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Abstract

The general purpose of this work is to develop a detailed understanding of solid

state electrolyte materials and to contribute to their development for possible use

in Li-Ion batteries using the framework of first-principles computational methods.

More specifically, we use different computational methods in the framework of density

functional theory to perform an in depth study of the structure, Li ion conductivity,

and the stability of recently reported promising inorganic solid electrolyte materials.

The structure for some materials was reported from experiment and in some cases was

predicted from the simulation and validated to be consistent with the experimental

data. Li ion conductivity was studied using the nudged elastic band method and

molecular dynamics simulations. The nudged elastic band method was used to analyze

the migration barrier of the Li ions. Also, molecular dynamics simulation was used

to analyze the migration of the Li ions by visualizing superposed Li positions over

the timescale and at various temperatures of the simulation and to calculate the

ionic conductivity of the material from the mean square displacement of the Li ions.

The stability was studied by analyzing the electronic structure of the interface of the

material with metallic Li.

Four classes of solid electrolytes identified as promising electrolytes in the recent

experimental literature were investigated in this work. The first class of materials

studied was the alloy system Li3+xAs1−xGexS4 (G. Sahu et al., Journal of Materials

Chemistry A, 2, 10396 (2014)) where the simulations were able to model the effects

xiii



of Ge in enhancing the conductivity of pure Li3AsS4. The second class of materials

studied was Li4SnS4 and Li4SnSe4 (T. Kaib et al., Chemistry of Materials, 24, 2211

(2012), J. A. MacNeil et al., Journal of Alloys and Compounds, 586, 736 (2013),

T. Kaib et al., Chemistry of Materials, 25, 2961 (2013)). Our simulations were able

to identify the two different crystal structures of the materials and to investigate

differences in their conduction properties. The third set of materials studied were

two nitrogen rich crystalline lithium oxonitridophosphate materials, Li14P2O3N6 (D.

Baumann et al., European Journal of Inorganic Chemistry, 2015, 617 (2015)) and

Li7PN4 (W. Schnick et al., Journal of Solid State Chemistry, 37, 101 (1990)). Our

simulations suggest that these materials are promising solid electrolytes due to their

ideal interface properties with metallic Li and their promising ionic conductivity. The

fourth project is an ongoing study of the newly synthesized electrolyte Li4PS4I (S.

Sedlmaier et al., Chemistry of Materials, 29, 1830 (2017)). The simulations help in

the understanding of the structural and ion mobility properties of this material and

to study models of interfaces with Li metal.
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Chapter 1

Introduction

1.1 Thesis Structure

The purpose of this thesis is to explain the role of first-principles (ab initio) methods

in resolving some of the current issues of the development of Li-ion batteries. The

thesis is organized as follows:

• Part I in this thesis is the background. This part gives a detailed description

about the background of batteries, first-principles methods, and modeling ma-

terials properties using first-principles methods. This part includes 4 chapters,

chapter 2, chapter 3, chapter 4 and chapter 5.

• Chapter 1 in this thesis is an introduction to the thesis main subjects. In the

introduction section, I will give an overview about the importance of energy

in the modern world, and why we need batteries to solve the energy problem.

What is the role of materials research with computations to improve batteries.

This introduction section is an overview about what will come in thesis.

• Chapter 2 in this thesis will explain the basic operating principles of batteries.

I will explain the advantages and challenges of Li-ion batteries over other kind

2



batteries, and what kind of improvements are needed for Li-ion batteries. At the

end of this chapter I will motivate the usage of computational research in order

to solve the problems I explained earlier and to improve batteries properties.

• Chapter 3 in this thesis will explain the basics of first-principles methods. In

this chapter, I will give a detailed description about the quantum mechanics

of materials, explain what we mean by first-principles (ab initio) methods, and

explain how we use these methods to calculate the electronic structure and the

total energy of materials.

• Chapter 4 in this thesis will explain how we use first-principles methods to

predict and understand materials properties.

• Part II in this thesis is the summary of research work. In this part I will

summarize the main points in my first author and second author publications,

as well as some in progress projects. This part includes 5 chapters, chapter 6,

chapter 7, chapter 8, chapter 9 and chapter 10.

• Chapter 5 in this thesis will include a summary of my first published paper:

Computational study of Li Ion electrolytes composed of Li3AsS4 alloyed with

Li4GeS4. The actual publication will be included in appendix A.

• Chapter 6 in this thesis will include a summary of my second published paper:

Li4SnS4 and Li4SnSe4: Simulations of Their Structure and Electrolyte Proper-

ties. The actual publication will be included in appendix B.

• Chapter 7 in this thesis will include a summary of my third published paper:

Li14P2O3N6 and Li7PN4: Computational study of two nitrogen rich crystalline

LiPON electrolyte materials. The actual publication will be included in ap-

pendix C.
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• Chapter 8 in this thesis will include my fourth project: Computational study

of the structural and electrolyte properties of Li4PS4I and related materials.

This work has not been published yet but it is expected to be submitted for

publication in the next 2 months. This chapter will include all the results we

have so far.

• Chapter 9 in this thesis will include my fifth project: Topological Doping Ef-

fects in 2D Chalcogenide Thermoelectrics. This work was done in collaboration

with Chaochao Dun. This work was published in Journal of 2D Materials. I will

briefly describe my contribution in this chapter.

• Chapter 10 in this thesis is the summary and conclusions. This chapter in-

cludes the summary and conclusions of the whole thesis.

• The appendices this part will mainly include all my first author publications

each in a separate chapter.

• Part III in this thesis is my curriculum vitae.

1.2 Introduction

The world around us has changed significantly over the years. Technology has become

one of the main drivers of economic and social development and entertainment. Need-

less to say, that practically all technologies in the modern world use energy to operate.

However, the performance of current energy conversion and storage technologies fall

short of their potential for the efficient use of electrical energy in transportation and in

commercial and residential applications. The most convenient form of energy storage

is portable chemical energy. Chemical energy storage devices (storage devices that

use fossil fuel) store the energy in the form of chemical energy, which is relatively

easy to store, and deliver this energy in the form of electrical energy, which can be

4



quickly transported into power lines to power the portable device. No wonder that we

are addicted to fossil fuel as a source of chemical energy for heat, propulsion, lighting,

and communication.

Fossil fuel has become the dominant chemical energy source because of its ease

to storage, access, and transport. However, there are serious environmental risks as-

sociated with the usage of fossil fuels. It is a known fact that carbon dioxide, a gas

released when fossil fuels are burnt, is one of the primary gases responsible for global

warming. The rise in temperature of earth has resulted in melting of polar ice caps,

flooding of low lying areas, and an increase in sea levels. If such conditions continue,

our planet Earth might face some serious consequences in near future. Another major

downside for the usage of fossil fuels is the fact that it is a non-renewable energy

source. As of today, fossil fuels are being extracted at an exorbitant rate to meet the

gap between demand and supply, and it is estimated that they will be finished in the

next 30–40 years. Since they are non-renewable, it is more likely that fuel expenses

will face a steep hike in the near future. It would take millions of years to replace

coal, and oil, and this means that we will not be able to drive cars anymore unless we

switch to electric cars that use energy from renewable energy sources. If we have any

hope of solving the energy problems, we need better energy conversion and storage.

Rechargeable batteries are one of the most promising energy storage devices ca-

pable of storing energy efficiently from renewable sources. Accordingly, batteries are

considered as the key solution for the energy problem, which is a serious threat to

our economy, social development and evolution. A rechargeable battery is a collective

arrangement of electrical cells that store chemical energy and convert this energy to

electrical energy by chemical reactions and vice versa. The rechargeable battery pro-

vides the portability of stored chemical energy with the ability to deliver this energy

5



with high efficiency and no gaseous exhaust. Because of its portability, energy effi-

ciency, and environmental safety, batteries have been widely used to power electronic

devices.

Battery research is advancing at a rapid pace, and it is clear that there remains

a lot of room for improvement. While todays batteries satisfy most portable appli-

cations, improvements are needed if this power source is to become a serious con-

tender for the electric vehicle. Materials have always played a critical role in energy

production, conversion and storage, and today there are even greater challenges to

overcome if materials are to meet these higher performance demands. Materials used

in rechargeable batteries are inherently complex; they are active materials that couple

electrical and chemical processes. The state of the field is well-explained in the review

article of Ref. [1].

”To design and develop new materials for rechargeable batteries, experimental-

ists have focused on mapping the synthesis-structure-property relations in different

materials families. This approach is time consuming and not very efficient due the

numerous possible chemistries. A longtime goal for scientists is to be able to make

materials with ideal properties, something which could be possible if the optimum

atomic environment and corresponding processing conditions are known prior to the

synthesis. Various experimental techniques, such as X-ray/neutron/electron diffrac-

tion (XRD/ND/ED), nuclear magnetic resonance (NMR), and X-ray absorption fine

structure spectroscopy (XASF), etc., are capable on probing long-range or short-

range atomic arrangement in complex structures, nevertheless, an interpretation on

the atomic scale is often based on hypothesis and/or speculation.

With modern computational approaches, one can gain useful insight into the op-

timal material phase for a specific use for the system under consideration and provide
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guidance for the design of the experiment. First-principles (ab initio) modeling refer

to the use of quantum mechanics to determine the structure or property of materials.

These methods rely only on the basic laws of physics such as quantum mechanics and

statistical mechanics, hence they don’t require any experimental input beyond the

nature of the constituent elements. Ab initio computation methods are best known

for precise representation of the structures at the atomic level. It is perhaps the most

powerful tool to predict the structure and many ground state properties prior to

synthesis. More importantly, the reliability and the accuracy of the computational

approach can be significantly improved if experimental information is well integrated

to provide a realistic model for computation.”
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Chapter 2

Battery Overview

Author’s Note:

The subject of this chapter has been discussed in detail in many textbooks and arti-

cles, I found the book given in Ref. [2] to be very useful, in particular for the discussion

of Secs. [2.1, 2.2, 2.3]. I found the article given in Ref. [3] to be very useful for the

discussion of Secs. [8.1]. I found the thesis given in Ref. [4] to be very useful for the

discussion of Secs. [2.5, 2.5.2].

To understand the ways in which batteries can be improved, and the role of

computational materials modelling in improving the performance of batteries, it is

first necessary to understand the components of batteries, the principle of operation

of batteries, what set of properties a battery should exhibit to be practical, what

types of batteries are the most practical, and why we need computational materials

modelling to improve the battery performance.

2.1 Components of Batteries

Rechargeable batteries are a collection of electrochemical cells connected in series or

parallel. The main characteristic of electrochemical cell is the transduction of chem-
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ical energy into electrical energy and its reverse, thus enabling rechargeable energy

storage. Thus, the battery is a device which converts chemical energy stored in active

materials into electrical energy by an electrochemical oxidation-reduction (redox) re-

action. Such a reaction involves the transfer of electrons from a material which an

electron donor to another material which an electron acceptor. On a fundamental

level, the battery cell is composed of:

• The anode, which is oxidized, gives up electrons to the external circuit during

the electrochemical reaction.

• The cathode, which is reduced, accepts electrons from the anode during the

electrochemical reaction.

• The electrolyte or the ionic conductor, which provides the medium for trans-

fer of charge, as ions, inside the cell between the anode and the cathode. The

electrolyte typically has a finite ionic conductivity and negligible electronic con-

ductivity.

The components of the battery are visualized in Fig. [2.1]. Now we have explained

the components of batteries, next we will explain in detail the principle of operation

of the battery.

2.2 Principle of Operation of Batteries

As shown in Fig. [2.1], a battery is composed of a negative electrode (anode) which

is oxidized and a positive electrode (cathode) which is reduced. These electrodes

are separated by an electrolyte which has a finite ionic conductivity and negligible

electronic conductivity. The electrochemical oxidation-reduction (redox) reaction in

the anode and the cathode, transfer chemical energy stored in the electrodes into
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Figure 2.1: Artistic illustration of the components of the battery. The anode material
is shown on the left of the figure, the cathode material is on the right, and the
electrolyte is in the middle of the figure.

electrical energy, and in rechargeable batteries this transformation is reversible, and

obeys the expression:

∆µN ⇔ Q∆V (2.1)

Where ∆µ is the chemical potential difference between the anode and the cathode

(∆µ = µA−µC), N is the number of charge carriers, Q is the total charge transferred

between the anode and the cathode, ∆V is battery voltage. The left hand side of

Eq. (2.1) is the chemical energy stored in the electrodes, and righthand side is the

electrical energy produced by the chemical energy difference. In the discharge process

of the battery, the electrochemical oxidation-reduction (redox) reaction transfer the

chemical energy into electrical energy, and this process is reversed during the charge

process, where the redox reaction convert back the electrical energy into chemical

energy stored in the electrodes. Before we go into the details of the charge/discharge

processes, it is convenient to write the battery potential ∆V explicitly in term of the

chemical potential of the anode and the cathode:
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∆V =
µA − µC

q
(2.2)

where µA and µC are the anode and the cathode chemical potentials respectively and

q is Q/N or the charge per particle.

2.2.1 The Discharge Process

The operation of a cell during discharge is shown schematically in Fig. [2.2]. The

anode material has a high Fermi level and high chemical potential µA, and the cathode

material has a low Fermi level and low chemical potential µC . When the anode and the

cathode are connected to an external load, the chemical potential difference between

the anode and the cathode generate electric potential in the external circuit as shown

in Eq. (2.2). The electric potential moves the electrons from the anode, which is

oxidized, through the external load to the cathode, where the electrons are accepted

and the cathode material is reduced. This process is accompanied by the flow of

cations (positive ions) from the anode to the cathode, and the flow of anions (negative

ions) from the cathode to the anode.

By assuming that the anode material is a metal (Zn) and the cathode material is

chlorine (Cl2), the discharge reaction can be written as follows [2]:

• Negative electrode: anodic reaction (oxidation, loss of electrons and release of

cations)

Zn→ Zn2+ + 2e (2.3)

• Positive electrode: cathodic reaction (reduction, gain of electons and release of

anions)
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Figure 2.2: Electrochemical operation of a cell during the discharge process.

Cl2 + 2e→ 2Cl− (2.4)

• Overall reaction (discharge):

Zn+ Cl2 → Zn2+ + 2Cl−(ZnCl2) (2.5)

2.2.2 The Charge Process

The operation of a cell during charge is shown schematically in Fig. [2.3]. The charge

process is the reverse of the discharge process, while the energy is provided to battery

from the power supply, oxidation takes place at the positive electrode and reduction

at the negative electrode. As by definition, the anode is the electrode which is oxidized

and the cathode is the electrode which is reduced, the positive electrode is now the

anode and the negative electrode is the cathode. The process is accompanied by the
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flow of cations from the anode to the cathode, and the flow of anions from the cathode

to the anode.

Figure 2.3: Electrochemical operation of a cell during the charge process.

By assuming that the anode material is a metal (Zn) and the cathode material is

chlorine (Cl2), the charge reaction can be written as follows [2]:

• Negative electrode: cathodic reaction (reduction, gain of electons)

Zn2+ + 2e→ Zn (2.6)

• Positive electrode: anodic reaction (oxidation, loss of electrons)

2Cl− → Cl2 + 2e (2.7)

• Overall reaction (discharge):
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Zn2+ + 2Cl− → Zn+ Cl2 (2.8)

Now we have explained the principle of operation of the battery, next we will

explain in detail the set of properties a battery should exhibit to be practical.

2.3 Properties of Rechargeable Batteries

For the battery to be practical, it should be able to store a huge amount of energy

while maintaining light weight and small volume, it should be able to charge/discharge

very rapidly without altering its structure, and it should be able to charge/discharge

for thousands of cycles without having any change in its structure. Also, the battery

should be made by a safe materials that can operate over wide range of tempera-

tures and intoxicate to the environment. Also, The battery should be affordable for

customers, so it should be made of relatively cheap materials. Understanding each

of these properties will impose criteria on the components of the batteries (anode,

cathode and electrolyte), and will help us to understand which type of batteries is

the most practical, and this will open the gates for different research directions to

improve the battery performance.

2.3.1 Energy Density and Specific Energy

The electrical energy stored in the battery is a very important property of the

rechargeable battery, because it determines the amount of energy the battery can

deliver. The potential difference between the two electrodes given in Eq. (2.2) not

only drives the ions from one electrode to the other but it also have a crucial role

in the amount of electrical energy stored in the battery. As shown in Eq. (2.1), the

energy stored in the battery can be written as the product of of the mobile charge Q

and the potential difference between the two electrodes ∆V , given the relation:
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E = Q∆V (2.9)

and it can be written as a multiplication of the number of charge carriers N and

the chemical potential difference between the anode and the cathode ∆µ, given the

relation:

E = N∆µ (2.10)

By dividing either expressions by the volume or the mass of the battery gives an

expression for the energy density of the battery, though the latter is more accu-

rately termed specific energy. In other words, the specific energy of the battery, is

the amount of electrical energy stored in the battery per unit mass and it is typi-

cally expressed in the unit of watt×hour/gram (Whg−1), and the energy density is

the amount of electrical energy stored in the battery per unit volume and it is typ-

ically expressed in the unit of watt×hour/liter (WhL−1). The battery should have

high specific energy/energy density, since a low weight/volume battery is preferred

for practical usage in portable electronic devices. Both quantities depend mainly on

the magnitude of the charge carrier, the potential difference between the electrodes

(the difference between the chemical potential of the electrodes). Thus, in order to

increase the energy density/specific energy of the battery it is necessary to increase

either the charge carrier density (charge capacity) or the voltage/chemical potential

difference between the electrodes.

The theoretical charge density, or theoretical capacity, of an electrode material can

be determined by dividing the mobile ion charge per formula unit by the per formula

mass, and it is typically expressed in the units of milliampere×hour/gram (mAhg−1).

The theoretical charge density of metallic lithium from fundamental electrochemistry
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is 3800 mAhg−1 [4], which is very high in comparison to other elements like Mg. This

means if we took 1 gram of lithium metal and could effortlessly covert it 100 % into

lithium ions, while then sending the electrons released by the lithium through the

electrical circuit to do work, that 1 gram of lithium could supply 3800 mA of electron

current for 1 hour.

As mentioned above, the energy density/specific energy does not only depends

on the charge density of the electrodes, but also on the potential between the elec-

trodes (the chemical potential difference between the electrodes). While the poten-

tial difference between the electrodes can be measured experimentally which is the

sum of the oxidization energy (Eox) at the anode and the reduction energy at the

cathode (Ered), the absolute value of the potential (Eox or Ered) at the electrodes

cannot be measured experimentally. Since we cannot directly measure the voltage of

an individual half reaction, the reduction of hydrogen ions to produce hydrogen gas

(2H+(aq)+2e → H2(g)) is, by convention, assigned a reduction potential of 0.00 V.

The hydrogen half-cell thus become the reference electrode. All the others half cell

potentials are measured relative to the hydrogen electrode. The CRC Handbook of

chemistry and physics reports these values for different elements. Metallic Li makes

an excellent electrode material from a voltage standpoint because it has a voltage of

−3.04 V relative to the standard hydrogen electrodes; of the elements reported by

The CRC Handbook of chemistry and physics, only Sr and Ca have a lower electro-

chemical voltages [5].

2.3.2 Charge and Discharge Rate

For practical usage in electronic devices, the battery should be able to charge/discharge

very rapidly without altering its structure. In other words, the battery should be able
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to deliver the energy stored in electrodes to the electronic device very rapidly in the

discharge state, also it should be able to restore this energy very rapidly in charge

state. As discussed in Sec. [2.2.1] and Sec. [2.2.2], the charge and discharge process

of the battery is accompanied by the flow of electrons from the anode to the cath-

ode through the external circuit and the cations and anions through the electrolyte.

Accordingly, the charge/discharge rate of the battery is limited mainly by the flow

rate of electrons through the external circuit and the cations and anions through the

electrolyte.

The flow rate of the electrons and the ions should not different for the battery

cell to remain neutral. The flow rate for the electrons in the external circuit depends

mainly on the electrical power of the battery. The electrical power of the battery can

be written as the product of the electric current that flows in the external circuit (I)

times the potential difference between the electrodes (∆V ) described in Eq. (2.2),

given the relation:

P = I∆V (2.11)

accordingly, the flow rate of electrons through the external circuit of the battery cell,

depends mainly on the potential difference between the electrodes ∆V , and therefore

on the chemical potential difference between the electrodes. Accordingly, the elec-

trodes should have wide range of electrochemical potential difference to allow rapid

charge/discharge in the battery cell. Also, the electrodes should be able to conduct

electrons very rapidly through the external circuit.

The other limiting factor for the charge/discharge rate is the flow rate of the

ions through the electrolyte which depends mainly on the ionic conductivity of the

electrodes and more importantly the ionic conductivity of the electrolyte material.
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Accordingly, for rapid charge/discharge rate of the battery cell, electrodes should be

fast conducting for ions, and electrolytes should be fast conducting for ions and good

insulator for electrons. Generally, electrolytes should have:

• A ionic conductivity σ > 10−4 S/cm over the temperature range of the battery

operation.

• An electronic conductivity σe < 10−10 S/cm.

Accordingly, a good ionic conductivity is one of the most important criteria for

selecting the electrolyte material for rechargeable battery applications.

2.3.3 Stability and Lifetime

Stability is another important property of the battery cell. It is not enough for the

battery to be capable of storing huge amount of energy within a small mass and vol-

ume and deliver and restore this energy very rapidly in the charge/discharge process,

but also for the battery to be practical it should be able to maintain it’s structure

to be able to operate for thousands of cycles and therefore last for a longtime. In

other words, when we refer to a battery cell as stable we mean that it’s structure

remains unchanged during the charge/discharge process of the battery. During the

charge/discharge process, thermodynamics stability requires the chemical stability of

the electrodes and the electrolyte. Fig. [2.4] is a schematic of the relative electron

energies in the electrodes and the electrolyte of a thermodynamically stable battery

cell.

