kernel weights can also be normalized by the width of the source or 

destination intervals, which results in the normalized distance driven kernel 

operation,  

𝑑𝑚 = 𝑥𝑛+1−𝑦𝑚
𝑦𝑚+1−𝑦𝑚

𝑠𝑛 + 𝑦𝑚+1−𝑥𝑛+1
𝑦𝑚+1−𝑦𝑚

𝑠𝑛+1                                (A.2) 

Denoting this operation by the system matrix 𝑊 = {𝜔𝑚,𝑛}, we have, 

𝜔𝑚,𝑛 = 𝑥𝑛+1−𝑦𝑚
𝑦𝑚+1−𝑦𝑚

                                          (A.3) 
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Figure A.1. Distance-driven kernel. 
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