The anode is reductant, the cathode is oxidant. The energy difference between

the lowest unoccupied molecular orbital (LUMO) and the highest occupied molecular

orbital (HOMO) of the electrolyte is the window of the electrolyte. The two electrodes

are electronic conductors with the anode and the cathode electrochemical potentials

µA and µC . An anode with chemical potential µA above the electrolyte (LUMO) will
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Figure 2.4: Schematic open-circuit energy diagram of an electrolyte. Eg is the elec-
trolyte window for thermodynamic stability. Voc is the open circuit voltage. A µA >
LUMO and µC < HUMO requires a kinetic stability by the formation of an SEI layer.

reduce the electrolyte unless a passivation layer blocks the electron transfer from the

from the anode to the electrolyte LUMO; and a cathode with µC below the (HOMO)

of the electrolyte will oxidize the electrolyte unless the electrolyte forms a passivation

layer blocks the electrons to transfer from the electrolyte (HUMO) to the cathode.

Therefore, thermodynamical stability requires locating the electrode electrochemical

potentials µC and µA within the window of the electrolyte, which constrains the open

circuit voltage Voc of a battery cell to:

eVoc = µA − µC ≤ Eg (2.12)

A passivation solid/electrolyte interface (SEI) layer at the electrode/electrolyte bound-

ary can give extra stability to a large Voc provided that eVoc− Eg is not too large.
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Accordingly electrolyte materials should have a wide window and should be able to

rapidly form a passivation solid/electrolyte interface (SEI) layer at the electrode/electrolyte

boundary. Electrode materials should have a chemical potential that aligns well with

the electrolyte window.

2.3.4 Safety and Cost

Safety is a key aspect of any energy storage device, including batteries. For instance,

thermal stability is the most important property. For a battery to be safe, it should

be able to operate over wide range of temperatures without having any damage in

its components. Accordingly the battery components (electrodes and electrolyte) are

chosen based their thermal stability over wide range of temperatures.

Also for the battery to be practical, it should be made of affordable materials, and

it should use electricity efficiently.

2.3.5 Summary of Rechargeable Batteries Properties

For further discussion and analysis, it is convenient to summarize the properties of

rechargeable batteries properties. In approximate order of importance, for a battery

to be practical, it should:

• Have a high specific energy and energy density.

• Have a fast charge and discharge rate.

• It should be stable in the charge and discharge process.

• It should be made of safe materials that operate over wide range of tempera-

tures.

• It should be affordable for customers and it should use electricity efficiently.
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Electrodes should:

• Have a high electrochemical potential difference between the anode and the

cathode.

• Should have a high conductivity for ions and electrons.

• Should be able to operate over wide range of temperatures.

• Should be made from affordable materials.

The electrolyte should:

• Have a ionic conductivity σ > 10−4 S/cm over the temperature range of the

battery operation.

• Have a electronic conductivity σe < 10−10 S/cm.

• Have a large window, high energy difference between it’s LUMO and HUMO.

• It should be able to form rapidly a passivating solid/electrolyte-interface (SEI)

layer where kinetic stability is required, if the electrode potential lies outside

the electrolyte window.

• It should be made of safe materials that operate over wide range of tempera-

tures.

• Low toxicity and low cost.

2.4 Types of Rechargeable Batteries

There are different types of rechargeable batteries and they are usually classified

by the type of electrolyte used in their construction. The most known types of

rechargeable batteries are (1) Alkaline (2) Lead acid (3) Nickel cadmium (NiCad)
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(4) Nickel-metal hybrid (NiMH) (5) Li-ion batteries. More than 50% of the batteries

used worldwide are lead-acid. Lead-acid batteries have a number advantages. They

are low cost, robust, have high tolerance to over-charging, they also have an estab-

lished recycling procedure. However, they have some major drawbacks, they are heavy

and bulky, unsuitable for fast charging, have a short deep cycle life, have a higher

self discharge at higher temperature. They also have a risk of leakage of toxic chemi-

cals. In spite of the overwhelming presence of lead-acid, the requirements for smaller,

lighter and deep cycle life rechargeable batteries has grown significantly in the present

century. Nickel-cadmium (NiCad) batteries can meet deep cycling needs. They are

also lighter and smaller than lead-acid batteries, but they require periodic mainte-

nance and also exhibits a memory effect that results in a reduced usable capacity

with time. They were widely adopted for portable electronics and other portable de-

vices, but of late of their use has considerably reduced due to environmental concerns

with the use cadmium. Nickel Metal Hydride (NiMH) batteries has emerged as an

alternative solution for portable applications. However, large NiMH batteries have

not been adopted due to the high cost of nickel and patent limitations. NiMH also

exhibits high self discharge rate. Li-ion batteries were first proposed in 1976 [6] and

have been widely adopted for portable electronics since the early 1990s. The quick

reversibility of lithium ions enables Li-ion batteries to charge and discharge faster

than lead-acid and NiMH batteries. In addition, Li-ion batteries produce the same

amount of energy as NiMH batteries but they are typically 40% smaller and weight

half as much, thus doubling the amount of energy storage. Overall, due to the low

electrochemical potential and high charge density of metallic lithium, Li-ion batteries

have high energy density/specific energy and they are lighter and smaller than the

lead-acid and NiMH batteries as shown in Fig. [2.5]. Li-ion batteries also have longer

lifetime in comparison to lead-acid and NiMH batteries [2] as shown in Fig. [2.6]. Li-

ion batteries can operate over wide range temperatures in comparison the lead-acid
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and NiMH batteries [2] as shown in Fig. [2.7]. However Li-ion batteries have higher

cost than the lead-acid and NiMH batteries [2] as shown in Fig. [2.8]. Accordingly,

due to it’s high energy density/specific energy and it’s long lifetime. Li-ion batteries

are considered the best practical batteries for most applications.

Figure 2.5: Comparison between different types of batteries in term of the specific
energy, energy density, size and weight. Adapted from NASA website.

2.5 State of the Art Li-Ion Batteries

Li-ion battery is similar to any battery, it is made of two electrodes separated by an

electrolyte. However, the Li-ion battery has a layered electrode materials into which

Li is inserted on both sides of the cell. The first models for Li-ion batteries were first

proposed in 1976 [6] and have been widely adopted for portable electronics since the

early 1990s, this model contains graphite as a anode and LiCoO2 as a cathode. This

formulation remains one of the most popular Li-ion battery to this date and a model

version of it is shown in Fig. [2.9]. Both electrodes allow lithium ion to move in and

out of their structure with a process called insertion and extraction. During discharge,
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Figure 2.6: Comparison between different types of batteries in term of lifetime.

Figure 2.7: Comparison between different types of batteries in term of the range of
the operation temperature.

the positive lithium ions move from the negative electrode, which contains graphite,

to the positive electrode through the electrolyte while the electrons flow through

the external circuit in the same direction. When the cell is charging, the reverse
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Figure 2.8: Comparison between different types of batteries in term of cost.

occurs with the lithium ions and electrons moved back into the negative electrode

in a net higher energy state. The charge/discharge process is shown in Fig. [2.10].

The electrodes materials used in Li-ion battery satisfies most of the requirements

we mentioned earlier in Sec. [2.4]. However, for the electrolyte materials the story

requires more explanation.

2.5.1 Electrolyte Materials for Li-Ion Batteries

In general, the electrolyte is specifically designed for a particular battery application.

Different types of electrolytes are used in Li-ion batteries. In this section, we will

discuss these types of electrolytes, according to the requirements of the electrolyte

materials discussed in Sec. [2.4].

• Organic liquid electrolytes: This is the most common type of electrolytes

used for Li-ion batteries, due to its high Li conductivity. This type of electrolyte

is made of carbonates an organic liquid, and good solvents for Li salts. This type

of electrolyte satisfies the electrolytes requirements from 1 to 6, but not 3 and 5.
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Figure 2.9: Schematics of Li-Ion battery using LiCoO2 as cathode and graphite as
anode.

Figure 2.10: Charge and discharge reactions in Li-ion Battery using LiCoO2 as
cathode and graphite as anode.

Carbonate-based solvent are highly flammable with a flash points below 30 C◦.

Also, the electrolyte window for inorganic solid electrolytes is not wide enough

which may cause stability issue during the charge/discharge process.

• Ionic liquids: Room-temperature ionic liquids have been recently considered

as alternative electrolytes for Li-ion batteries, because they have the advantage

of thermal stability over carbonate-based electrolytes. This type of electrolyte

satisfies the electrolytes requirements from 1 to 6 but not 1. Ionic liquids elec-

trolytes have a high viscosity, which reduces their Li ion conductivity, the Li
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ion conductivity of these electrolytes is very poor to be competitive for Li-ion

battery applications.

• Inorganic liquid electrolytes: The inorganic liquid electrolyte based on LiAlCl4

and SO2 has a good room temperature Li ion conductivity (σLi = 7×10−2 S/cm)

and is nonflammable, but it’s electrolyte window is too small to be competitive.

• Solid polymer electrolytes: This type of electrolytes satisfies the electrolyte

properties from 2 to 6, but not 1. Solid polymer electrolytes have a very poor

conductivity of Li ions, σLi < 10−5 S/cm. Accordingly, the Li ion conductivity of

these electrolytes is very poor to be competitive for Li-ion battery applications.

• Inorganic solid electrolytes: Inorganic solid Li ion conducting materials have

been considered for Li-based electrolytes, because they have a wide electrochem-

ical window 0–5 V and additionally meet the electrolyte requirements from 2 to

6, but not 1. In general, the Li ion of conductivity inorganic solid electrolytes is

not as good as organic liquid electrolytes. For this reason, inorganic solid elec-

trolytes has been excluded from large scale batteries applications. They have

only been used in thin film battery applications.

2.5.2 Promising Research Directions

As discussed in the previous section. The most common type of electrolytes used in

Li-ion batteries, the organic liquid electrolyte, suffers from electrochemical stability

issues due to it’s narrow electrolyte window, and thermal stability issue with a flash

point below 30 C◦. Accordingly, the development of an electrolyte with a wider elec-

trochemical window and improved thermal safety properties has become one of the

most promising avenues for improving Li-ion batteries. Inorganic solid electrolytes,

look like a good candidates to solve the stability issues of organic liquid electrolytes

due to their wide electrochemical window and their thermal stability. However, their
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low ionic conductivity prevents them being used in practical applications.

Inorganic solid electrolytes have shown a remarkable improvement in recent years.

A large number of novel electrolyte materials have been developed with Li ion con-

ductivity comparable and even beyound organic liquid electrolytes. Fig. [2.11] shows

the ionic conductivity of different inorganic solid electrolytes in comparison to organic

liquid electrolytes, polymer electrolytes, ionic liquids and gel electrolytes. These ma-

terials are crystalline, glassy, polymer and composite systems.

Figure 2.11: Thermal evolution of ionic conductivity of Li10GeP2S12, together with
those of other lithium solid electrolytes, organic liquid electrolytes, polymer elec-
trolytes, ionic liquids and gel electrolytes. Adapted from Ref. [7] with permission
from Nature Publishing group.

The search for solid electrolyte materials with improved conductivity, has been

encouraged by the discovery of lithium nitride (Li3N), which was discovered in the

1970s, and has a very high conductivity of (6×10−3 Scm−1) at room temperature. The

Li10GeP2S12 material exhibits and extremely high conductivity of over (10−2 Scm−1)
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at room temperature. Accordingly, it makes excellent electrolyte for Li-ion battery

applications. Other systems currently being investigated as battery electrolytes.

The LiPON family of materials [8–16], is very widely used solid electrolyte for thin

film batteries and number of other technologies. One of the outstanding attributes

of LiPON electrolytes is its long term stability in contact with pure Li anodes. The

LiPON electrolytes have the composition of LixPOyNz. the LiPON electrolytes have

an ionic conductivity of 10−6 Scm−1. Although, the ionic conductivity of the LiPON

material is not competitive with organic liquid electrolytes, the discovery of LiPON

materials with enhanced ionic conductivity will solve the stability issue of organic

liquid electrolytes, and is an exciting research direction. Meanwhile, the structurally

and chemically related Li thiophosphate family of materials have recently received the

attention as promising candidates for inorganic solid electrolytes, where ionic conduc-

tivity as large as 10−3 Scm−1 have been reported. These materials are characterized

by the composition LivPSw. The comparison between the crystalline Li phosphate and

the corresponding thiophosphates has provided further insight into solid electrolyte

development.

As discussed is chapter 1, the role of computational research is to model the prop-

erties of these solid electrolytes at the atomic level, in order to understand and predict

the electrochemical stability and the conductivity properties of these solid electrolytes.

The most powerful and precise computational methods in modelling the properties

of materials are known as first-principles or ab initio methods. These methods uses

the basic laws of physics, such as quantum mechanics to understand and predict the

behaviour of the material.
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2.6 Summary

In summary, we described the components of batteries and the principle of operation

of batteries. We described in detail the set of properties a battery should exhibit to

be practical. We discussed the types of batteries, and we explained the advantages of

Li-ion batteries. We described in detail the components and principle of operation of

Li-ion batteries, we explained the types of electrolytes used within Li-ion batteries,

and we explained how solid electrolytes can solve some issues of the inorganic liquid

electrolytes. Finally, we explained possible research directions to improve these solid

electrolytes and motivated the use of first-principles methods in such a research. In

the next chapter, we will explain the details of first-principles methods.
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Chapter 3

Computational Theory

Author’s Note:

The subject of this chapter has been discussed in detail in many textbooks, I found

the book given in Ref. [17] to be very useful, in particular for the discussion of Secs.

[3.6, 3.8, 3.10.4, 3.10.7].

3.1 Quantum Description of Materials

We know that all materials are made of atoms that are in turn made of electrons

and nuclei. In other words, a material is a collection of electrons and nuclei that in-

teract with each other in accordance with Coulomb’s law. Classical mechanics fails

to describe the behavior of electrons; therefore, only quantum mechanics can give us

a correct description of materials. Thus, to understand it, we have to solve a quan-

tum mechanical many-body problem, that is the Schrödinger equation for interacting

electrons and nuclei. Although not necessary, but for convenience and simplicity, we

shall divide the electrons into valence and core electrons. For example, in sodium,

the 3s electron, which is the outermost electron, will be called a valence electron and

the remaining will be called core electrons. When a solid is formed, the valence elec-

trons become unbound from atoms and can move in the solid. Since core electrons
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do not play much of a role in solid-state properties, we can combine core electrons

with their nucleus and call the combined entity an ion. This is called the frozen core

approximation. Thus, a condensed matter system can be described as a many-body

system of interacting electrons and ions; we are interested in finding a solution of the

Schrödinger equation for this system.

3.2 Quantum Mechanics

The best way to describe the behavior of a system of interacting quantum particles,

such as those found in materials, is by the laws of quantum mechanics. The quantum

mechanical model is based on quantum theory, which says quantum particles also

have the shape associated with waves. According to quantum theory, it is impossible

to know the exact position and momentum of an electron at the same time. This is

known as the uncertainty principle. So, this model is based on probability rather than

certainty. Thinking about electrons as probabilistic waves in the quantum mechanical

model has major consequences. In order to predict the behavior of the electrons, we

should be able to predict the evolution of the wavefunction in space and time. This is

a non-trivial problem considering the large number of events varying with space and

time. The most reliable equation in quantum mechanics to make such a prediction is

known as the Schrödinger equation.

3.2.1 The Many-Body Schrödinger Equation

The Schrödinger equation plays the role of Newton’s laws in classical mechanics, it

predicts the future behavior of a dynamic system. It is a wave equation in terms of

the wavefunction which predicts analytically and precisely probability or outcome.

The detailed outcome is not strictly determined, but given a large number of events,

the Schrödinger equation will predict the distribution of the results. If we restrict
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our discussion to stationary electronic states, then we need to consider the time-

independent version of the Schrödinger equation. The time-independent Schrödinger

equation takes the following symbolic form:

[T + U ] Ψ = EΨ (3.1)

Where E is the energy eigenvalue for the stationary state described by the wave

function Ψ. T and U are the kinetic and the potential energies respectively. Similar

to classical mechanics, the kinetic and potential energies sum is the Hamiltonian H

which acts upon the wavefunction to generate the evolution of the wavefunction in

space, which leads to the well known form of the Schrödinger equation:

HΨ = EΨ (3.2)

The Schrödinger equation together with the normalization conditions give the quan-

tized energies of the system and the form of the wavefunction so that other properties

may be calculated. Since we are interested in calculating the properties of materials,

we are interested in finding the solution of Eq. (3.2), for the interacting many elec-

trons and nuclei system. When we discuss many electrons and many nuclei together

we need to introduce the many-body wavefunction, Ψ, which depends on the posi-

tions of each electron and each nucleus in the system. In the case of N electrons with

coordinates r1, r2,. . . , rN and M nuclei with coordinates R1, R2,. . . , RM we have:

Ψ = Ψ(r1, r2, . . . , rN ; R1,R2, . . . ,RM) (3.3)

The many-body wavefunction in Eq. (3.3) is what we need to calculate properties of

many electrons and nuclei system. For example, the probability of finding electron

number 1 at r, P(r1=r), while the other electrons can be anywhere, can be calculated

from the many-body wavefunction, as follows:
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P (r1 = r) =

∫
|Ψ(r, r2, . . . , rN ; R1,R2,RM)|2dr2 . . . drNdR1 . . . dRM (3.4)

The electron density ρ(r) can also be calculated from the many-body wavefunction,

as follows:

ρ(r) = N

∫
|Ψ(r, r2, . . . , rN ; R1,R2,RM)|2dr2 . . . drNdR1 . . . dRM (3.5)

Now that the many-body wavefunction has been introduced, we need to define the

Hamiltonian in Eq. (3.2). The kinetic energy part of the Hamiltonian, is the sum of

the kinetic energies of the electrons and nuclei:

T = −
N∑
i=1

h̄2

2me

∇2
i −

M∑
I=1

h̄2

2MI

∇2
I (3.6)

Whereme is the mass of electron andMI is the mass of nucleus I. The potential energy

part of the Hamiltonian, is the sum of the Coulomb repulsion between electron pairs

and the Coulomb repulsion between nuclei pairs and the Coulomb attraction between

electrons and nuclei:

U =
1

2

∑
i 6=j

e2

4πε0

1

|ri − rj|
+

1

2

∑
I 6=J

e2

4πε0

ZIZJ
|RI −RJ |

−
∑
i,I

e2

4πε0

ZI
|ri −RI |

(3.7)

Here the indices I and J run from 1 to M , while i and j from 1 to N . After defining

the wavefunction and the Hamiltonian, we can now write the many-body Schrödinger

equation:
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[−
∑
i

h̄2

2me

∇2
i −

∑
I

h̄2

2MI

∇2
I +

1

2

∑
i 6=j

e2

4πε0

1

|ri − rj|

+
1

2

∑
I 6=J

e2

4πε0

ZIZJ
|RI −RJ |

−
∑
i,I

e2

4πε0

ZI
|ri −RI |

]ψ = Etotψ

(3.8)

For simplicity, we will rewrite Eq. (3.8) with atomic units. The definition of atomic

units is given in the appendix.

[
−
∑
i

∇2
i

2
−
∑
I

∇2
I

2MI

−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj|
+

1

2

∑
I 6=J

ZIZJ
|RI −RJ |

]
Ψ = EtotΨ

(3.9)

If we were able to solve Eq. (3.9) and find the eigenstate with the lowest energy, which

is called the ground state of the system, then we would be able to calculate many

equilibrium properties of materials, from elastic properties to enthalpies of formation,

thermal properties, and phase diagrams. The trouble is that the solution of Eq. (3.9)

for most systems is very challenging, and in some cases it is practically impossible.

Why?

3.3 Why Electronic Structure is an Important Dif-

ficult Problem?

The electronic structure problem is quite complicated, The most obvious reason is that

usually there are many more electrons than nuclei in materials. Nuclei, are massive, so

their wavefunctions are strongly localized. Thus, their wavefunctions hardly overlap;

they behave much more like classical particles. On the other hand, electronic wave-

functions are widely spread over space. Thus, their wavefunctions strongly overlap.

As described in Eq. (3.9), the electronic structure is a quantum mechanical problem.
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Now, the electrons interact, via the Coulomb potential, not only with the stationary

nuclei but also with each other: each electron repels each other electron via the re-

pulsive Coulomb potential. This makes the electronic structure a many-body problem.

Quantum many-body problems are very difficult to solve, much more difficult than

classical ones. The reason is that for N electrons the many-body wavefunction in Eq.

(3.3) is a function of 3N variables where the position vector ri is 3 dimensional vec-

tor. Highly accurate numerical representation of such functions is next to impossible

for N > 1. Thus, the electronic structure methods invariably include approximate

methods.

3.4 First-Principles Methods

As shown in Sec. [3.2.1], quantum mechanical methods, require a solution to the many-

body Schrödinger equation. The exact solution of the full many-body Schrödinger

equation describing a material is not solvable today, for the reasons mentioned in

Sec. [3.3]. Using a series of numerical quantum mechanical approximations without

any empirical fitting to experimental data, first-principles methods usually simplify

the complicated many-body Schrödinger equation, so that the electronic structure

and the total energy of most materials can be calculated quite accurately. Although,

all first-principles methods are quantum mechanical, they use different strategies to

calculate the electronic structure and the total energy of materials. In the following

sections, we will discuss the details of first-principles methods. We will discuss the

physics of these approximations, the pros and cons of each approximation, and the

accuracy for such approximations in predicting materials properties.
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3.5 Born-Oppenheimer Approximation

In a solid, we can think of nuclei, having coordinates (R1,. . . , RM) as heavy, and there-

fore modeled as classical particles, which are slowly moving. The electrons are light

and they feel the effect of slowly moving nuclei. This known as Born-Oppenheimer

approximation [18]. In response to any external parameter the electrons will move

very quickly before the nuclei move. In other words, the electrons will adjust their

positions for a fixed nuclei positions. Such a treatment, may be used for mathematical

simplification of Eq. (3.9), we can rewrite the many-body wavefunction in Eq. (3.3) as

multiplication of a wavefunction that depends explicitly on the electrons coordinates

and parametrically on the nuclei coordinates ψ(r1, . . . , rN ; R1, . . . ,RM) multiplied by

a wavefunction that depends only on the nuclei coordinates φ(R1, ...,RM):

Ψ(r1, . . . , rN ; R1, . . . ,RM) = ψ(r1, . . . , rN ; R1, . . . ,RM)× φ(R1, . . . ,RM) (3.10)

For simplicity we will drop the nuclear coordinate dependence in the electronic portion

of the wavefunction, as follows:

ψ(r1, . . . , rN ; R1, . . . ,RM)→ ψ(r1, . . . , rN) (3.11)

Further simplification can be made to Eq. (3.9) by setting MI = ∞. This choice

implies that we can neglect the kinetic energy of the nuclei because they very heavy,

and that the Coulomb repulsion between nuclei is simply a function of the nuclear

coordinates only. For convenience we bring this function to the right-hand side of Eq.

(3.9) by defining:

E = Etot −
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

(3.12)
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This definition allows us to approximate Eq. (3.9) as:

[
−
∑
i

∇2
i

2
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj|

]
ψ(r1, . . . , rN) = Eψ(r1, . . . , rN)

(3.13)

It is convenient to regard the nuclear coordinates, RI , as external parameters. This

procedure becomes more transparent if we define the Coulomb potential of the nuclei

experienced by the electron:

vext(r) = −
∑
I

ZI
|r−RI |

(3.14)

Accordignly Eq. (3.13) can be written as:

[
−
∑
i

∇2
i

2
+
∑
i

vext(ri) +
1

2

∑
i 6=j

1

|ri − rj|

]
ψ = Eψ (3.15)

This is a fundamental equation in electronic structure theory, in some context it is

called the electronic Schrödinger equation. At this point it is clear that this equa-

tion looks similar to the single particle Schrödinger equation discussed in quantum

mechanics textbooks. The main difference is that we now have several electrons in-

teracting via Coulomb repulsion.

For further discussions and analysis, it is convenient to define the many-electron

Hamiltonian and relate it to the single electron Hamiltonian:

H(r1, . . . , rN) = −
∑
i

1

2
∇2
i +

∑
i

vext(ri) +
1

2

∑
i 6=j

1

|ri − rj|
(3.16)

Where the last term is vee, the electron-electron Coluomb interaction. The single

electron Hamiltonian can be written as:
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H0(r) = −1

2
∇2 + vext(r) (3.17)

So we can write the many-electron Hamiltonian as follows:

H(r1, . . . , rN) =
∑
i

H0(ri) +
1

2

∑
i 6=j

1

|ri − rj|
(3.18)

3.6 Independent Electron Approximation

At this point, it is clear that Eq. (3.15) is very complicated and very hard solve be-

cause of the Coulomb interaction between electrons. Researchers have been developing

approximation methods since the late 1920s to solve this equation. Let us imagine

that we do not have access to any of these theories. What would we do in order to

solve this equation?

Similar to many problems in physics, let us consider the simplest case which is not

realistic at all, so we can understand what physics we are ignoring, and then we can

increase the complexity of this simple case until we reach the most realistic picture.

Our first step would be to simplify the problem. We already noted the analogy be-

tween Eq. (3.15) and the single electron Schrödinger equation. Let’s push this analogy

further by imagining that we can ignore the Coulomb interaction between electrons,

and therefore we can eliminate the last term on the left hand side of the equation.

This dramatic simplification of the problem is called the independent electrons ap-

proximation. Accordingly, Eq. (3.15) within the independent electron approximation

becomes:

∑
i

H0(ri)ψ ≈ Eψ (3.19)
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Where H0 is the single electron Hamiltonian defined in Eq. (3.17), ψ is the many-

electrons wavefunction. Since electrons are independent, the probability |ψ(r1, . . . , rN)|2

of finding electron number 1 at r1 and electron number 2 at r2 . . . electron number

N at rN must be given by the product of the individual probabilities of finding the

i-th electron at the position ri. Accordingly the electrons charge density can be ap-

proximated in term of the single-electron wave function φi(r):

ρ(r) ≈
∑
i

|φi(ri)|2 (3.20)

Similarly, the many electron wavefunction ψ(r1, . . . , rN) can be written as a product

of the single-electron wavefunction φi(ri):

ψ(r1, . . . , rN)→ ψ̃(r1, . . . , rN) = φ1(r1) . . . φN(rN) =
N∏
i=1

φi(ri) (3.21)

Where the wavefunctions, φi, are obtained as the solution of the single electron

Schrödinger equation:

H0(r)φi(r) ≈ εiφi(r) (3.22)

Where εi are the energy eigenvalues for the eigenstates φi. Now, by substituting the

many electron wavefunction in Eq. (3.21) in Eq. (3.19), we get:

[∑
i

H0(ri)

]
φ1(r1) . . . φ(rN) ≈ Eφ1(r1) . . . φN(rN) (3.23)

Since in this equation the single-electron Hamiltonian, H0(r1), acts only on the func-

tion φ1(r1), we can rewrite:
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[H0(r1)]φ1(r1) . . . φN(rN)+φ1(r1)[H0(bfr2)φ2(r2)] . . . φN(rN)+· · · ≈ Eφ1(r1) . . . φN(rN)

(3.24)

Therefore, using Eq. (3.22), we find:

E ≈ ε1 + ε2 + · · ·+ εN (3.25)

This result means that, in the independent electrons approximation, the lowest-energy

configuration of the system is obtained when we fill the the lowest-energy eigenstates

of the single-electron equation with one electron in each state, starting from the

lowest eigenvalue. This beautiful and simple picture drawn in the independent elec-

trons approximation neglects a lot of physics. So, what physics we are ignoring? The

independent electrons approximation written in Eq. (3.21) has two important draw-

backs. This first relates to the fact the wavefunction, ψ, should obey Pauli exclusion

principle, which requires that the function changes sign whenever we exchange two

electrons. The other problem is that the Coulomb term that we neglected is actually

of the same magnitude as the other terms, and therefore it cannot be ignored. We

will address these two issues in the following sections.

3.7 Exclusion Principle

The electronic wavefunctions are functions of N electronic coordinates ψ(r1, . . . , rN).

The Pauli exclusion principle states that this wavefunction must be antisymmetric

with respect to interchange of two electrons position or spin :

ψ(r1, . . . , ri, . . . , rj, . . . , rN) = −ψ(r1, . . . , rj, . . . , ri, . . . , rN) (3.26)
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Where ri → (ri, σi), refer to electron position and spin. This is a condition we should

impose while solving any electronic wavefunction. It is obvious that the wave function

proposed by the independent electrons approximation in Eq. (3.21) does not satisfy

this requirement. In order to develop a way to easily represent antisymmetric functions

of all types, let us consider a simple example of two electrons, the wavefunction

φ(r1)φ(r2) does not satisfy this requirement. However, the wavefunction:

ψ(r1, r2) =
1√
2

[φ1(r1)φ2(r2)− φ1(r2)φ2(r1)] (3.27)

does satisfy the requirement. A general way of writing the wavefunction in Eq. (3.27)

is by using the Slater determinant:

ψ(r1, r2) =
1√
2

∣∣∣∣∣∣∣
φ1(r1) φ1(r2)

φ2(r1) φ2(r2)

∣∣∣∣∣∣∣ (3.28)

this Slater determinant can be used can be generalized for N electrons, as follows:

ψ(r1, . . . , rN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(r1) · · · · · · φ1(rN)

...
...
...
...
...
...

...
...
...
...
...
...

...
...
...
...
...
...

...
...
...
...
...
...

...
...
...
...
...
...

...
...
...
...
...
...

φN(r1) · · · · · · φN(rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.29)

The wavefunction in Eq. (3.29), is different from the wavefunction in Eq. (3.21) which

represents the simple independent electron approximation. However, the electronic

charge density in Eq. (3.20) in the independent electrons approximation, is still valid

because electrons are still independent, in the sense that the probability of finding

electron i at point r is independent of finding electron j at point r.
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3.8 Mean-Field Approximation

Now that we have fixed the first drawback of the independent electrons approxima-

tion, we have to deal the second drawback, which is the drastic cancellation of the

Coulomb interaction between electrons. Thus, the single electron Schrödinger equa-

tion in Eq. (3.22) should include the Coulomb interaction with other electrons. Let’s

but aside quantum mechanics for a moment, and go back to classical electrostatics.

From fundamentals of electrostatics, the charge density of electrons, such as the one

described in Eq. (3.20) will produce electrostatic potential φ(r) through Poisson’s

equation:

∇2Φ = 4πρ(r) (3.30)

The electrons immersed in this electrostatic potential have, in Hartree units, a po-

tential energy vH(r) = −Φ(r), which is called the ’Hartree potential’. By definition

also the Hartree potential satisfies Poisson’s equation:

∇2vH(r) = −4πρ(r) (3.31)

The formal solution of this equation for a confined charge density is:

vH(r) =

∫
d3r′

ρ(r′)

|r− r′|
(3.32)

since each electron experiences the Hartree potential, we can improve Eq. (3.22) by

imposing the potential in the equation:

[
−∇

2

2
+ vext(r) + vH(r)

]
φi(r) = εiφi(r) (3.33)

where:
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ρ(r) =
∑
i

|φi(r)|2 (3.34)

and:

∇2vH(r) = −4πρ(r) (3.35)

The improvement here over the independent electron approximation, is that we add

vH which represents the average electrostatic potential experienced by each electron.

This approximation is called the mean-field approximation. Eqs. (3.33–3.35) must be

solved self consistently.

3.9 Hartree-Fock Method

In Sec. [3.5] we introduced the electronic Schrödinger equation, and we explained the

difficulties in solving this equation to obtain the ground state energy. In Sec. [3.6]

we introduced a very simple way to simplify the complicated electronic Schrödinger

equation, by treating electrons as independent particles, and we explained the draw-

backs of this simple method. In Sec. [3.7] we fixed the first drawback of independent

electrons approximation, by introducing the wavefunction given in Eq. (3.29) which

takes into account the antisymmetry with the interchange of two electrons spin and

position. we fixed the second drawback of the independent electron approximation, by

introducing the vH which represents the average electrostatic potential experienced

by the single electrons. By adding the vH which represents the average electrostatic

potential experienced by the single electrons. By adding vH we improved the single

electron Schrödinger equation in the independent electron approximation to the sin-

gle electron equation given in Eq. (3.33), which must be solve self consistently with

Eq. (3.34) and Eq. (3.35). Hartree-Fock method uses the wavefunction given in Eq.
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(3.29) and the mean field approximation, to predict the ground-state energy of the

many electron system as follows:

• Starting from the many electron Hamiltonian given Eq. (3.16), which reads:

H(r1, ..., rN) = −
∑
i

1

2
∇2
i +

∑
i

vext(ri) +
1

2

∑
i 6=j

1

|ri − rj|
(3.36)

• the total energy of the many electron system is the expectation value of the

Hamiltonian in Eq. (3.36)

E = 〈ψ|H|ψ〉 (3.37)

• The wave function in Eq. (3.37) should be the wavefunction given in Eq. (3.29),

which was imposed by Pauli exclusion principle.

• We minimize the energy E given in Eq. (3.37) with respect to the variations of

the functions φi(r) in the Slater determinant of Eq. (3.29), and require these

functions be orthonormal:

δE

δφ∗i
= 0 (3.38)

∫
drφ∗i (r)φj(r) = δij. (3.39)

• Then we obtain the so called Hartree-Fock equations:

[
−∇

2

2
+ vext(r) + vH(r)

]
φi(r) +

∫
dr′vx(r, r

′)φi(r
′), (3.40)

• where:
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ρ(r) =
∑
i

|φi(r)|2. (3.41)

• and

∇2vH(r) = −4πρ(r) (3.42)

• Eqs. (3.40–3.42) must be solved self consistently.

The difference between Eqs. (3.40–3.42) and Eqs. (3.33–3.35) is the additional

term, vx(r, r
′), which comes from Pauli exclusion principle:

vx = −
∑
j

φ∗j(r)φj(r)

|r− r′|
(3.43)

Where the sum runs over the occupied single-particle states. The vx term is called

the Fock exchange potential, which represent the exchange interaction between elec-

trons. Although this approximation includes the exchange interaction in vx, but it ne-

glects the correlation interaction between electrons. Including the effect of correlation

into first-principles simulations, while ensuring that the method is computationally

tractable, has led to the development of an entirely different approach.

3.10 Ground State Density Functional Theory (DFT)

As discussed in the previous sections, several approaches, such as Hartree-Fock method,

have been proposed in order to approximate the ground state energy for the interact-

ing N electrons system in term of the ground state wavefunction. In general, these

methods are not so practical because they neglect the effect of correlation between

electrons, and they rely on calculating the ground state wavefunction which is very

hard and usually limited to very small systems.
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Therefore, one has to develop a more practical technique that uses a more practical

quantity than the ground state wavefunction and captures the effect of correlation

between electrons. First, Thomas and Fermi (TF) [19,20] introduced the first density

functional theory, in which they managed to use the density as a basic variable of the

total energy. Based on the uniform electron gas, they completely expressed the total

energy of the electrons in terms of the ground state density, as follows:

ETF [ρ(r)] =
3

10
(3π2)

2
3

∫
drρ

5
3 (r) +

∫
drρ(r)vext(r) +

1

2

∫ ∫
drdr′

ρ(r)ρ(r′)

|r− r′|
(3.44)

where the first term is the Thomas-Fermi kinetic energy T TF of the non interacting

homogeneous electron gas, the second term is the energy due to the electrostatic ef-

fect of the external potential vext on electrons, and the last term is the electrostatic

electron electron interaction, the Hartree energy EH .

Thomas-Fermi model can not be used as it is for real systems because of two main

limitations:

• In general, this model does not incorporate the actual orbital structure of elec-

trons.

• The electron-electron interaction is only treated with an electrostatic term and

there is no account for exchange or correlation.

For instance, the Thomas-Fermi model manages to use the electron density, ρ(r),

as the main quantity for calculating the ground state energy of the many electrons

system. However, it fails to include the effect exchange and correlation between elec-

trons which makes this model not accurate. Here after, we review the modern DFT

introduced by Hohenberg-Kohn with their celebrated theorem.
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3.10.1 Hohenberg-Kohn Theorem

In 1964, the modern ground state density functional theory or DFT was introduced

by Hohenberg and Kohn [21]. DFT derives the ground state energy for a system of N

interacting electrons subject to an external potential, vext, which has the Hamiltonian:

H = T + vee + vext (3.45)

the first term is the kinetic energy and second term is the electron-electron interaction

and the last term is the external potential acting on the electrons.

For this system of interacting electrons, the Hohenberg-Kohn theorem (HK) states

that the electron density depends only on the external potential, vext. In other words,

HK theorem states that there is a one-to-one mapping between the electron density

and the external potential. This exclusive mapping between the electron density and

the external potential has some major consequences:

• Total energy of the many electrons is a functional of electron density only ρ(r)

only.

• According to the variational principle, the total energy functional E[ρ(r)] has

a minimum. The ground state energy E0, only if the density is the true ground

state density ρ0(r).

According to HK theorem, the total energy functional is defined as:

E[ρ] = F [ρ] +

∫
drvext(r)ρ(r). (3.46)

F [ρ] is called the universal functional, since it is functional form does not depend

on the external potential and it depends on the electron density only. For the moment,

the exact form of this universal functional is unknown in HK theorem. HK theorem
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tells us only about the existence of such a functional, but it does not tell us anything

about its form. Accordingly, knowing the exact form of the universal functional, F [ρ],

is essential for calculating the ground state properties of materials.

Since the total energy of the system is given by the expectation value of the

Hamiltonian in Eq. (3.45):

E = 〈ψ[ρ]|T + vee + vext|ψ[ρ]〉 (3.47)

by comparing Eq. (3.47) and Eq. (3.46). We can write a general form of the universal

function F[ρ]:

F [ρ] = 〈ψ[ρ]|T + vee|ψ[ρ]〉 (3.48)

Accordingly, we can rewrite Eq. (3.46) as follows:

E[ρ] =

∫
drvext(r)ρ(r) + 〈ψ[ρ]|T + vee|ψ[ρ]〉 (3.49)

3.10.2 Kohn-Sham Method

The HK theorem tells us that the total energy of many electrons is a functional of the

electron density. However, it does not tell us how to construct such a functional. In

Eq. (3.49), we see that the first term is already explicitly dependent on the electron

density, ρ(r); however, there are two extra terms for which the dependence on the

density is only implicit. The idea of Kohn and Sham [22] was to split these implicit

terms into the kinetic and Coulomb energy of independent electrons, plus an extra

term which accounts for the difference:
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E =

∫
drρ(r)vext(r)−

∑
i

∫
drφ∗i (r)

∇2

2
φi(r)+

1

2

∫ ∫
drdr′

ρ(r)ρ(r′)

|r− r′|
+Exc[ρ] (3.50)

The third term is the Hartree energy, EH . The extra term, Exc, contains every thing

that is left out and is called the exchange and correlation energy. Eq. (3.50) sim-

ply breaks down the unknown functional of the density, F [ρ], into sum of known

contributions taken from the independent electrons approximation, and an unknown

contribution, the exchange and correlation energy. If we knew the exchange and cor-

relation energy, Exc[ρ], then we could calculate the total energy of the system. The

remaining question is how to determine the electron density.

It turns out that the ground state density, ρ0, is precisely the function that minimizes

the total energy in Eq. (3.50). Minimizing the total energy with respect to the den-

sity indeed corresponds to solving an effective Hamiltonian eigenvalue problem, the

so-called KS equation:

HKSφi(r) =

[
−1

2
∇2 + vKS(r)

]
φi(r) = εKSi φi(r), (3.51)

Where φi(r) are the single particle orbitals obtained from the diagonalization of HKS,

and vKS is the functional derivative of the first term and the last two terms in the

total energy equation:

vKS(r) = vext(r) + vH [ρ](r) + vxc[ρ](r) (3.52)

and the exchange-correlation potential reads

vxc[ρ](r) =
δExc(r)

δρ(r)
. (3.53)
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In order to find the ground-state density ρ0(r), Eq. (3.51) needs to be solved self-

consistently with the electron density:

ρ(r) =
N∑
i

|φi(r)|2 (3.54)

In practice, from the solution of the Kohn-Sham equation, we can evaluate the energy

via the eigenvalues as:

E[ρ(r)] =
N∑
i

εi − EH [ρ(r)]−
∫
drvxc(r)ρ(r) + Exc[ρ(r)] (3.55)

So far the only unknown part in the last equation is Exc[ρ(r)]. So that the total

energy of the N electron system can be evaluated. Although, the unknown term,

Exc, can not be determined exactly, there are two well known and efficient approx-

imations to approximate this term; the local density approximation (LDA) and the

generalized gradient approximation (GGA). In the next section, we will explain these

approximations in detail.

3.10.3 The Local Density Approximation & The Generalized

Gradient Approximation

The local density approximation or LDA [23] is the simplest and the most popular

approximation for calculating exchange and correlation energy function. The LDA

approximation deals with homogeneous system by assuming that the electron density

varies very slowly in space. Accordingly, in this approximation the exchange and

correlation energy is approximated by the exchange and correlation energy of the

homogeneous electron gas (HEG) in each point in space. This leads to approximate

the exchange correlation energy function as:

ELDA
xc [ρ] =

∫
drρ(r)εhegxc [ρ(r)] (3.56)
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where εhegxc [ρ(r)] is the exchange-correlation energy per electron of a electron gas of

density ρ(r)

Generally, the LDA works the best with homogeneous systems because it was

derived on this basis, and it leads to a reasonable results even with inhomogeneous

systems where density fluctuates noticeably. Accordingly, LDA can be regarded as an

accurate approximation, whereas it gives reasonable molecular structures. However,

LDA has the drawback of overestimating the binding energy, which can lead to un-

derestimating atomic distances. Thus, the lattice parameters of solids are generally

underestimated [24] within the LDA.

The Generalized Gradient Approximation or GGA tries to improve the LDA by

dealing with inhomogeneous systems where density fluctuates noticeably, by intro-

ducing the exchange and correlation terms which further depends on the density

gradient ∇ρ. Accordingly, in the GGA the exchange and correlation energy term,

Exc, is a function of the electron density and its gradient as follows [25]:

Exc[ρ] =

∫
drρ(r)fxc[ρ(r),∇ρ(r)] (3.57)

where fxc[ρ(r),∇ρ(r)] is a function of the local density and the local density gradient.

In general, the GGA improves the LDA results concerning the binding energies of

molecules. However, the GGA has the drawback of overestimating lattice constants

of solids [26,27]. Also, the LDA generally better represents the vibrational frequencies

of atoms in solids [28, 29] than GGA.

As discussed above, each of the LDA and GGA has its pros and cons in modeling

materials properties. Accordingly, deciding which of these approximations best repre-

sent the exchange and correlation energy depend mainly on the properties of interest
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for the simulation.

3.10.4 Self-Consistent Calculations

Now, we have introduced the basic concept of density functional theory in Sec. [3.10.1],

and in Sec. [3.10.2] we have introduced Kohn-Sham method to determine the form

of the DFT functional, Eq. (3.51) and Eq. (3.55) determine the total energy of the

system using Kohn-Sham formalism. In Sec. [3.10.3], we introduced the methods to

approximate the Exc term of the DFT functional. The question that remains to be

answered now is: how do we actually solve Kohn-Sham equation. To answer such a

question, it is convenient to rewrite Kohn-Sham equation and each term appearing

in it:

HKSφi(r) =

[
−1

2
∇2 + vKS(r)

]
φi(r) = εKSi φi(r), (3.58)

vKS(r) = vext(r) + vH [ρ](r) + vxc[ρ](r) (3.59)

vext(r) = −
∑
I

ZI
|r−RI |

(3.60)

∇2vH(r) = −4πρ(r) (3.61)

vxc[ρ](r) =
δExc(r)

δρ(r)
(3.62)

ρ(r) =
N∑
i

|φi(r)| (3.63)
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It is obvious that Eq. (3.58) looks similar to the single electron Schrödinger equation,

and can be solved as a standard eigenvalue problem. However, in order to deter-

mine the eigenfunctions, φi(r), and the eigenvalues, εi, we need to determine the

Kohn-Sham potential vKS(r) = vext(r) + vH [ρ](r) + vxc[ρ](r). The complication here

is the vH and vxc depends on the density, ρ(r), through Eq. (3.61) and Eq. (3.62),

and the density depends on the unknown eigenfunction, φi(r), through Eq. (3.63).

In other words, each solution φi depends implicitly on all other solutions, φj, de-

scribing the occupied electronic states. The fact that all solutions φi are linked with

each other in Eqs. (3.58–3.63) implies that they must be determined self-consistently.

’Self-consistency’ means that, if we inserted the solutions φi inside Eq. (3.63) to cal-

culate the density, determine the corresponding Kohn-Sham vKS using Eq. (3.59),

and solve the Schrödinger equation [Eq. (3.58)] again, then we find as a solution the

same function φi from which we started.

The practical procedure for solving Kohn-Sham equation, Eqs. (3.58–3.63), is the

following:

• We start by specifying the nuclear coordinates, in such a way that we can

calculate the nuclear potential, vext, from Eq. (3.60). Typically this information

is available from crystallography data.

• We guess a possible electron density, ρ(r), in order to determine a preliminary

approximation to the Hartree and exchange and correlation potentials using Eq.

(3.61) and Eq. (3.62) respectively. A simple but very useful approximation is to

construct the first guess for the electron density by adding up the densities cor-

responding to completely isolated atoms, but arranged in the atomic positions

corresponding to the material under consideration.

• Using the density we obtain the initial estimates of the Hartree and the exchange
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and correlation potentials, vH + vxc.

• We calculate the Kohn-Sham potential using Eq. (3.59).

• We obtain a numerical solution for the the Schrödinger equation, Eq. (3.58),

to calculate the eigenvalues, εi, and the eigenfunctions, φi. This can be done

by discretizing the space into a mesh of points and representing the Laplace

operator using finite difference formulas.

• Using the wavefunction obtained in the previous step, we calculate the new

density using Eq. (3.63).

• We repeat the previous steps until we achieve self-consistency.

Now that we have determined the steps for solving Kohn-Sham equations, the next

question is: how can we improve these steps in order to obtain accurate and com-

putationally efficient numerical solution? For the computational efficiency, the first

concern is the shape of the nuclei potential vext in Eq. (3.60). The nuclei potential

vext in Eq. (3.60), has an infinite value near the nucleus as r → 0, accordingly ob-

taining accurate numerical solution for Kohn-Sham equations in the presence of this

potential is difficult and computationally expensive. Approximate methods should be

used to replace the nuclei potential near the nuclei (core region) while maintaining

the numerical accuracy for solving Kohn-Sham equations.

3.10.5 Pseudopotentials

In order to solve Kohn-Sham equations [3.58 - 3.63] efficiently, we need a systematic

method to replace the nuclear potential vext in the core region of the atom, by a

computationally more effective potential. In solids it is reasonable to separate the

electron density described in Eq. (3.63) into core and valence part, as follows:
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ρ(r) = ρcore(r) + ρvalence(r) (3.64)

where, ρcore(r) is the electron density for core electrons, ρvalence(r) is the electron den-

sity for valence electrons. For the core electrons is largely unaffected by the valence

states. Accordingly we can treat core electrons as fixed and develop a smoother (com-

putationally more effective) nuclei potential in the core region, while maintaining the

shape of the nuclei potential vext in the valence region. This approach is known as the

’pseudopotential method’ [30]. This procedure is illustrated in Fig. [3.1].

Figure 3.1: Schematic illustration of all electron (solid lines) and pseudoelectron
(dashed lines) and their corresponding wave functions . rc is the cutoff radius beyond
which the wavefunction and the potential are not effected. Adapted from Ref. [31]
with permission from the American Physical Society.
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As shown in Fig. [3.1], the nuclear potential vext is replaced by a smoother poten-

tial (pseudopotential) vpseudo in the core region (r < rc), which has a finite value near

the origin (r → 0). Also, the all-electron (AE) wavefunction in Kohn-Sham equations

[3.58 - 3.63] which oscillate very rapidly in the core region (r < rc) is replaced by a

smoother wavefunction, the pseudo-wavefunction ψpseudo. Such a replacement will re-

duce the number of plane waves needed to obtain a numerical solution for Kohn-Sham

equations and thus will reduce the computational cost for solving these equations.

3.10.6 The Projector Augmented Wave (PAW) Method

As shown in Sec. [3.10.5], the pseudopotential method reduces the computational cost

for solving Kohn-Sham equations (3.58 - 3.63), by replacing the nuclear potential by

smoother potential, vpseudo, and the AE wavefunction by smoother wavefunction,

ψpseudo, in the core region of the atom. Although, this method is very simple and

computationally very efficient but the drawback here, is that in some cases the shape

of the wavefunction in the core region (r < rc) near the atomic site carries a lot

of physics and therefore cannot be fully replaced. Thus, a more accurate treatment

should be able to capture some of the properties of the AE wavefunction in the core

region (r < rc), to capture the lost physics of the pseudopotential method. The PAW

method [32] tries to correct the shape of the PS wavefunction, so it captures some of

the properties of the AE wavefunction at the atomic site. Generally, the strategy of

the PAW method is as follows:

• We will use the Dirac notation for the wavefunctions, |ψ〉 is the AE wavefunc-

tion, |ψ̃〉 is the PS wavefunction.

• We divide the Hilbert space Ω into Augmented region ΩR (r < rc) surrounding

the atomic sites and interstitial region (r > rc).

• We need to find a transformation τ , which transform the PS wavefunction into
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the AE wavefunction in the augmentation region ΩR. As follows:

|ψ〉 = τ |ψ̃〉 Ω ∈ ΩR (3.65)

• Since we need the transformation operator τ to keep the PS wavefunction the

same outside the augmentation region and probe it in the augmentation region.

Thus, we need τ to be linear and it should be unitary outside the augmentation

region and have a localized term (SR) in the augmentation region. As follows:

τ = 1 +
∑
R

SR (3.66)

• In the augmentation region ΩR, we expand the PS wavefunction |ψ̃〉 in term of

a complete set of basis functions {φ̃i}, where {φ̃i} are called PS partial waves.

As follows:

|ψ̃〉 =
∑
i

ci|φ̃i〉 Ω ∈ ΩR (3.67)

• In the augmentation region ΩR, we expand the AE wavefunction |ψ > in term of

a complete set of basis functions {φi}, where {φi} are called AE partial waves.

As follows:

|ψ〉 =
∑
i

ci|φi〉 Ω ∈ ΩR (3.68)

• When we act by the transformation operator in Eq. (3.66) on the PS partial

waves, we should get the AE partial waves:

|φi〉 = (1 + SR)|φ̃i〉 (3.69)
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• Accordingly, we can write the local function SR in term of the AE partial waves

and the PS partial waves

SR|φ̃i〉 = |φi〉 − |φ̃i〉 =
∑
j

(|φi〉 − |φ̃i〉)δij (3.70)

• By substituting Eq. (3.70) in Eq. (3.66), we can write the transformation oper-

ator τ in term of AE and PS partial waves:

τ = 1 +
∑
j

(|φi〉 − |φ̃i〉)δij (3.71)

• We define a complete set of projector functions {p̃j} orthonormal to the PS

partial waves and localized in augmentation region, as follows:

〈p̃j|φ̃i〉 = δij (3.72)

• By substituting Eq. (3.72) in Eq. (3.71), we can write the transformation oper-

ator in term AE and PS partial waves and the projector functions:

τ = 1 +
∑
j

(|φj〉 − |φ̃j〉)〈p̃j|φ̃j〉 (3.73)

• Now since we know the form of the transformation operator τ , we act on the

PS wavefunction in Eq. (3.65) to correct its shape in the augmentation region:

|ψ〉 = |ψ̃〉+
∑
j

(|φj〉 − |φ̃j〉)〈p̃j|ψ̃〉 (3.74)

• Accordingly, the wave function within the PAW formalism can be written as

follows:
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|ψ〉 = |ψ̃〉+ |ψ1〉 − |ψ̃1〉 (3.75)

|ψ̃1〉 =
∑
j

|φ̃j〉〈p̃j|ψ̃〉 (3.76)

|ψ1〉 =
∑
j

|φj〉〈p̃j|ψ̃〉 (3.77)

• The wavefunction in Eq. (3.75), is the sum of the PS wavefunction |ψ̃〉 plus an

onsite correction |ψ1〉 minus onsite error |ψ̃1〉, as shown in Fig. [3.2]. In other

words, the PAW method replace the wrong character by the right character in

the augmentation region of the atom.

• The only thing left, is the generation of the PS partial waves {φ̃i} and the

projector functions {p̃j}, there are two schemes to generate the PS partial waves

and the projector functions. The Vanderbilt [33] and Bloch [32] schemes. In this

context we will explain the Vanderbilt scheme only.

• The Vanderbilt method: In this scheme, the shape of PS partial waves {φ̃i}

are directly controlled, while the projector functions {p̃j} are derived. Each PS

partial wave is chosen to have the form:

φ̃nili(r) =


rli+1

∑4
m=0 Cmr

2m r < ri

φnili(r) r ≥ ri

(3.78)

• The matching radii ri ≤ rc are used to control the shapes. The 5 coefficients Cm

are chosen so that φ̃nili(r) = φnili(r) at 5 points in the neighborhood of ri which

is roughly equivalent to ensuring that the function and its first 4 derivatives

match at ri. For each PS partial wave, we can form a localized auxiliary function
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χnili(r) =

[
εi +

1

2

(
d2

dr2
− li(li + 1)

r2

)
− vpseudo(r)

]
φ̃nili(r) (3.79)

• Which, by design vanishes for r > rc. The projector functions are then formed

from a linear combination of these auxiliary functions of the same angular mo-

mentum:

p̃nili(r) =
∑
nj

χnj li

(
B−1

)
njni

(3.80)

Bninj
=

∫ rc

0

drφ̃nili(r)χnili(r) (3.81)

• This construction ensures the orthonormaility between the PS partial waves

and the projector functions given in Eq. (3.72).

• After we generate the PS partial waves and the projector functions using Van-

derbilt or Bloechl schemes, we use these functions in Eq. (3.74) to correct the

shape of the PS wavefunction in the augmentation region.

Figure 3.2: Schematic illustration of the PAW method. The outline represents a re-
gion in the crystal , while the filled spheres represent the augmetation spheres around
each atom, shaded pink and gray for the PS and AE basis functions, respectively.
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3.10.7 Reasons Behind the Popularity of Density Functional

Theory

• Transferability: The first advantage of using density functional theory modelling

is it is transferability, over the years density functional theory has become a truly

universal method. Which means that, we do not need to use or develop different

technique for each physical problem of for different classes of materials. On the

contrary, the same technique can be used to describe a wide class of physical

problems and materials. The transferability of density functional theory, allows

for fast development of the techniques that uses this method, where a wide

class of scientists uses and develop the same technique. Also, the transferability

of DFT saves us a substantial time and effort in comparison methods, such as

classical force field methods, where a new model is required for each new class

of materials considered.

• Simplicity: Density functional theory can be regarded as a very simple method,

in comparison to other modelling methods and techniques. The reason behind

this simplicity, is that DFT relies on the solution of Kohn-Sham equations [3.58

- 3.63] which describes electrons as independent particles. Accordingly, we have

to solve the Schrödinger equation for a single electron, such a treatment is far

more simple than dealing with complicated many body problem, where one have

to take into account the physical forces between particles and develop different

scheme to describe each system.

• Reliability: Although, density functional theory can be regarded as very simple,

it is very accurate in calculating materials properties. Density functional theory

has been tested thousands of times in comparison with experiment, and it was

shown that it yields results in a very good agreement with experimental results

within a few percent. Accordingly, DFT can be regarded as the most accurate
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method in calculating materials properties. Because of it is accuracy and relia-

bility, nowadays DFT is being used to predict materials properties before even

carrying on the experiment.

• Software sharing: Because of it is transferability, simplicity and reliability, den-

sity functional theory has become very popular among the scientific commu-

nity, DFT has been implemented in a very well known codes such as Quantum

Espresso [34] and Abinit [35], and many softwares are being developed, such as

XCrySDen [36] to work in parllel with these codes. Because of it is popularity,

DFT is being tested and developed by global community.

3.11 Summary

In summary, we have presented a detailed description of the quantum mechanics of

materials. We have explained the difficulties in solving Schrödinger equation for ma-

terials. We have explained several first-principles approximations to simplify the com-

plicated many-body Schrödinger equation. We have introduced Hartree-Fock method

for calculating the ground state energy for the many electrons system and we ex-

plained the drawbacks of this method. Finally, we have introduced and explained the

static Density Functional Theory and we explained the approximation we use within

this theory, and we have explained the importance of DFT in predicting materials

properties and the popularity of DFT among the scientific community. In the next

chapter, we will explain how we use DFT to calculate properties of solid electrolyte

materials.
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Chapter 4

Materials Modeling using Density

Functional Theory

The purpose of this chapter is to explain how we use first-principles (ab initio) meth-

ods to understand solid electrolytes materials properties. In particular, I will focus on

explaining the most important properties like the crystal structures, kinetic properties

and the interfaces properties.

4.1 Crystal Structures

The crystal structure is a description of the ordered arrangement of atoms in crys-

talline materials. Ordered structures occur as a result of the symmetry arrangement

of the atoms along the three dimensional axes in space.

The unit cell of the crystal is defined as the smallest arrangement of atoms that

exhibit the symmetry of the crystal, and which constitutes the crystal by consecutive

symmetry operations. In general, there are seven shapes of the unit cell of materials;

cubic, hexagonal, tetragonal, orthorhombic, rhombohedral, monoclinic and triclinic.

These shapes are the possible building blocks for any crystal structure.
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The concept of space groups is a mathematical description of all the symmetry

properties in the unit cell. All the properties of the atoms in the unit cell can be

described by 230 space groups. These space groups are the results of a combination of

translational symmetry of the unit cell and point symmetry operations, like reflection

and rotation.

Understanding the crystal structure and the symmetry is essential for understand-

ing many physical properties of the material, like electronic band structures, thermo-

dynamics properties and kinetic properties.

Accordingly, predicting the crystal structure using first-principles methods is the

first step in modelling materials properties.

4.2 Predicting Crystal Structure Using Density Func-

tional Theory

From a theoretical prospective, the crystal structure of a material refers to the most

stable structure or the equilibrium structure. The equilibrium structure is defined as

the configuration of atoms at which the total force acting on the nucleus of each atom

vanishes. Accordingly, to predict the crystal structure of materials, we should:

• Calculate the total forces acting on the nucleus of each atom using DFT.

• Find the nuclear coordinates of atoms for which the total forces vanish.

In the following sections, I will explain these points in detail.
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4.2.1 Calculating Forces Using DFT

In this section, I will explain how we use DFT to calculate forces on the atom nuclei. In

order to do so, it is necessary to review the Born-Oppenheimer approximation which

was discussed in Sec. [3.5]. In Sec. [3.5], we showed that within the Born-Oppenheimer

approximation the total wavefunction, Ψ, can be written as a multiplication of a

wavefunction that depends explicitly on the electrons coordinates and parametrically

on the nuclei coordinates ψ(r1, ..., rN ; R1, ...,RM) multiplied by a wavefunction that

depends only on the nuclei coordinates φ(R1, ...,RM):

Ψ(r1, . . . , rN ; R1, . . . ,RM) = ψ(r1, . . . , rN ; R1, . . . ,RM)× φ(R1, . . . ,RM) (4.1)

After that, we neglected the total energy of nuclei because they are very heavy parti-

cles and we defined the total energy within Born-Oppenheimer approximation in Eq.

[3.12], as follows:

E = Etot −
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

(4.2)

For clarity, the energy defined in Eq. (4.2) is a function of the nuclear coordinates.

Accordingly, we will show this dependence explicitly, by writing E → E(R1, . . . ,RM).

After that, we defined the Coulomb potential of the nuclei experienced by the electron,

vext(r), in Eq. (3.14). Using these approximations, we reduced the complicated many-

body Schrödinger equation described in Eq. (3.9) into the electronic Schrödinger

equation, described in Eq. (3.15), which reads:

[
−
∑
i

∇2
i

2
+
∑
i

vext(ri) +
1

2

∑
i 6=j

1

|ri − rj|

]
ψ = E(R1, . . . ,RM)ψ (4.3)
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By substituting Eq. (4.3) and Eq. (4.1) in the many-body Schrödinger equation de-

scribed in Eq. (3.9), we get:

Eψφ+

[
−
∑
I

∇2
I

2MI

+
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

]
ψφ = Etotψφ (4.4)

Now, by multiplying both sides by ψ∗ and integrating over the electronic variables,

we obtain:

[
−
∑
I

∇2
I

2MI

+
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

+ E(R1, . . . ,RM)

]
φ(R1, . . . ,RM) = Etotφ(R1, . . . ,RM)

(4.5)

Eq. (4.5) is the many-body Schrödinger equation for nuclei alone. The effect of elec-

trons on nuclei is contained in the electronic energy, E(R1, . . . ,RM), which acts as

an effective potential for a fixed nuclear position. For further discussion and analysis

it is convenient to define the nuclear Hamiltonian used in Eq. (4.5):

HR = −
∑
I

∇2
I

2MI

+ U(R1, . . . ,RM) (4.6)

U(R1, ...,RM) is the effective potential experienced by the nuclei, which is the sum of

the Coulomb interaction between nuclei and the electronic energy at a fixed nuclear

position.

U(R1, . . . ,RM) =
1

2

∑
I 6=J

ZIZJ
|RI −RJ |

+ E(R1, . . . ,RM) (4.7)

The effective potential in Eq. (4.7) is all we need to calculate the total force acting on

the nuclei. This effective potential U(R1, ...,RM) is a function with 3M dimensions,

due to the 3M degrees of freedom of the nuclei, and can be regarded as a potential

energy surface.
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Let’s put aside quantum mechanics and move to classical description, which tells

us that the total force acting on the nucleus is the derivative of effective potential in

Eq. (4.7) with respect to the nuclear position.

FI = −∂U(R1, . . . ,RM)

∂RI

(4.8)

This is a very important equation, and it shows explicitly the link between the equi-

librium structure of the material and the the total force acting on the nucleus. The

most stable structure is defined by the nuclei coordinates (R1, . . . ,RM), where the

nuclei have zero acceleration and the total forces vanish.

At this point, it is clear that the only thing left to calculate the total forces acting

on the nuclei as an explicit function of the nuclear coordinates is to calculate the right

hand side of Eq. (4.8), which is the partial derivative of the potential energy surface

U(R1, ...,RM) with respect to the nuclear positions.

∂U(R1, . . . ,RM)

∂RI

=
1

2

∂

∂RI

ZIZJ
|RI −RJ |

+
∂

∂RI

E(R1, . . . ,RM) (4.9)

The evaluation of the first term in Eq. (4.9) is straightforward. The evaluation of the

second term for each nuclear configuration can be very time-consuming.

This drawback of calculating forces can be fixed by the Hellmann-Feynman the-

orem. The Hellmann-Feynman theorem [37] states that: a non-degenerate eigenvalue

of a hermitian operator in a parameter dependent eigensystem varies with respect to

the parameter according to the formula:

∂E

∂ν
= 〈ψ|∂H

∂ν
|ψ〉 =

∫
drψ∗

∂H

∂ν
ψ (4.10)

provided that the associated normalized eigenfunction, ψ, is continuous with respect
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to the parameter, ν. The only assumption behind Eq. (4.10) is the, ψ, is an eigenstate

of H. Accordingly, Eq. (4.10) is very general and does not depend on the system

under consideration. By substituting the eigenvalue E by the electronic energy E →

E(R1, . . . ,RM) and the parameter ν by the nuclear coordinates RI , we get:

∂E(R1, . . . ,RM)

∂RI

=

∫
drψ∗

∂H

∂RI

ψ (4.11)

By combining Eq. (4.11) with Eq. (3.49) and Eq. (3.14) with some mathematics we

get:

∂E(R1, . . . ,RM)

∂RI

= −ZI
∫
drρ(r)

r−RI

|r−RI |3
(4.12)

By subtituting Eq. (4.12) in Eq. (4.9) and subtituting the result in Eq. (4.8), we

get:

FI = ZI

[∫
drρ(r)

r−RI

|r−RI |3
−
∑
I 6=J

ZJ
RI −RJ

|RI −RJ |3

]
(4.13)

Eq. (4.13) states that all we need to calculate the forces acting on nuclei of atoms in

the system is electron density, ρ(r), instead of performing 3M energy calculation in

Eq. (4.9).

4.2.2 Finding the Equilibrium Nuclear Coordinates Using

the Calculated Forces

We have explained the first point in finding the equilibrium structure of the material,

which is calculating the total forces acting on the nucleus of each atom using DFT.

Now, we have to find the configuration of nuclear coordinates of atoms for which these

total forces vanish. This configuration of atoms refers to the equilibrium structure of

the material.
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This problem of finding the configuration of atoms for which the total forces

vanish, is equivalent to finding the lowest point or the global minimum of the potential

energy surface given in Eq. (4.7) with respect to the 3M nuclear coordinates. There

are plenty of powerful numerical techniques such as steepest descent and conjugate

gradient which are designed to find the local minimum of the potential energy surface.

The details about how these methods work is beyond the scope of this thesis. In

general, these methods span the energy landscape of the potential energy surface

with nuclear coordinates using the knowledge of U(R1, ...,RM) and its slope (which

represents the forces) to find the global minimum of the potential energy surface.

Additional numerical techniques are needed to determine the global minimum as

shown in Fig. [4.1].

Figure 4.1: Schematic illustration of finding the equilibrium structure of a material
by spaning the energy landscape of the potential energy surface using numerical
techniques such as the steepest descent method.

Exploring the possible crystal structure of materials is necessary in order to model

their properties, such as their electronic band structures, thermodynamics proper-
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ties, kinetic properties, vibrational properties, and interfacial properties. All of these

properties are very important but for solid electrolyte materials, the most important

properties are the kinetic and the interfacial. In the following sections I will explain

these properties in detail.

4.3 Kinetic Properties of Solid Electrolyte Mate-

rials

Kinetic properties of solid electrolyte materials are very important because diffusion

determines the rate for charging/discharging of the battery. Diffusion in solids occurs

due to thermally-activated random motion of the atoms. As the temperature of a solid

increases, atoms become displaced from their lattice sites thus generating defects in

the crystal. These defects play an important role in the diffusion process, as they are

the vehicles that allow atoms to move in the diffusion process. Accordingly, before

we go into the details of the diffusion processes, it is essential to understand the

formation processes and the properties of these defects.

4.3.1 Crystal Defects

As the temperature of the crystal increases, atoms displace from their lattice sites,

generating vacant lattice sites. The presence of these vacancies may cause a distortion

in the crystal structure. After these vacancies are formed, they may cause two types

of defects depending on the final positions of the displaced atoms, as follows:

• Frenkel defect: The displaced atom moves to an interstitial site within the

lattice.

• Schottky defect: The displaced atom moves to the surface of the crystal.
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These defects are intrinsic defects, which means that, starting from an ideal lat-

tice, they are the result of thermal activation and their concentration increases with

temperature. As the temperature of the crystal increases, the concentration of these

defects increases and they become more mobile causing more diffusion in the mate-

rial. Accordingly, it is essential to understand the functional dependence of the defect

concentration with temperature.

In order to derive the functional dependence of the defect concentration with tem-

perature, we will consider the Frenkel defect type. As the temperature of the crystal

increases, more atoms will displace from their lattice sites forming more vacancies

and interstitial pairs. Accordingly, the number of vacancies and the number of inter-

stitials, n, will increase. The increase in the number of vacancies and interstitials will

lead to more disorder in the crystal. Because of the increase in the number of these

defects, the number of configurations for the arrangements of these defects increases,

resulting in the increase of the configurational entropy of the crystal. This increase of

the configurational entropy will decrease the overall energy of the system as shown

in Eq. (4.14):

∆G = ∆U − T∆S (4.14)

where ∆G is the change of the Gibb’s free energy for a constant pressure and tem-

perature system. ∆U is the change of the internal energy of the system and ∆S is

the change of the configurational entropy of the system. The change in the internal

energy can be given as the product of the number of vacancy-interstitial pairs, n,

multiplied by the energy required to form one pair of vacancies and interstitials, Ef .

∆U = nEf (4.15)
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The change in the configurational entropy of the system can be given as:

∆S = kB lnw (4.16)

where kB is the Boltzmann constant and w is the number of arrangements for the

defects, which equals the number of ways for arranging n vacancies on N lattice sites

multiplied by the number of ways for arranging n interstitials in the lattice. A rough

approximation can be given by the following equation.

w =
N !

n!(N − n)!
× N !

n!(N − n)!
=

[
N !

n!(N − n)!

]2

(4.17)

By substituting Eq. (4.17) in Eq. (4.16) we get:

∆S = 2kB [lnN !− lnn!− ln (N − n)!] (4.18)

By assuming that these numbers are large, we can use Stirlings approximation to

approximate Eq. (4.18), as follows:

∆S = 2kB [N lnN − n lnn− (N − n) ln (N − n)] (4.19)

By substituting Eq. (4.19) and Eq. (4.15) in Eq. (4.14) we get:

∆G = nEf − 2kBT [N lnN − n lnn− (N − n) ln (N − n)] (4.20)

By considering thermodynamics equilibrium, the total energy of the system is

minimum and thus the first derivative of the Gibb’s free energy given in Eq. (4.20)

with respect to n will vanish:

∂G

∂n
= Ef − 2kBT ln (

N − n
n

) = 0 (4.21)
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By rearranging the terms in Eq. (4.21), we obtain the expression:

n

N
= exp

[
− Ef

2kBT

]
(4.22)

The left hand side of Eq. (4.22) is the number of vacancies-interstitials pairs formed,

n, divided by the number of lattice sites, N , which represent the concentration of

the defects formed in the crystal at temperature, T . As shown in Eq. (4.22) the

concentration depends proportionally on the temperature, T , and inversely on the

formation energy for vacancy-interstitial pair, Ef , which can be estimated using first-

principles as follows:

Ef = Ecrystal − Edefect (4.23)

Where Ecrystal is the energy of the perfect crystal, and Edefect is the energy of the

crystal with a vacancy-interstitial pair.

4.3.2 Diffusion in Solids

In general, diffusion can be defined as the transport of matter from one point to

another by the thermal motion of atoms. The most common driving force for such a

transport process is the concentration gradient, where the atoms flow from a point of

high concentration to a point of low concentration. The flux of the particles can be

described by Fick’s first law:

J = −D∇C (4.24)

where J is the flux of particles and C is their number density or concentration, and

the factor of proportionality, D, is known as the diffusion constant of the flowing

atoms.
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While Fick’s first law describes the the diffusion process from a macroscopic point

of view, using macroscopic parameters such as the flux of the particles and the dif-

fusion constant, it is essential to understand the diffusion process from microscopic

point of view as well. This is a more exciting point of view, since it gives more insight

about the actual motion of the atoms in the diffusion process.

From a microscopic point of view, diffusion can be thought of as a random walk

or fluctuations of the atoms. In 1905, Albert Einstein was the first to describe such

a motion in his published theory for the chaotic motion of small particles in a liquid,

where he argued the the motion of particles is a result of their presence in the fluid.

Also, he argued that the Boltzmann distribution of energy of atoms are always sub-

ject to thermal movements of a statistical nature. These statistical fluctuations are

the cause for the stochastic random motions occurring in matter. Einstein also was

the first to relate the macroscopic diffusion constant, D, to the the microscopic mean

squared displacement of atoms.

This random walk of atoms has different characteristics in gases, liquids and solids.

Unlike gases and liquids where diffusion occur as free flights of atoms, in crystalline

solids, diffusion occurs by consecutive atomic hops in the lattice as shown in Fig.

[4.2].

There is a separation of time scales between the elementary jumps between neigh-

boring lattice sites and the large succession of the steps, which leads to macroscopic

diffusion. The most important point here is that this diffusion process of consecutive

atomic hops occurs in conjunction with (or with the help of) intrinsic defects dis-

cussed in Sec. [4.3.1]. These intrinsic defects are the mediator for the atoms in the

diffusion process, and for each type of defect there is a unique mechanism of diffusion,

and in some cases a combination of these mechanisms leads to a more complicated
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Figure 4.2: Example of a jump sequence of two atoms on a lattice. ∆Ri, ∆Rj are
the mean squared displacement of the atoms i and j respectively.

diffusion mechanism, as follows:

• Vacancy mechanism: In this diffusion process, the atom migrates from a

lattice site to a neighbouring vacant site, as shown in Fig. [4.3].

• Interstitial mechanism: In this diffusion process, the atom migrates from a

interstitial site to another neighbouring interstitial site, as shown in Fig [4.3].

• Interstitialcy mechanism: In this diffusion process, an interstitial atom kicks

a lattice atom to another interstitial site, as shown in Fig [4.3].

4.3.3 Transition State Theory

In the preceding section, we have explained the atomic hops mechanisms during the

diffusion in crystalline solids. Now, we have to explain the rates or the probability of

these consecutive atomic jumps. Let us examine these hops closely by considering one
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Figure 4.3: Schematic illustration of the vacancy, interstitial and interstitialcy diffu-
sion mechanisms in the lattice. The vacancy mechanism is shown in black line, The
interstitial mechanism with red line and the interstitialcy mechanism with purple line.

hop event as shown in Fig. [4.4], as the atom is moving from point A to point B in the

crystal by the vacancy mechanism or by the interstitial or interstitialcy mechanisms.

The moving atom has to passes through a saddle point where it pass through two

or more neighbouring atoms, in this state which we refer to as the transitional state,

the moving atom will experience physical forces like the electrostatic Coulombs force

from neighbouring atoms and therefore it will require energy to migrate. Transition

State Theory (TST) [38, 39] describes the rate (the number of jumps per unit time)

for these individual hops. TST assumes that the hop event from point A to point

B in the crystal is happening at a constant rate by neglecting the correlated events

during the atomic motion. Accordingly, in energy landscape, TST describes the hop

event as a difference in the Gibbs free energy between the stationary points A and B

and the saddle point, Gm, where Gm stands for the Gibbs free energy for migration

between A and B. According to TST, the rate of migration between point A and
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Figure 4.4: Schematic illustration of an atomic hop in the crystal, where the atom
is moving from initial point A to a final point B through a saddle point.

point B in the crystal, Γ, is a simple Arrhenius, as follows:

Γ = ω0 exp

(
− Gm

kBT

)
(4.25)

where ω0 is called the attempt frequency, which is vibration frequency around the

equilibrium site in the direction of the migration path, Gm is the Gibbs free energy

for migration, kB is the Boltzmann constant and T is the temperature of the crystal.

The Gibbs free energy for migration, Gm, can be written as follows:

Gm = Em − TSm (4.26)

where Em is the migration enthalpy, and Sm is the entropy of migration. By substi-

tuting Eq. (4.26) in Eq. (4.25) we get:
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Γ = ω0 exp

(
Sm
kBT

)
exp

(
− Em
kBT

)
(4.27)

Now, we can define the Vineyard term [39], ν0, as the product of attempt frequency,

ω0, multiplied by exp
(
Sm

kBT

)
, as follows:

ν0 = ω0 exp

(
Sm
kBT

)
(4.28)

by substituting Eq. (4.28) in Eq. (4.27), we get:

Γ = ν0 exp

(
− Em
kBT

)
(4.29)

The TST presented in Eq. (4.29) clearly states that the migration rate depends in-

versely on the enthalpy of migration, Em, which is the energy required for the atom

to escape from point A to point B in the crystal and it can be calculated using

first-principles methods. Such a dependence is very useful for analysing the diffusion

mechanisms and for analysing the local environment of the migration as well. Eq.

(4.29) can be used for analysing the diffusion mechanisms (vacancy mechanism, in-

terstitial, interstitialcy mechanism) by comparing their migration enthalpy, the most

likely diffusion should have the highest migration rate, Γ, and accordingly it should

have the lowest migration enthalpy. Similarly Eq. (4.29) can be used for analysing the

local environment of the migration, by comparing the migration enthalpy for differ-

ent environment in the crystal and the most conductive environment should have the

lowest migration enthalpy, for example let us suppose that we have a LiPON material

with oxygen and nitrogen layers, if we find the migration enthalpy to be lower near

the nitrogen plane than the oxygen plane, this tells us that the nitrogen concentration

increase the conductivity of the material and therefore we can suggest increasing the

nitrogen concentration to enhance the conduction properties of similar materials.
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4.3.4 The Diffusion Coefficient

As described in Eq. (4.24), the diffusion constant, D, is a macroscopic function pro-

portional to the flux of the diffusion atoms, J , in the crystal. The larger the diffusion

constant is, the higher the mobility for the diffusing atoms and therefore the higher

the conductivity for the material and vice versa. Accordingly, calculating the diffusion

constant using first-principles methods provides information about conductivity of the

material. As we explained earlier in this chapter, diffusion in the crystal can occur us-

ing different mechanisms (vacancy, interstitial, and interstitialcy mechanisms), where

the vacancies and interstitial defects provide the sites and/or sources for the diffusing

ions. Accordingly, the diffusion constant, D, is the sum of the diffusion constant of the

vacancies, DVacancy, to the diffusion constant of the interstitials, DInterstitial, as follows:

D = DVacancy +DInterstitial (4.30)

In other words, Eq. (4.30) states that the diffusion in the crystal is the sum of the

contribution of the two modes of diffusion. The diffusion constant for any defect

species, x, can be related to its concentration described in Eq. (4.22), as follows:

Dx =
nx
N
dx (4.31)

Where nx

N
is the concentration of defect x which could be vacancies or interstitials,

dx is known as the diffusivity function, which is a function that describes the ease of

which the mechanism of defect, x, can provide diffusion. The formula of dx is given

in Eq. (4.32).

dx =
1

6
fza2Γ (4.32)
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Where f is a correlation factor, which describes the correlation between atoms in

the diffusion process, which is beyond the scope of this thesis. z is the number of

equivalent pathways for the diffusion process, a is the jump distance for an individual

hop in the diffusion process and Γ is the rate for the individual hop in the diffusion

process as described in Eq. (4.29). By combining Eq. (4.29) and Eq. (4.32) and Eq.

(4.31) and Eq. (4.22) and Eq. (4.30) together, we can obtain a new formula for the

diffusion constant as follows:

D =
1

3
fza2ν0 exp

(
−
Em +

Ef

2

kBT

)
(4.33)

Now we can define the prefactor of the exponential function in Eq. (4.33), as follows:

D0 =
1

3
fza2ν0 (4.34)

And we can define the total activation energy for the diffusion process, Ea, as follows:

Ea = Em +
Ef
2

(4.35)

By substituting Eq. (4.34) and Eq. (4.35) in Eq. (4.33) we get:

D = D0 exp

(
− Ea
kBT

)
(4.36)

Eq. (4.36) states that the diffusion constant depends inversely on the total activation

energy. Accordingly, the total activation energy for the diffusion process is a very

precise quantitative value for the mobility of atoms and the conductivity of the ma-

terial. In most experimental findings of materials, a plot of 1000/T against log(D) is

a straight line and the value of Ea is obtained from the slope of the line according

to Eq. (4.36). From a simulation stand point, the activation energy is the minimum

energy required to activate the diffusion process, which according to Eq. (4.35) can
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be obtained from the minimum migration energy for the possible diffusion processes,

and from the minimum formation energy for vacancies-interstitials pairs described in

Eq. (4.23).

Although we can calculate the activation energy using first-principles methods

using Eq. (4.35), calculating the diffusion constant using first-principles methods will

help us to make a direct comparison to the experimental 1000/T against log(D) plot.

Einstein was the first to derive such an equation for calculating the diffusion constant

[40]. where he related the macroscopic diffusion constant, D, to the microscopic mean

squared displacement of the diffusing atoms visualized in Fig. [4.2], as follows:

D =
1

6
lim
t→∞

N∑
i=1

∆Ri

t− t0
(4.37)

Where t is the time, N is the number of diffusing atoms, ∆Ri is the mean squared

displacement of the atom i and it is given in Eq. (4.38)

∆Ri =
1

N
|ri(t)− ri(t0)|2 (4.38)

ri(t) is the position vector of the atom i at the time t. Accordingly, in order to calculate

the diffusion constant in Eq. (4.37) using first-principles methods, we should be able

to calculate the evolution of the position vector, ri(t), with time, which we can do

using molecular dynamics simulation.

4.3.5 Molecular Dynamics Simulation

In the previous section, we learned that predicting the evolution of atoms in the crystal

is necessary to calculate macroscopic quantities such as the diffusion constant, which

gives an estimate about the conductivity of the material. Such a prediction can be

made with a molecular dynamics simulation (MD). Molecular dynamics consists of
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the numerical, step-by-step, solution of Newton’s equations of motion. In molecular

dynamics, each atom in the crystal will be assigned initial position, r0, and initial

random velocity, u, which on average represents the temperature of the simulation.

At these initial conditions, each atom in the crystal will experience a force from its

neighbouring atoms, F, and therefore it will gain acceleration proportional to the

force acting on it, according to Newton’s second law:

a =
F

m
(4.39)

where m is the mass of the atom. The force, F, which describes that interaction

between the atoms can be either classical force which maps into classical molecular

dynamics, or it can be determined using first-principles methods as shown in Eq.

(4.13) which maps to first-principles molecular dynamics. In this work, we use only

first-principles molecular dynamics. Due to the acceleration caused by the force, F ,

the velocity of the atom, v, can by given at anytime, t, as follows:

v(t) = u +

∫ t

0

F

m
dt (4.40)

now assuming that the force rate is unchanged with time, we will discuss the conse-

quences of this assumption later. Accordingly, we can write Eq. (4.40) as follows:

v(t) = u +
F

m
t (4.41)

The position of the atom at any time, r(t), can be obtained from the integration of

the velocity function in Eq. (4.41) with time, as follows:

r(t) = r0 +

∫ t

0

dt

[
u +

F

m
t

]
= r0 + ut+

1

2

F

m
t2 (4.42)
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The position function in Eq. (4.42) includes the force acting on the atom, which is

the second order derivative of the position with time. For more numerical accuracy

we can expand Eq. (4.42) to the order derivative of the position with time,
...
r (t) as

follows:

r(t) = r0 + ut+
1

2

F

m
t2 +

...
r (t)

m
t3 (4.43)

Using the Verlet algorithm [41], we can find the position in the neighbour of t, as

follows:

r(t+ τ) = r(t) + u(t)τ +
1

2

F(t)

m
τ 2 +

...
r (t)

m
τ 3 (4.44)

r(t− τ) = r(t)− u(t)τ +
1

2

F(t)

m
τ 2 −

...
r (t)

m
τ 3 (4.45)

where τ is a very small time period. By adding Eq. (4.44) to Eq. (4.45) we get the

following:

r(t+ τ) = 2r(t)− r(t− τ) +
F(t)

m
τ 2 (4.46)

Eq. (4.46) tells us that we can predict the future position of the atom by knowing its

past position and the force acting on it. In order to perform MD simulation, the total

time of the simulation should be divided into very small time intervals, τ , and we can

find the position of the atom at each time step using numerical methods such as the

Verlet algorithm in Eq. (4.46). Calculating the position of the atoms for each step

of the simulation time is not only helpful for calculating macroscopic quantities such

as the diffusion constant in Eq. (4.37) but it can also give insight about the random

walk of atoms visualized in Fig. [4.2]. By visualizing the positions of atoms through

the time of the simulation, we can have a good understanding about the diffusion
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mechanisms of the atoms in the crystal. Now, let us recall the assumption made in

Eq. (4.40) that the force rate is unchanged with time; this is obviously incorrect and

will lead to error in the MD simulation. In order to reduce such an error, we should

make sure that the time step, τ , is as small as possible, usually in the order of 10−15

s, so that the variation of the force in the time step will be very small.

Finally, MD simulation can be performed in many statistical ensembles; the most

common and simple ensemble is known as microcanonical ensemble. In this ensemble

the total number of particles, N , and the volume of the ensemble, V , and the total

energy of the system, E, are preserved which represents a thermodynamically isolated

system. This ensemble is called the (N , V , E) ensemble. If the system is connected

to a heat path that keeps the temperature of the system, T , fixed, then the ensemble

is canonical ensemble and it is called (N , V , T ). If the system is connected to a

diathermic that gives a constant pressure, P , and constant temperature to the system,

the ensemble is canonical and it’s called (N , P , T ). All of these ensembles are being

used for different cases in MD simulations, but the (N , V , E) ensemble remains the

most popular.

4.4 Interfacial Properties of Solid Electrolyte Ma-

terials

The purpose of this section is to characterize the interface between solid electrolyte

materials and metallic Li using first-principles methods. Before we explain how we

characterize the interface between crystalline materials, it is necessary to explain the

general concept of the interface. In general, the interface between two crystalline ma-

terials a and b can be defined by the configuration of atoms, Ω, that make up the

interface. In general, there are three possible configurations for the interface accord-
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ing to the level of match between the lattice constants of the two materials [42]. In

the case of the coherent interface, the lattice constants of the two materials align

perfectly across the interface plane. In the case of the semi-coherent interface, which

is the most common case for the interface of solid electrolyte materials and metallic

Li, the lattice of the two materials are geometrically similar but not equal, which

introduces a strain at the interface. In the case of the incoherent interface, the lattice

constants of the two materials are completely incompatible. In this work, we deal only

with the first two kinds of interfaces.

A quantitative measure of the interface stability between two crystalline materials

a and b for a given configuration, Ω, can be obtained from calculating the quasi-

intensive interface energy, γab(Ω), which is defined as:

γab(Ω) =
E(Ω, A, na, nb)− naEa − nbEb

2A
(4.47)

Where E(Ω, A, na, nb) is the optimized total energy of the supercell containing the

interface with na and nb formula units of materials a and b. Ea and Eb denotes the

bulk energy per unit cell of materials a and b. Ω represent the particular configuration

of the system. A denotes the area normal to the surface. The material a refers to the

solid electrolyte and usually it has fixed number na material, and material b refers

to metallic Li which has variable number nb. In order to assess the strain due to the

lattice mismatch between material a and b in the case of semi-coherent interface, we

follow the approach of Lepley et al [42], where the quasi-intensive interface energy for

a fixed number of formula units of the solid electrolyte is defined as:

γab(Ω, nb) = γlimab (Ω) + nbσ(Ω) (4.48)

where σ(Ω) represents the strain of metallic Li in the configuration Ω and γlimab (Ω)
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represent the surface energy extrapolated to zero strain.

A more qualitative measure for the interface stability can be obtained from cal-

culating the partial density of states, Na(E), which has the expression:

Na(E) =
∑
nk

WnkQ
a
nkδ(E − Enk) (4.49)

In this expression a denotes an atomic site, Wnk denotes the Brillouin-zone sampling

and degeneracy weight factor for band index n and wave vector k, and Enk denotes

the corresponding band energy. For each eigenstate nk and atomic site a. The local

density of states factor, Qa
nk, is given by the charge within the augmentation sphere

of radius rac which can be approximated as follows:

Qa
nk ≈

∑
ij

〈ψ̃nk|panilimi
〉〈panilimi

|ψ̃nk〉qanili;nj li
δlilj (4.50)

Where

qanili;nj li
=

∫ rac

0

drφanili
φanj lj

(4.51)

In these expressions, |ψ̃nk〉 denotes the pseudowave function, |panilimi
〉 is the PAW

atomic projector function, which is localized within the augmentation sphere, and

nilimi denotes the radial and and spherical harmonic indices of the projector function

[32,43]. In order to analyse the interface stability, it is convenient to define the energy

bands for the atoms involved in the interface as shown in Fig. [4.5].

In the figure there are three schematic diagrams of the band structure. The bottom

diagram represents the bulk band structure, the middle diagram represents the atoms

at the interface, and the top diagram represents the Li metal. Such a definition of

the energy bands is very helpful in analysing the interface stability. In the case of the

ideal interface, the metallic Li atoms are physically separated from the bulk of the

87



Figure 4.5: Energy diagram for ideal electrolyte/metal interface. The left panel
represents a ball and stick model of Li metal in atomic contact with an electrolyte. The
right panel contains three schematic diagrams of the band structures corresponding
to the three different regions of space, with increasing energy along the horizontal
axis.

electrolyte, the physical and chemical nature of the electrolyte remains unchanged.

Accordingly, the energy bands of the interior of the electrolyte should be similar to

the energy bands of the bulk material; and the system Fermi level should fall within

the electrolyte band gap. In the case of a reactive interface, there are two possibilities.

For a limited reaction, the material is altered in a small region near the interface and

the band structure for the interface region may be complicated. For a fully reactive

interface the bulk material is altered and the system can no longer perform as an

electrolyte and anode.
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4.5 Summary

In this chapter, we have explained in detail how we use first-principles methods to

model materials properties. In particular, we explained how we predict the structure

of the material using first-principles methods. Also we explained how we understand

several kinetic properties of materials using first-principles methods, like the defect

concentration in the crystal and the diffusion of atoms in the crystal. And finally,

we explained how we use first-principles methods to understand the stability of the

electrolyte with metallic Li.
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Part II

Summary of Research Work
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Chapter 5

Computational Study of Li Ion

Electrolytes Composed of Li3AsS4

Alloyed with Li4GeS4

This work was published in the Journal of Electrochemical Society, volume 163, issue

9, pages A2079–A2088, 2016. The full text of the paper may be found in appendix A.

The publication is reproduced with a permission from Elsevier.

5.1 Overview

The motivation of this work is a recent experimental study by Sahu et al [44] at

Oak Ridge National Laboratory. The study explored new electrolyte compositions for

Li ion electrolytes and found promising results based on the alloys of Li3AsS4 with

Li4GeS4. The alloys system has the compositions Li3+xAs1−xGexS4 with 0 < x < 0.5;

this alloys system has a significantly higher ionic conductivity compared with the

pure materials. The experimental study did not report any structural or Li ion mi-

gration data about the pure material Li3AsS4 and the alloys system, which leaves
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these questions opened for computational investigations.

In this work, we use the PAW formalism and the LDA approximation with the

framework of density functional theory (DFT) as programmed in Quantum espresso

code, to investigate the structures and the Li ion migration of the Li3AsS4 and the

alloy systems. The first task of the simulations is to determine the structure of the

Li3AsS4. Secondly, based on the structure of the Li3AsS4 and the likely Ge substitu-

tions, the structure of the alloys system must be determined. Based on the structure

of the Li3AsS4 and the alloys system, we should be able to analyse the Li ion diffusion

mechanisms in the pure material and the alloys, and understand the effect of Ge in

enhancing the conductivity properties in the alloys materials.

5.2 Main Publication Results

The first task of the simulations is to determine the structure of the Li3AsS4 material.

The experimental study by Sahu et al [44] reports the experimental X-ray diffraction

pattern for Li3AsS4 material, no experimental data was provided about the structure

of the material. It is reasonable to assume that Li3AsS4 has structural properties simi-

lar to those of Li3PS4, which has been the subject of many studies [45–48]. Li3PS4 has

a low temperature structure, γ-Li3PS4, characterized by the space group Pmn21 (No.

31). At high temperature between 200–300 degrees C, a transition occurs to β-Li3PS4

which is characterized by the space group Pnma (No. 62) with fractional occupancy

of some of the Li sites. In previous work [46], two ordered models of β-Li3PS4 were

simulated, the first model, β-Li3PS4-b, has 100% occupancy of the b sites. The second

model, β-Li3PS4-c, has 100% occupancy of the c sites. Four possible models of Li3AsS4

were simulated by substituting p by As in the three ordered models of Li3PS4, and

by substituting p by As and O by S in γ-Li3PO4, which is characterized by the space
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group Pnma (No. 62). The heat of formation (∆Hf ) for the four proposed models

in comparison to the heat of formation of Li3PS4 models, was calculated according

to Eq. (1) in the publication and is shown in Table I in the publication. The heat of

formation results show that Li3AsS4 structure based on γ-Li3PS4 has the lowest heat

of formations, followed by the Li3AsS4 based on β-Li3PS4-c. Accordingly, these two

models look to be the most plausible models. For the Li3AsS4 structure, in order to

validate which one of these two models is more likely, we generated the X-ray diffrac-

tion patterns for the two models using Mercury software and compared these patterns

to the experimental X-ray diffraction patterns, as shown in Fig. [2] in the publication.

Fig. [2] show that X-ray diffraction patterns for the two models agrees well with the

experiment, however the X-ray diffraction patterns for γ-Li3PS4 model has a better

agreement with the experiment in particular the peaks in the middle. Accordingly,

based the calculated heat of formations and the X-ray diffraction patterns the Li3AsS4

structure based on γ-Li3PS4 looks like the most plausible structure for the Li3AsS4.

The simulated structure of Li3AsS4 is shown in Fig. [1] in the publication. The struc-

ture of the Li3AsS4 is characterized by the Pmn21 space group similar to γ-Li3PS4.

Li3AsS4 has two unique Li sites with a and b similar to γ-Li3PS4 as shown in Fig.

[1] in the publication. The fractional coordinate of these sites is shown in Table II in

comparison to γ-Li3PS4, the fractional coordinate of the unique Li sites is very close

to γ-Li3PS4. In order to simulate the alloy system, it is essential to understand the

structure of Li4GeS4 which has been the subject of many studies [49,50]. The crystal

structure of Li4GeS4 has the Pnma (No. 62) space group. The GeS4 tetrahedra are

very similar to the AsS4 tetrahedra in Li3AsS4, consistent with the formation of alloys.

In the search for the optimal alloy structures, we considered two alloy systems with

the highest experimental ionic conductivity, with x = 1/4 and x = 1/3 compositions.

The search for optimal structure for these alloy systems was based on supercells of the

93



Li3AsS4 structure; four and six formula units of Li3AsS4 were used for the x = 1/4

and x = 1/3 respectively. For each supercell, all unique configurations of the Ge sub-

stitutions were considered. For each Ge substitution, an additional Li was added on

a grid of likely positions. For all the configurations considered, the optimized alloy

model was found to have a lower energy by 0.2-0.3 eV per formula unit relative to

all the other configurations. In order to validate these models, we sampled more con-

figurations in larger supercells with the help of the symmetry analysis from the Site

Occupancy Disorder (SOD) program [51], but we failed to find alloy structures with

lower energy. Accordingly, the optimized alloy systems are very plausible models but

they are not the only possibilities. The first alloy system modeled in this study is

the x = 1/4 alloy which has the composition of Li13/4As3/4Ge1/4S4. This alloy system

has the second highest ionic conductivity after the x = 1/3 alloy model. The crystal

structure of this alloy was investigated in a 2× 1× 1 supercell of Li3AsS4 by substi-

tuting As by Ge and adding one extra Li for each Ge. The crystal structure of this

alloy is characterized by the Pm (No. 6) space group and is shown in Fig. [3a] of the

publication. The fractional coordinates of the unique atoms is shown in Table AII of

the publication. This structure has 8 unique Li sites, 7 of which are labelled relative

to their equivalent in Li3AsS4 structure, the extra Li atom is labelled, x, which is at

3 Å on the vertical axis from the Ge atom. The second alloy system modelled in this

study is the x = 1/3 alloy which has the composition Li10/3As2/3Ge1/3S4. This alloy

system was reported to have the highest ionic conductivity. The crystal structure of

this alloy was investigated in a 2× 1 × 1 supercell of Li3AsS4 by substituting As by

Ge and adding one extra Li for each Ge. The optimal structure of this alloy is 0.27

eV lower in energy than the other configurations considered. The crystal structure

of this alloy is shown in Fig. [3b]. It has the Pmn21 (No. 31) space group similar

to Li3AsS4, the fractional coordinates of the unique sites are shown in Table AIII.

This alloy has 6 unique Li sites, 5 of which are labelled relative to their equivalent
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in Li3AsS4 structure. The extra Li atom is labelled, x, has the multiplicity of 2, it

is located at 3 Åon the vertical axis from the Ge atom. In order to investigate the

ordered nature of the structures of the alloys, we adjusted the occupancy of the As

and Ge sites randomly, and the X-ray diffraction patterns for the ordered structures

is nearly as good as the disordered models, which means there is no evidence for the

ordered nature of these alloys.

It is interesting to compare the partial density of states (PDOS) for these alloy

systems with the pure materials. Fig. [4] in the publications shows the PDOS for the

x = 1/4 and x = 1/3 alloys in comparison with Li3AsS4 and Li4GeS4. The PDOS for

these alloys looks very similar. The valence bands of these alloys are primarily com-

posed of the S 3p states, while the conduction bands are composed of the unoccupied

As and Ge states, hybridized with S. The band gap of the alloys is very similar to that

of Li3AsS4. A more quantitative measure of the alloy stability can be determined from

the decomposition energy of the alloys into pure materials which can be estimated

according to Eq. (2) in the publication. The decomposition energy results are given

in Table V in the publication. The decomposition energies for the alloy have very

small positive values with the order of magnitude of the expected finite temperature

correction [52]. This suggests that the alloys are stable with respect to decomposition

into the pure materials.

One of the main tasks of the simulations is to analyze the mechanisms of conduc-

tivity of the pure materials and the alloy systems. In order to do so, it is essential to

analyse the defects energies in these systems. The Pmn21 structure of Li3AsS4 has

two distinct host lattice sites of Li with Wyckoff labels a and b as shown in Fig. [1]

in the publication. Several metastable interstitials sites were found in this crystal;

the lowest energy sites are labelled I (having the multiplicity of 2 in the unit cell)
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and II (having the multiplicity of 4). These interstitials are show in Fig. [1] in the

publication. The relative energies of these defects were calculated in 16 formula units

supercell, and are given in comparison to their equivalent in γ-Li3PS4, which are given

in Table II in the publication. The fractional coordinates and the relative energies of

these defects are very similar to the γ-Li3PS4 analogue. The formation energy to form

vacancy-interstitial pair, Ef , was calculated for all the possible pairs in this crystal.

We found the lowest formation energy to be Ef = 0.86 eV corresponding to a type

I interstitial and the nearest b vacant site. The Pm structure of the x = 1/4 alloy

has 8 distinct Li sites and 6 distinct interstitial sites as shown in Fig. [3a] in the pub-

lication. The corresponding relative energies of vacancies and interstitials are listed

in Table III in the publication. The x Li ion site has the lowest vacancy energy. The

nearest neighbour Li vacancy sites are all unstable relative to the x site. The vacancy

energies were found to be lower for sites in proximity to a Ge ion, while vacancies

farther from the Ge were found to be 0.5 eV higher in energy. The interstitials K

and K ′ correspond to type I interstitial in Li3AsS4 and the interstitials J , L, M and

N corresponds to type II interstitial in Li3AsS4. The J interstitial site which is the

closest the Ge atom was found to have the lowest relative energy. In this alloy, the

lowest formation energy for a vacancy-interstitial pair, Ef , was found to be 0.27 eV,

which involves the lowest energy vacancy, x, and the lowest energy interstitial, J . The

Pmn21 structure of the x = 1/3 alloy has 6 distinct Li sites and 4 distinct interstitial

sites as shown in Fig. [3b] in the publication. The corresponding relative vacancy and

interstitial energies are listed in Table IV in the publication. Similar to the case of the

x = 1/4 alloy, the x Li ion site has the lowest vacancy energy, The nearest neighbour

Li vacancy sites are all unstable relative to the x site. The vacancy energies were found

to be lower for sites in proximity to a Ge ion, while vacancies farther from the Ge

were found to be 0.5 eV higher in energy. In this alloy, the interstitial K corresponds

to the type I interstitial in Li3AsS4 and the interstitials A, B and C corresponds to
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type II interstitial in the Li3AsS4. The B interstitial site which is the closest the Ge

atom was found to have the lowest relative energy. The lowest formation energy for

a vacancy-interstitial pair, Ef , was found to be 0.27 eV, which involves the lowest

energy vacancy, x, and the lowest energy interstitial, B.

The Li ion migration was analysed using the NEB method in the pure Li3AsS4

and the two alloys. Table VI in the publication summarizes the migration energies

for all the diffusion pathways considered and compares them with the corresponding

experimental activation energes. For Li3AsS4, several diffusion pathways were consid-

ered for the vacancy mechanism. The diffusion pathways are shown in Fig. [5a] and

the NEB energy is shown in Fig. [5b] in comparison with γ-Li3PS4. The minimum

migration energy was found to be 0.4 eV, which is larger than the 0.3 eV migration

energy for the γ-Li3PS4. The pure interstitial and the kick-out mechanisms were con-

sidered for this material as well. For these mechanisms, several paths were considered

as shown in Fig. [6a] and Fig. [6b] and the corresponding NEB energy is shown in

Fig. [7a] and Fig. [7b]. The minimum migration barrier was found to be 0.3 eV for

the Kick-out path II1 → b1 → I1 → a1 → II2, which takes place along the y-axis,

and for the pure interstitial mechanism for the path II1 → II2 → II3 which is a long

the z-axis. The pure interstitial and the Kick-out mechanisms were considered for the

x = 1/4 and the x = 1/3 alloys. For the x = 1/4 alloy, several paths were considered

as shown in Fig. [8a] and Fig. [8b] and the NEB energy results are shown in Fig. [9a]

and Fig. [9b]. The minimum migration energy was found to be 0.3 eV for the kick-out

mechanism along the y-axis and for interstitial mechanism along the z-axis. For the

x = 1/3 alloy, several paths were considered as shown in Fig. [10a] and Fig. [10b]

and the NEB energy results are shown in Fig. [11a] and Fig. [11b]. The minimum

migration energy was found to be 0.2 eV for the kick-out mechanism along the y-axis

and for interstitial mechanism along the z-axis.

97



5.2.1 Conclusions

In conclusion, we have performed a detailed computational study of structures and

the Li ion migration of the pure Li3AsS4 and the alloy system Li3+xAs1−xGexS4 with

0 < x < 0.5 reported by Sahu et al [44]. We are very confident in our simulated Pmn21

crystal structure of Li3AsS4. Also, we believe that our simulated crystal structures of

Pm for the x = 1/4 alloy and Pmn21 for the x = 1/3 alloy are very reasonable models,

but more extensive search may reveal more possibilities. The Li ion migration analysis

in Li3AsS4 and the two alloy systems, shows that conduction process is dominated

by pure interstitial mechanism along the c axis and a kick-out mechanism along the

c axis. For these mechanisms, the lowest migration energy was found for the x = 1/3

alloy followed by x = 1/4 alloy followed by the pure Li3AsS4, suggesting that the

substitutional Ge incrementally reduces the migration energy and improves the ionic

conductivity. Also, the formation energy in the alloy systems was found to be much

lower than the pure Li3AsS4, which involves the Li site x introduced by the presence

of Ge in the alloys. Overall, we find the effect of Ge is to adjust the position and

energy of interstitials in Li3AsS4 to lower the migration barrier and to reduce the

formation for vacancy-interstitial pairs.

5.2.2 My Contribution

I performed the majority of the computations and geometry analyses of this study.

The paper was written by me in collaboration with N. A. W. Holzwarth.

5.3 Published Manuscript

The published manuscript of this projects is shown in appendix A.
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Chapter 6

Li4SnS4 and Li4SnSe4: Simulations

of Their Structure and Electrolyte

Properties

This work was published in the Journal of Electrochemical Society, volume 164, issue

1, pages A6386–A6394, 2017. The full text of the paper may be found in appendix B.

The publication is reproduced with a permission from Elsevier.

6.1 Overview

The motivation of this project is a recent experimental literature which reports the

solid electrolyte properties of Li4SnS4 and Li4SnSe4 opening interesting questions for

the simulations. In detail, we use the LDA approximation and the PAW method in

the framework of density functional theory to study the structure and the Li ion

conduction properties for the Li4SnS4 and Li4SnSe4 along with the Li4GeS4.
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6.2 Main Publication Results

The crystal structure of the Li4SnS4 has been reported by two different experi-

ments [50, 53]. While the two groups agree on the Pnma (No. 62) space group of

the material, they differ slightly in the reported lattice constants and fractional co-

ordinates of one of the Li sites. The crystal structure of MacNeil [50] was reported

to be ordered and has one Li site at the 4a Wyckoff label; the crystal structure of

Kaib [53] was reported to be disordered and has slightly larger lattice constants. With

several successive attempts, we were able to simulate ordered structures which agree

well with the experimental X-ray results. Our simulations identify the MacNeil [50] to

be the ground state structure and the Kaib [53] to be the meta-stable state structure

with a 0.02 eV/formula unit energy difference from the ground state structure. Ac-

cordingly, we use the notation Li4SnS0
4 for the MacNeil [50] structure and Li4SnS∗4 for

the Kaib [53] structure. It is interesting to ask the question wheather the structurally

and chemically similar materials, Li4GeS4 and Li4SnSe4 behave in a similar way. To

answer such a question we have substituted Sn by Ge and S by Se in the Li4SnS0
4 and

Li4SnS∗4. Our simulation suggest that it is likely for the Li4SnSe4 to behave similarly

to the Li4SnS4, with a ground state structure Li4SnSe0
4 and a metastable structure

Li4SnSe∗4 which is 0.07 eV/formula unit higher in energy. While it is unlikely for the

Li4GeS4 to behave in a similar way with the Li4GeS∗4 having 0.25 eV/formula unit

higher energy than the ground state Li4GeS0
4.

The NEB method was used to study the Li ions migration properties in the ground

state and the meta-stable state structures of Li4SnS4 and Li4SnSe4. For the Li4SnS0
4

and Li4SnSe0
4, the vacancy and interstitialcy mechanisms were considered as shown

in Fig. [4] in the manuscript and the corresponding NEB energies is shown in Fig.

[6] and Fig. [7] for the vacancy and interstitialcy mechanisms respectively. The in-

terstitialcy mechanism was found to be more favorable in both materials with lower
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migration energy which is approximately 0.2 eV in both materials. For the Li4SnS∗4

and Li4SnSe∗4, the interstitialcy mechanism was considered as shown in Fig. [5] in

the manuscript and the corresponding NEB energies are shown in Fig. [7] in the

manuscript. The migration energy for these materials was found to be approximately

0.07 eV which is much lower than the ground state structures indicating better con-

duction properties. The formation energies for vacancy-interstitial pairs was found to

be much lower in the meta-stable state structures than the ground state structures

pointing to a disordered nature of the meta-stable state structures. Table [VI] in

the manuscript summarize the simulated formation energies and the migration ener-

gies and the total activation energies for these materials in comparison to experiment.

In order to get a better understanding of the properties of the materials, molec-

ular dynamics simulation were performed for the ground state structures and the

meta-stable state structures. The scatter plots shown in Fig. [8] in the manuscript for

the Li4SnS0
4 and Li4SnS∗4 show a 3 dimensional migration pathways in these materials

consistent with our NEB results. The fractional occupancy defined in Eq. (3) and

Eq. (2) in the manuscript was calculated at each temperatures of the MD simulation,

and is shown in Fig. [10] in the manuscript for the ground state and meta-stable

state structures. It indicates that the meta-stable structures tend to become disor-

dered at low temperature while the ground state structures remains ordered even

at high temperature which is consistent with experimental observation. The calcu-

lated ionic conductivity according to Eq. (6) in the manuscript is shown in Fig. [11]

in the manuscript for all the materials. The results show that the meta-stable state

structures have a higher ionic conductivity than the ground state structures which is

consistent with our NEB results.
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6.3 Conclusions

In conclusions, we have identified a ground state and ideal meta-stable state structures

for Li4SnS4, Li4SnSe4 and Li4GeS4. Based on these ideal models, Li ion migration was

investigated for Li4SnS0
4, Li4SnSe0

4, Li4SnS∗4, Li4SnSe∗4 and found to be dominated by

the interstitialcy mechanism along the b and c axes. According to the Li ion migration

analysis, the meta-stable state structures was found to have a better conduction

properties. The molecular dynamics simulations, show that the meta-stable state

structures tend to be disordered at high temperature while the ground state structure

remains ordered which is consistent with the experimental observation.

6.4 My Contribution

I performed the calculations and analyzed the results of defects, formation energy

of vacancy-interstitial pairs, NEB, electronic structure, heat of decomposition for all

the materials in this study. Also I performed all the MD simulation for Li4SnSe0
4 and

Li4SnSe∗4. I simulated the ground state structure and the metastable state struture for

the Li4SnSe4. I wrote the manuscript attached to this report with the help of Jason

Howard and N. A. W. Holzwarth.

6.5 Published Manuscript

The published manuscript of this projects is shown in appendix B.
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Chapter 7

Li14P2O3N6 and Li7PN4:

Computational study of two

nitrogen rich crystalline LiPON

electrolyte materials

This work was published in the Journal of Power Sources, volume 364, pages 410–

419, 2017. The full text of the paper may be found in appendix C. The publication

is reproduced with a permission from Elsevier.

7.1 Overview

In this work, we computationally examine the electrolyte properties of two recently re-

ported nitrogen rich crystalline LiPON inorganic solid electrolyte materials, Li14P2O3N6

[54] and Li7PN4 [55,56]. In particular, we use the LDA approximation and the PAW

method in the framework of density functional theory to perform an in depth study
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and investigation of the structure, Li ion conductivity and the stability of these ma-

terials. Finally, the simulations results of these two materials are compared to the

oxygen rich material, γ-Li3PO4, to analyse the effect of nitrogen on the Li ion con-

ductivity and the stability of these LiPON materials.

7.2 Main Publication Results

The simulated crystal structure of the Li14P2O3N6 was found to have a trigonal struc-

ture characterized by the space group P3 (No. 147 as listed in the international Table

of Crystallography). Fig. [1] in the manuscript shows a ball and stick diagram of this

structure from two different perspectives and Table [1] in the manuscript list the cal-

culated lattice constants and fractional coordinates compared with the experimental

results. The calculated lattice constants are found to be in a good agreement with

experiment and the simulated P, O and N fractional coordinates agree very well with

experiment. However, the Li fractional coordinates differ by about 0.06 from exper-

iment. The reason for this difference may be the insensitivity of the X-ray analysis

to the Li positions due to their small atomic number. The trigonal symmetry of this

structure was found to be stabilized by the isolated O2− ions located at the 2c sites. In

addition, the crystal structure of this material features an interesting arrangement of

the PON3 tetrahedra, forming alternating O2− and N3− planes perpendicular to the

c-axis. The simulated crystal structure of the Li7PN4 was found to have a cubic struc-

ture characterized by the space group P43n (No. 218) with 8 formula units (96 atoms)

in the unit cell. The simulated lattice constants and fractional coordinates of atoms

agree well with the experiment. The Li density in these two structures was found to

be approximately 0.2Å−3 which is much higher than the Li density of 0.04Å−3 of the

γ-Li3PO4.
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For these two materials, the partial density of states was calculated and compared

to the γ-Li3PO4 and the Li2O as shown in Fig. [2] in the manuscript. The decom-

position energies for a possible products were calculated for Li14P2O3N6 and Li7PN4

as shown in Eq. (5) and Eq. (7) respectively. The electronic structure results for the

Li14P2O3N6, shows that the valence band states are characterized by the 2p states

of O with a bonding combinations with P 3s and 3p states while the conduction

bands are characterized by the corresponding antibonding states. The partial density

of states of the Li7PN4 looks very similar to the γ-Li3PO4, while the Li7PN4 has a

smaller band gap between the valence bands and the conduction bands. The calcu-

lated decomposition energies for these materials shows a negative values at the right

hand side of Eq. (5) and Eq. (7), which indicates that these materials are stable with

respect to the decomposition in the products considered in these equations.

In preparation for the Li ion migration analysis, the energies of point defects were

analysed for Li14P2O3N6 in a 2× 2× 1 supercell and for the Li7PN4 in the unit cell.

The relative energies and the fractional coordinates for the distinct vacancies and

interstitials are given in Table [2] in the manuscript for the Li14P2O3N6 and in Table

[5] for the Li7PN4. The Li14P2O3N6 has 3 distinct vacancies and 2 distinct intersti-

tials; the g′ vacancy was found to have the lowest energy and the other has relative

energies greater than 0.41 eV relative to it. The I interstitial was found to have the

lowest energy and the II has a relative energy of 0.22 eV relative to the I interstitial.

The Li7PN4 has 5 distinct vacancies and 2 distinct interstitials, the f vacancy was

found to have the lowest energy and the vacancies has a relative energy of 0.25 eV or

less relative to it. The I interstitial has the lowest energy and the II has a relative

energy of 0.32 relative to it. The formation energy to form vacancy-interstitial pairs

was analysed as well for these materials. For the Li14P2O3N6, the lowest formation

energy was found to be 0.3 eV which involves the I and g′ pair, the other pairs has
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a formation energy greater than 1 eV; for Li7PN4, the formation energy was found

to be large with a minimum value of 1.9 eV which involves the I interstitial and

all kind of vacancies. The Li ion migration was analysed in these structures as well.

For the Li14P2O3N6, the vacancy mechanism was considered as shown in Fig. [3a]

in the manuscript and the corresponding NEB energies is shown in Fig. [3b] in the

manuscript. The path that takes place near the oxygen plane which involves the g′

vacancies was found to be the most favourable with a migration energy of 0.3 eV. The

pure interstitial mechanism and the kick-out mechanism were considered as shown in

Fig. [3c] and the corresponding NEB energies is shown in Fig. [3d] in the manuscript.

The NEB energy for these mechanism was found to be about 0.6 eV which is much

larger than the vacancy mechanism. For the Li7PN4, only the vacancy mechanism

was considered for diffusion because of geometrical consideration. For this mecha-

nism, diffusion takes place in a 3 dimensions, the NEB energies for path considered

are shown in Fig. [6a] in the manuscript. The lowest migration energy was found to

be 0.3 eV. For the path i → e → i → e → i. The minimum migration energy is

lower than the experimental activation energy Ea = 0.48 eV, which suggest that the

experimental materials have a significant source of Li ion vacancies which might be

due to the presence of O ions. We explored the presence of O in this material by sub-

stituting N by O near the minimum energy path as shown in Fig. [6b] and Fig. [6d] in

the manuscript and the corresponding NEB for the minimum energy path after the

substitution of O is shown in Fig. [6c] in the manuscript. The migration energy for

the minimum energy path was raised to 0.5 eV after the O substitution which agrees

better with experiment. The formation and the migration energies for these materials

are summarized in Table [6] in the publication.

Interfaces with Li were considered for both of these materials in order analyse their

stability. For the Li14P2O3N6, the surface along the c direction near the nitrogen plane

106



was found to be more favorable according to the interface with vacuum and the γab

in Eq. (4.47) converges for one single layer of the bulk material. For this particular

surface, we prepared two series of configurations with Li as shown in Fig. [4a] and [4b]

in the manuscript. The corresponding plots of the surface energy versus the number

nb of metallic Li atoms are evaluated according to Eq. (4.48) and plotted in Fig. [4c]

in the manuscript. The configuration (Ω1) has more regularity with the electrolyte

and therefore produces less strain on it, the γlimab for the two configurations was found

to be 0.05 eV/Å2 which is similar to the value reported by Lepley et al., [42] for the

interfaces of γ and β Li3PO4 with Li metal. For configuration 1, the partial density

of states was calculated as shown in Fig. [4d] in the manuscript. The partial density

of states for the interior of the electrolyte is very similar to the bulk structure. The

metallic Li states are separated from the interior of the electrolyte and overlap with

the top of the valence band by approximately 1 eV. The partial density of states

associated with metallic Li at the interface has more electronic charge than those

in the interior of the electrolyte, and the Fermi level of the system falls well within

the band gap of the electrolyte. For the Li7PN4, the partial density of states was

analysed as shown in Fig. [7c] for the interface with metallic Li shown in Fig. [7b].

The partial density of states indicates that the Li7PN4/Li system has the properties

of ideal interface. It is actually metastable and the Fermi level falls well within the

band gap of the interior of the electrolyte. The partial density of states contribution

for metallic Li has the typical shape of free electron metal.

7.3 Conclusion

In conclusion, the simulations suggest that both of the nitrogen rich materials -

Li14P2O3N6 and Li7PN4 - are promising solid electrolyte materials due to their ideal

interface with metallic Li and their promising activation energies. The simulated ac-
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tivation energies for these materials given in Table [6] in the manuscript, shows that

the simulated activation energy for the Li7PN4 agrees well with experiment, the ac-

tivation energy for the Li14P2O3N6 is lower than experimental activation energies of

Li7PN4 and γ- and β- Li3PO4 which points to a better conduction properties. The

dominant diffusion mechanism for the nitrogen rich materials was found to be the

vacancy mechanism in comparison to the kick-out mechanism in the γ-Li3PO4.

7.4 My contribution

I performed the majority of the computations and geometry analyses of this study.

The paper was written by me in collaboration with N. A. W. Holzwarth.

7.5 Published Manuscript

The published manuscript of this project is shown in appendix C.
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Chapter 8

Computational study of the

structural and electrolyte

properties of Li4PS4I and related

materials

8.1 Introduction

Several recent experimental [57–60] and computational [61] studies have shown that

the incorporation of LiI into lithium thiophosphate electrolytes can improve their

stability and ionic conductivity with possible positive implications for battery tech-

nology. In the present work, first-principles computer simulations are used to study

the structural and stability properties of these materials, as well as to model their

mechanisms of ionic conductivity, and to examine properties of idealized interfaces of

these electrolytes with Li metal anodes. In general, our results are consistent with the

recently reported results of Sicolo et al. [61] for Li4PS4I, and provide some additional

insights into its structure and its stability issues.
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8.2 Crystal structures

Rangasamy et al. [57] reported a crystalline electrolyte having the composition of

Li7P2S8I. While the crystal structure was not analyzed, independent researchers were

able to form the same material as evidenced by the X-ray diffraction pattern [59,60].

To our knowledge, the crystal structure of this material has not yet been successfully

determined [62].

More recently, Sedlmaier et al. [58] synthesized and analyzed a crystalline elec-

trolyte having the composition of Li4PS4I. Its room temperature crystal structure

was found to be tetragonal having the space group [63] P4/nmm (No. 129) with

disorder (fractional occupancy) on the Li sites. It is reasonable to assume that this

Sedlmaier structure represents a high-temperature phase of Li4PS4I and that a lower

temperature phase should exist with full occupancy on the Li sites. Such an ordered

↔ disordered crystal phase transition has been observed for many ion-conducting sys-

tem such as AgI [64] and lithium argyrodites [65]. The challenge for the simulations

is to first search for an ordered ground state (low temperature) structure of Li4PS4I

and to determine possible candidate structures for Li7P2S8I.

The structural analysis of Sedlmaier et al. [58], is based on the observation that

Li4PS4I is derived from α-Li3PS4 structure, shown in Fig. [8.1] which is distinguished

by having its lattice axes aligned along the tetrahedral axes of the PS3−
4 ions as

opposed to the alignment of the crystal axes along one or the P−S bonds in the β and

γ structures [48]. The structure shown in Fig. [8.1] represents the analysis by Homma

et al. [66] of the experimental high temperature (T = 906 K) phase of α-Li33PS4, based

on the space group Pbcn (No. 60). Based on this high temperature structure, we are

able to optimize a similar structure representing a zero temperature metastable phase

of α-Li3PS4. The simulated lattice constants and fractional coordinates are compared

with experiment in Table 8.1. It is perhaps understandable that there are discrepancies

between the simulations and experiments since the experiments were carried out at
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Figure 8.1: Ball and stick model of optimized structure of α-Li3PS4 with the space
group Pbcn. Li, P, and S sites are represented with gray, black, and orange balls,
respectively.

906 K while the simulations assume 0 K. It is not clear that this optimized structure is

related to the physical materials, since its static lattice energy is 0.24 eV per formula

unit higher than that of the experimentally verified low energy structure of γ-Li3PS4,

On the other hand, it does suggest that the tetrahedrally-oriented PS−3
4 components

can exist in thiophosphate materials.

Sedlmaier et al. [58], reasoned that that Li4PS4I is derived from α-Li3PS4 by

replacing two Li3PS4 units with two LiI units. This is consistent with the structural

analysis of their synthesized crystals as illustrated in Fig. [8.2]. In order to search

for a low temperature structure, we started with this P4/nmm structure which is

disordered on the Li sites and we optimized a series of structures with different Li

configurations. We found an ordered metastable structure as a candidate for the low

temperature phase of this material. It has an orthorhombic lattice with the space

group Pmn21 (space group No. 31) [63]. In order to compare this candidate ground

state structure with the analysis of Sedlmaier et al. [58], it is first convenient to

shift the original results to its equivalent “choice 1” coordinates and to rotate the

conventional setting of the Pmn21 space group by 90 degrees about the x-axis. In this

setting, the four symmetry elements expressed in terms of the fraction coordinates
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Table 8.1: Lattice parameters of α-Li3PS4 in the Pbcn structure. The “Calc.” results
were determined from optimized static lattice calculations in this work with lattice
constants scaled by 1.02. The “Exp.” results report measurements at 906 K reported
in Ref. [66].

Calc. Exp.

a (Å) 8.87 8.61
b (Å) 8.40 9.02
c (Å) 8.16 8.42

At. Wyck. x y z x y z
P 4 c 0.000 0.842 0.250 0.000 0.827 0.250
S 8 d 0.306 0.482 0.248 0.307 0.453 0.250
S 8 d 0.018 0.306 0.545 0.004 0.294 0.550
Li 8 d 0.750 0.640 0.010 0.708 0.631 0.069
Li 4 c 0.000 0.200 0.250 – – –

are (x, y, z), (x̄, y, z), (x + 1
2
, y + 1

2
, z̄), and (x̄ + 1

2
, y + 1

2
, z̄). The corresponding

comparison is given in Table. [8.2]. Even though the ground state structure deviates

from tetragonal, the similarity of the fractional coordinates of the two structures is

apparent. The comparison is also clear from the ball and stick visualizations of the

structures shown in Fig. [8.3] and Fig. [8.2].

At this point, we can ask the question of whether this structure can exist with one

of LiI groups removed as a model of the ground state structure of Li7P2S8I. Optimizing

several configurations of this structure, the lowest energy structure is shown in Fig.

[8.4]. The optimized and measured lattice constants for these materials are listed in

Table [8.3].

A measure of the consistency of these results with experiment is the compar-

ison of simulated and measured X-ray diffraction patterns. The X-ray pattern for

Li7P2S8I was reported in Ref. [57] and is reproduced in Fig. [8.5]. The X-ray pattern

for Li4PS4I was reported in Ref. [58] for Mo Kα radiation. However, using the refine-

ment parameters of their analysis, it is possible to visualize the equivalent pattern

for Cu Kα radiation. This is also shown in Fig. [8.5]. From the comparison of the

X-ray patterns of the experimental Li7P2S8I and Li4PS4I crystals, it is apparent that
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Table 8.2: Optimized structure for Li4PS4I, comparing the fractional coordinates
for the ground state structure Pmn21 (No. 31) rotated from conventional setting as
explained in the text with the Sedlmaier [58] structure P4/nmm (No. 129, choice
1). The columns labeled “Wyck.” give the multiplicity and Wyckoff label. for the
corresponding group. In some cases, multiple fractional coordinates are listed for the
higher symmetry structure. In the Pmn21 structure all Li sites are fully occupied,
while in the P4/nmm structure the X-ray data were analyzed with fractional Li
occupancies of 0.58 for 2a, 0.68 for 2c, 0.53 for 4d, and 0.38 for 8j sites.

Pmn21 P4/nmm
At. Wyck. x y z Wyck. x y z

I 2 a 0.000 0.529 0.839 2 c 0.000 0.500 0.847
P 2 a 0.000 0.000 0.500 2 b 0.000 0.000 0.500
S 2 a 0.000 0.190 0.280 8 i1, i2 0.000 0.194 0.297
S 2 a 0.000 0.802 0.302 8 i3, i4 0.000 0.806 0.297
S 4 b 0.302 0.506 0.291 8 i5..i8 0.306 0.500 0.297
Li 2 a 0.000 -0.012 0.000 2 a 0.000 0.000 0.000
Li 2 a 0.000 0.476 0.383 2 c 0.000 0.500 0.406
Li 4 d 0.250 0.250 0.000
Li 4 b 0.216 0.723 0.583 8 j1..j4 0.204 0.704 0.585
Li 8 j5..j8 0.204 0.296 0.585

Figure 8.2: Ball and stick drawing of unit cell for the Sedlmaier structure of Li4PS4I
described in Ref. [58] having the space group P4/nmm. I, P, and S sites are rep-
resented by purple, black, and orange balls, respectively. The 5 distinct partially
occupied Li sites are represented by partially shaded grey (1), pink (2), blue (3),
green (4), and red (5) balls.
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Figure 8.3: Ball and stick drawing of unit cell for Pmn21 structure of Li4PS4I. I, P,
and S sites are represented by purple, black, and orange balls, respectively. The 3
distinct Li sites are represented by small gray (1), pink (2), and blue (3) balls.

Figure 8.4: Ball and stick drawing of unit cell for the optimized structure of Li7P2S8I.
I, P, and S sites are represented by purple, black, and orange balls, respectively. The
small balls representing Li sites are colored in order identify corresponding sites as in
Fig. [8.3].

Table 8.3: Comparison of lattice constants in Å units; all simulation results were
scaled by 1.02 to correct for the LDA error. The “LT-Li4PS4I” column lists the simu-
lated ordered model results illustrated in Fig. 8.3. The “HT-Li4PS4I” column lists the
experimental result reported in Ref. [58]. The “Li7P2S8I” column lists the simulated
ordered model results illustrated in Fig. 8.4.

LT-Li4PS4I HT-Li4PS4I Li7P2S8I
a 8.40 8.48 8.57
b 8.56 8.48 8.58
c 6.02 5.93 5.95
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Figure 8.5: Simulated and measured X-ray diffraction patterns for Cu Kα radiation.
From top to bottom: X-ray pattern for modeled Li7P2S8I unit cell, X-ray data for
Li7P2S8I provided by Zachary Hood and consistent with Ref. [59, 60], generated X-
ray pattern for experimental HT-Li4PS4I from Ref. [58], and generated X-ray pattern
for modeled LT-Li4PS4I unit cell.

the two structures are closely related. The two simulated structures also show similar

X-ray patterns. Some of the descrepancies are apparently due to the fact that we are

simulating the lower symmetry ordered structures while the experimental structures

are disordered higher symmetry structures. One expects the lower symmetry ordered

structures to exhibit extra reflections and detailed peak splitting. On the other hand,

the main reflections of the patterns are clearly related.

From the simulations of the optimized structures, we determine the internal ener-

gies of the ground state materials in the static lattice approximation. Differences of

this internal energies estimate the relative stabilities of these systems at zero temper-

ature in the form:
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Table 8.4: Static lattice contributions to various energy differences defined by Eq.
(8.1).

∆E (eV) Reactants Products
0.24 α-Li3PS4 γ-Li3PS4

-0.02 LT-Li4PS4I α-Li3PS4 + LiI
0.25 Li7P2S8I 2 α-Li3PS4 + LiI
0.22 LT-Li4PS4I γ-Li3PS4 + LiI
0.49 Li7P2S8I 2 γ-Li3PS4 + LiI

∆E =
∑
i

USL(Ri)−
∑
j

USL(Pj), (8.1)

where Ri and Pj represent the reactant and product materials, respectively. A posi-

tive value for ∆E indicates that the reactants are unstable relative to the products.

A table of these energy differences is given in Table 8.4. These results show that the

static lattice contributions to the stability of the low temperature form of Li4PS4I is

unstable with respect to decomposition into its constituents in their ground states –

γ-Li3PS4 and LiI. The Li7P2S8I material is even less stable.

8.3 The Helmholtz Free Energy

In order to obtain an accurate understanding for the stability of Li4PS4I, we consid-

ered calculating the Helmholtz free energy for the decomposition energies calculations.

The static lattice energies used in Eq. [8.1] for the decomposition energies calcula-

tion neglect the effect of the quantum mechanical lattice vibrations. A more accurate

quantity can be used for these decomposition energies is the Helmholtz free energy.

In general, the Helmholtz free energy, F , is a function of the system temperature and

it can be written for any system as:
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F = USL + Fvib(T )− TSΩ, (8.2)

where T is the temperature of the material, USL is the static lattice energy, Fvib(T )

is the vibrational Helmholtz free energy, SΩ is the configuration entropy and is given

by the expression:

SΩ = kB ln (Ω) , (8.3)

where kB is the Boltzmann constant and Ω is the number of possible configurations

for the atoms in the crystal. The vibrational free energy, Fvib(T ), is given by the

expression:

Fvib(T ) = kBT

∫ ∞
0

ln

[
2 sinh

(
h̄ω

2kBT

)]
g(ω)dω, (8.4)

Where g(ω) is the phonon density of states, which is calculated using the harmonic

approximation at fixed lattice constants, as follows:

g(ω) =
V

(2π)3

∫
d3q

3N∑
v=1

δ (ω − ωv(q)) , (8.5)

where, V is the volume of the unit cell, N is the number of atoms in the unit cell, q is

the phonon wave vector. The integral was carried out over the whole Brillouin zone.

For each q point there are 3N normal modes of vibration ων which are determined

from the diagnalization of the dynamical matrix.

When considering the Helmholtz free energy for the what we called LT-Li4PS4I

and it’s decomposition products, γ-Li3PS4 and LiI, the configurational entropy given

in Eq. [8.3] can be ignored since these materials are fully ordered. In order to calcu-

late the vibrational Helmholtz free energy for these materials, their phonon spectra

was generated using the harmonic approximation. Fig. [8.6] shows the phonon density
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Figure 8.6: Plot of the phonon density of states g(ω) for the LT-Li4PS4I using the
harmonic phonon approximation at the optimize lattice parameters.

of states for the LT-Li4PS4I. As shown in Fig. [8.6], the normal modes of vibrations

for the LT-Li4PS4I are all real corresponding to the real forces acting on the atoms,

which ensure that the LT-Li4PS4I is a real structure from a dynamical prospective

and not just an error of the calculations.

The calculated Helmholtz free energy per formula unit for the LT-Li4PS4I and the

sum of it is decomposition products, the γ-Li3PS4 and LiI, over a temperature range

form 0 K to 800 K is shown in Fig. [8.7]. The figure shows that the free energy for

the LT-Li4PS4I remains greater than the free energy for the decomposition products,

it only becomes lower than the free energy of the decomposition products at high

temperature near 800 K. The difference in free energy between the LT-Li4PS4I and

the free energy of the decomposition products near room temperature is about 0.1

(eV/formula unit), which is lower than the static lattice difference 0.22 eV shown in

Table. [8.4] due to the vibrational contribution to the free energy. This suggests that
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Figure 8.7: Comparison of the Helmholtz free energies per formula unit as a function
of temperature for LT-Li4PS4I (black line) and the sum of contributions of γ-Li3PS4

and LiI (red line).

LT-Li4PS4I is meta-stable with respect to decomposition into γ-Li3PS4 and LiI in this

temperature range.

8.4 Models of the disordered phase

The second task of the simulations is to analyse the high temperature structure of

Li4PS4I, HT-Li4PS4I, which was observed experimentally to have a tetragonal crystal

structure with disorder (fractional occupancy) on the Li sites. In order to do so, we

have implemented to following strategy:

(1) The experimental lattice constants shown in Table. [8.3] were scaled by 0.98

to take into account the known LDA underestimation of lattice constants.
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(2) Starting from the scaled lattice constants a 2×2×2 supercell was created for

the tetragonal HT-Li4PS4I. The supercell contains 16 unique a Li sites, 16 unique c

Li sites, 32 unique d Li sites, 64 unique j Li sites, 64 unique i Li sites.

(3) The experimental fractional occupancy for the Li sites was approximated in

this supercell by removing some of the occupied Li sites while ensuring the charge

neutrality of the material. For the a site 7 out of the 16 occupied Li sites were re-

moved which corresponds the fractional occupancy of 0.5625, for the c site 5 out

the 16 occupied Li sites were removed which corresponds the fractional occupancy of

0.6875, for the d site 16 out the 32 occupied Li sites were removed which corresponds

the fractional occupancy of 0.50, for the j site 40 out the 64 occupied Li sites were

removed which corresponds the fractional occupancy of 0.375, for the i site 60 out

the 64 occupied Li sites were removed which corresponds the fractional occupancy of

0.0625.

(4) For each of these sites 5 different configurations were generated by randomly

choosing the atoms to remove for each site, resulting to a total of 55 possible com-

binations of these configurations. Finally, we have randomly selected 100 structures

out of the 55 possible combinations.

(5) We relaxed the atomic positions in these 100 structures at fixed lattice con-

stants. The reason we chose to fix the lattice constants is that each of these structures

experience different stress due to the different arrangement in the Li sites, which will

lead to a different shape of unit cell, and from our experience the final shape for

most structures will no longer remain tetragonal and therefore it will represent the

HT-Li4PS4I.
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Figure 8.8: The energy per formula unit for a 100 disordered structures of Li4PS4I
with a SOF similar to experiment. A 9995 eV was added to the energies of these
structures.

The relaxed static lattice energies of these 100 disordered structures are shown

in Fig. [8.8], and the energies distribution is shown in Fig. [8.9]. The energies shown

in Fig. [8.8] shows that several disordered structures have a comparable and even

lower energies relative to the LT-Li4PS4I. In particular, structure # 36 was found to

have the lowest energy among the configurations and its energy is 0.03 eV/formula

lower than the LT-Li4PS4I, structures # 68 and # 59 were found to have an energy

lower than the LT-Li4PS4I by 0.003 eV/formula, structure # 33 was found to have a

similar energy to the LT-Li4PS4I. The presence of several disordered configurations

with energies lower than our optimized LT-Li4PS4I, shown in Fig. [8.3], suggest that

this structure is just one of many meta-stable structures and it does not represent a

fully ordered low temperature phase of Li4PS4I.
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Figure 8.9: A histogram for the energy per formula unit of the generated 100
disordered structures of Li4PS4I.
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We have also calculated the Helmholtz free energy for 100 disordered configura-

tions of Li4PS4I, with the static lattice energy and energy distribution shown in Fig.

[8.8] and Fig. [8.9] respectively, and it is decomposition products, the γ-Li3PS4 and

LiI. For these configurations, we approximated Fvib(T ) in Eq. [8.3] from the result of

LT-Li4PS4I. The configurational entropy in Eq. [8.3] was calculated considering the

experimental SOF, the total number of configurations of the atoms in the crystal in

Eq. [8.3] was calculated, as follows:

Ω = Ωa × Ωc × Ωd × Ωj × Ωi (8.6)

Where Ωa, Ωc, Ωd, Ωj, Ωi are the the number of possible configurations for the a,

c, d, j, i respectively. Which were calculated in the 2×2×2 supercell of the disordered

model, as follows:

Ωx =

 nx

Nx

 (8.7)

where Ωx is the number of configurations for site x, Nx the total number of

available x sites and nx is the number of occupied x sites. As described in our strategy

for modeling the disordered structure, Nx = 16, 16, 32, 64, 64 for the a, c, d, j, i

respectively and nx = 9, 11, 16, 24, 4 for the a, c, d, j, i.

Since most of the disordered structures falls in the energy [-4.7 – -4.6] eV/formula

unit, as shown in Fig. [8.9]. The static lattice energy was approximated by taking the

average of the energies of the 100 disordered structures shown in Fig. [8.8]. The cal-

culated Helmholtz free energy per formula unit for the 100 disordered configurations

of Li4PS4I and the sum of it is decomposition products, the γ-Li3PS4 and LiI, over

a temperature range form 0 K to 800 K is shown in Fig. [8.10]. The Figure shows

that the free energy for the disordered Li4PS4I equals the free energy for the decom-

position products at 350 K and it becomes even lower than the free energy beyond

123



Figure 8.10: Comparison of the Helmholtz free energies per formula unit as a func-
tion of temperature for the 100 disordered structures of Li4PS4I and the sum of
contributions of γ-Li3PS4 and LiI

this temperature. Which suggest that the disordered Li4PS4I is stable even at low

temperature.

Our structural and stability analysis of Li4PS4I, has so far failed to find a stable

ordered ground state structure, but has shown that configurational entropy is likely

to play an important role in stabilizing the disordered phase of the material at room

temperature.
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8.5 Li4PS4I Interface with metallic Li

The third task of the simulations, is to investigate the stability of the material with

metallic Li. Several surfaces of Li4PS4I modeled by the Pnm21 structure were inves-

tigated for their interface with metallic Li, including the (100) surface, (001) surface,

and the (110) surface. The (100) and (001) surfaces have equal numbers of LiI groups

within their model supercells. The (110) surface is more interesting since it has more

LiI groups at its surface and therefore its study helps to analyze the effect of LiI on

the stability of this material. Interfaces of these three surfaces with metallic Li were

investigated. In each case, the supercell contained 5 layers of Li4PS4I and several lay-

ers of metallic Li. In order to obtain a qualitative measure of the interface stability,

the partial densities of states were calculated for each of these interfaces, distinguising

the contributions from the bulk of the material, for the interface, and for the metallic

Li layers. The interfaces simulations and the partial density of states analysis shows a

reactivity of this material with metallic Li, as we observe S-P bonds breaking at the

interface, and a Li2S layer forming at the interface However, the reactivity is limited

to the atoms at the interface since the bulk of the material is relatively unchanged by

the metallic Li layers. One interesting observation is that the (110) surface has fewer

bonds breaking than (100) and (001) surfaces due to the presence of extra LiI at this

surface. The interface simulations show that this material is reactive with metallic Li.

However, we believe it is less reactive than it’s analogue Li3PS4. We observe fewer P-S

bonds breaking for Li4PS4I/Li than for Li3PS4/Li, which suggests that LiI increases

the stability of this material with metallic Li.
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8.6 Molecular Dynamics simulation of Li4PS4I

Molecular dynamics simulation were perform for several ordered and disordered struc-

ture models of Li4PS4I. The MD simulations were performed with the microcanonical

ensemble (NVE) using temperatures between 300 K to 800 K. The total time of the

simulation was about (13-18) ps, and time step (dt) used in the simulation is 2 fs.

The site occupancy factor (SOF) was calculated over time and the temperatures of

the MD simulation, the SOF analysis shows that all the atoms in the structure have

fractional occupancy with (SOF < 1) and to be consistent with the experimentally

reported SOF. In order to understand the Li migration of the atoms in this material,

the Li mobility was visualized with a ball and stick model of the crystal with super-

posed Li positions at 136 time steps at intervals of 0.05 ps at 600 K temperature.

The visualization shows a three dimensional migration pathways along the x,y and

z directions for the Li ion in the crystal. In order to analyse the probability of these

pathways, we have separated the mean square displacement of the Li to x,y and z

components over the time of the simulation, the x and y components was found to be

equal and the z-component was found to be much larger than the x and y components,

which indicates that the z-axis is a more favorable path for Li diffusion. The diffusion

coefficient was calculated from the mean square displacement of the Li atoms over the

temperature of the MD simulations, and the activation energy was calculated from

the diffusion coefficient. The calculated activation energy was found to be much lower

than the experimentally measured value which indicates that Li4PS4I might be a true

superionic conductor with higher conductivity than the experimental measurement.
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Chapter 9

Topological Doping Effects in 2D

Chalcogenide Thermoelectrics

9.1 Abstract

Two-dimensional, topological systems as seen in numerous chalcogenides, can present

novel opportunities in heterogeneous conduction that are just beginning to be un-

locked. In this work, a phase coherent, metal dopant is added to reactive edges of

the low-dimensional Bi2Te3 system. This results in an atomic heterojunction inter-

face and a facile charge exchange in a region of the platelet that is proximal to its

known topological states. Temperature dependent conductivity suggests that local

band bending across the interface acts as a pre-energy filter for carrier injection.

As a result, an evident decoupling between the electrical conductivity and Seebeck

coefficient is observed, leading to surprisingly high power factors (PF). Specifically,

a fivefold/eightfold increase in thermoelectric PF is seen over pure Bi2Te3 platelets

with the addition of Ag/Cu respectively, with the correlate being the barrier height

at the platelets edge. First-principles calculations show that the electronics of the

semiconductor-metal interfaces are quite different for edge and facial configurations,
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suggesting that the site of metal dopant plays an important role in the enhanced

thermoelectric performance.

9.2 Calculational Methods

The computational methods used in this work are based on density functional theory

(DFT) ,implemented by the projected augmented wave (PAW) projector functions

were generated by the ATOMPAW formalism. The PAW basis and code and used in

QUANTUM ESPRESSO package. Visualizations of the crystal structures were con-

structed using the XCrySDEN, VESTA software packages.

The exchange correlation function is approximated using the local-density approx-

imation (LDA). The choice of LDA functional was made based on previous investiga-

tions of similar materials which showed that the simulations are in good agreement

with experiment, especially the fractional lattice parameters, the vibrational frequen-

cies, and heats of formation. The simulated magnitudes of the lattice parameters,

when systematically scaled by a factor of 1.03, are also in good agreement with ex-

periment.

The partial densities of states (PDOS) were calculated as described in previous

work, 14, 16 using weighting factors based on the charge within the augmentation

spheres of each atom with radii rcBi = 2.9, rcTe = 2.4, and rcAg = 2.5 in bohr units.

The reported partial densities of states curves Na(E) were averaged over the atomic

sites of each type a. The calculations were well converged with plane wave expansions

of the wave function including |k + G|2 ≤ 64 bohr−2. The Brillouin zone integrals

were evaluated by using uniform sampling volumes of 0.001 bohr−3 or smaller.
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9.3 My Contribution

This experimental part of this work was mainly done by Dr. Chaochao Dun and I

did the theoretical work. This work was accepted for publication, the full text of

the paper can be found in the link (http://iopscience.iop.org/article/10.1088/2053-

1583/aad01c). Dr. Dun asked me to contribute to this work by performing first-

principles simulation of the Bi2Te3 semiconductor with Ag metal. I performed all the

first-principles interface simulations between the Bi2Te3 and Ag metal, in order to

explore the diference between the edge and facial configurations in the semiconductor-

metal interface.

First-principles calculations based on Density Functional Theory (DFT) were per-

formed to better understand the geometry of Bi2Te3 and Ag interface. Several con-

figurations including lateral and facial metal-semiconductor heterojunctions were in-

vestigated (Fig. [9.2]), corresponding to (111) surface of face centered cubic (fcc)

Ag combined with facial (0001) and lateral (1230) surfaces of Bi2Te3. Different Ag

to Bi2Te3 ratios were also considered. The configuration given in Fig. [9.1(a)] has

a stoichiometry of Ag27(Bi2Te3 )8 with a lateral Ag (111)/ Bi2Te3 (1230) interface.

The corresponding partial density of states (PDOS) plots are given in Fig. [9.1(b)],

together with bulk fcc Ag, Ag2Te (monoclinic) and Bi2Te3. Details of the computa-

tional methods are described in the supplementary information documents, including

the calculated lattice constant.

First of all, first-principles simulations based on our model found a metal-stable

structure. PDOS of the interior region of the heterojunction resembles that of pure

Bi2Te3. Theoretically, we expected an unaffected PDOS in the interior region com-

pared with that of bulk Bi2Te3. However, in the supercell, there is a minimum in

the densities in the energy range of the band gap due to the finite size effects of
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the model, especially the thin layer of Bi2Te3. Secondly, the PDOS of the interface

region of Ag27 (Bi2Te3 )8 resembles that of pure Ag2Te, indicating the charge transfer

between Ag and Te in this region. This agrees well with experimental results that

show the formation of a slight Ag2Te layer between Ag and Bi2Te3 from HRTEM and

XRD studies, and is consistent with the increased electrical conductivity. Due to the

processing procedures we used, Bi sites near Ag included in the present model are

not present in the experiment. Consequently, the PDOS contributions of Bi in the

interface region may not be realistic.

Figure 9.1: (a) Structural diagram of supercell for the lateral Ag (111)/Bi2Te3

(1230) interface after relaxation, with Ag, Te and Bi atoms represent by silver, green
and purple balls, respectively. (b) The corresponding PDOS plots based on the first
principle calculations of the interface and interior region of Ag/Bi2Te3 , bulk Ag,
Ag2Te and Bi2Te3. The zero of energy in the plot indicates the Fermi level.
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Figure 9.2: PDOS plots based on the first-principles calculations of Ag/Bi2Te3 inter-
faces, with different number of Ag atoms. Both (111)/ (1230) lateral and (111)/(0001)
facial interfaces are shown, together with bulk PDOS of Ag, Ag2Te and Bi2Te3. The
zero of energy in the plot indicates the Fermi level.
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Chapter 10

Summary and Conclusions

In this thesis, we have given an overview about the importance of rechargeable batter-

ies in resolving the energy problem in the modern world. We have explained in detail

the basics operations of batteries and why Li-ion batteries are the most popular for

most applications. We gave a detail overview about the operation and the compo-

nents of Li-ion batteries and we have explained the problems facing the development

of these batteries, in term of the instability of liquid electrolyte materials. We have

explained how inorganic solid electrolyte materials can solve the instability issues of

liquid electrolyte materials, and the need of improvement of the Li ionic conductiv-

ity of these electrolytes in order to serve as good alternatives to liquid electrolytes.

We gave an overview about a recently developed inorganic solid electrolytes with

promising ionic conductivity and we motivated the usage of computational research

to improve these electrolytes. We have introduced first-principles (ab initio) methods

as a powerful computational tool in understanding materials properties. We have ex-

plained the details of these methods and we have explained how these methods can

be used to model materials properties.

We have successfully applied first principles (ab initio) methods, to understand
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the structure, Li ion migration, and the stability of recently developed promising inor-

ganic solid electrolyte materials. The structure and the Li ion migration of the alloys

system [44], Li3+xAs1−xGexS4, was studied using first-principles methods. The struc-

ture of the pure Li3AsS4 was found to be characterized by the Pmn21 space group.

We are very confident of this structure based on the simulated heat of formation

and X-ray diffraction patterns. Based on a modification of the Li3AsS4, two plausible

structures of the x = 1/3 alloy and the x = 1/4 alloy were simulated. The diffusion

mechanisms in the Pmn21 structure of the Li3AsS4 and the alloys, was found to be

dominated by the interstitial mechanism along the c axis and the kick-out mechanism

along the b axis. Our analysis finds that the effect of Ge in enhancing the conduc-

tivity of alloy systems, is to lower the formation energy and to adjust position of

interstitials to lower the migration energy of the pure Li3AsS4.

The Li4SnS4, which was reported by MacNeil [50] and the Kaib [53] groups was in-

vestigated along with it’s Se analogue. The MacNeil structure was identified to be the

ground state structure, Li4SnS0
4 and Li4SnSe0

4, and the Kaib structure was identified

to be the metastable state structure, Li4SnS∗4 and Li4SnSe∗4. The Li ion migration was

studied for the structures using the NEB method and molecular dynamics, the NEB

analysis found the dominant diffusion mechanism to be the interstitialcy mechanism

along the b and c axes. For this mechanism the lowest migration energy was found to

be 0.2 eV for the Li4SnS0
4 and Li4SnSe0

4 and was found to have a much lower value of

0.07 eV in Li4SnS∗4 and Li4SnSe∗4 indicating better conduction properties. The forma-

tion energy for vacancy-interstitial pairs was found to be much lower in meta-stable

state structures than the ground state structure indicating a disordered nature of the

meta-stable state structures. MD simulations show a 3 dimensional migration path-

ways in these materials. They also show that the meta-stable state structures tend to

be disordered at low temperature while the ground state structures remains ordered,
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which is consistent with experimental observations. The MD simulation shows that

the meta-stable state structures have higher Li ion conductivity than the ground state

structures which is consistent with the NEB results.

First principles simulations were used to investigate the electrolyte properties

of two recently reported nitrogen rich crystalline LiPON electrolyte materials, the

Li14P2O3N6 [54] and Li7PN4 [55, 56]. The simulation results were compared to the

analogous electrolyte γ-Li3PO4 in order to explore the effect of N on the stability

and the conductivity of the materials. The simulations suggest that these materials

are very promising solid electrolytes due to their ideal interface with metallic Li and

their promising activation energy. One interesting result of the simulations is that the

dominant diffusion mechanism for the nitrogen rich materials was found to be the

vacancy mechanism in comparison to the interstitialcy mechanism in the oxygen rich

γ-Li3PO4.
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Appendix A

Computational Study of Li Ion

Electrolytes Composed of Li3AsS4

Alloyed with Li4GeS4

Reproduced from the Journal of Electrochemical Society, volume 163, issue 9, pages

A2079–A2088, 2016. With a permission from Elsevier.
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The development of stable solid electrolytes with high ionic con-
ductivity provides a challenge for basic materials research1 which has
been identified as a key to improved battery technologies.2 Recent
experimental studies by Sahu et al.3 explored new electrolyte com-
positions for Li ion electrolytes and found promising results based
on alloys of Li3AsS4 and Li4GeS4. Significantly higher ionic con-
ductivity was found for the alloys Li3+x As1−x Gex S4 with composi-
tions 0 < x < 0.5, compared with the pure materials, especially for
x = 1/3. In order to understand the reported experimental results
in terms of the stability and ion conduction mechanisms in this sys-
tem, we have computationally examined this alloy system using first
principles methods.

The notion of improving ionic conductivity by preparing solid
solutions of two compatible ionic crystalline materials has been dis-
cussed several times in the literature. For example, in a 1977 publi-
cation, Hu et al.4 studied a series of compounds with compositions
Li3+x P1−x Six O4, finding the highest conductivities for x ≈ 0.5. This
system has been further examined by several other researchers, includ-
ing a recent combined experimental and simulation study by Deng
et al.5 who analyzed the detailed structures of the solid solutions in
addition to the ionic conductivity from impedance and nuclear mag-
netic resonance measurements. For this system, in the composition
range 0 ≤ x � 0.5, the compounds are derived from the structure
of γ-Li3PO4, having the space group Pnma (No. 62 as listed in the
International Table of Crystallography6), with Si substituting for P.
The simulation studies of this work suggest that the dominant Li
ion migration mechanism for this system involves the correlated mo-
tions of interstitial and lattice Li ions in “interstitialcy” or “kick-out”
processes.

Another related alloy system was recently investigated by Hori
et al.7 who determined the phase diagram of Li3+x P1−x Gex S4. These
authors find that for very small values of x (0 ≤ x ≤ 0.02), the system
takes the Pmn21 (No. 31) structure of γ-Li3PS4, but for 0.02 ≤ x <
0.2 the system takes the Pnma (No. 62) structure of β-Li3PS4. The
alloy system having the β-Li3PS4 structure was found to have a room
temperature ion conductivity of 10−3 S/cm for x = 0.2.8 For larger
values of x the system includes the so-called superionic conducting
phase9 for x = 1/3 which is usually written as Li10GeP2S12 (LGPS).
The LGPS structure is found for values of 0.2 < x < 0.6, while
for x > 0.6 the system takes the Pnma structure of Li4GeS4. From
the temperature dependence of the phase diagram, the authors argue
that these structures are stabilized by entropy which is effected by the
distribution of differently sized building blocks of PS4 and GeS4 ions.
The LGPS system has been shown9,10 to have a room temperature Li
ion conductivity of 10−2 S/cm.

∗Electrochemical Society Member.
zE-mail: natalie@wfu.edu

The importance of the lattice structure in determining the ionic con-
ductivity of these electrolytes was recently shown by Liu et al.11 who
developed a novel preparation method which stabilizes the β-Li3PS4

structure at room temperature and increases the ionic conductivity by a
factor of 100 to 10−4 S/cm. Other preparation methods have found8,12

that pure β-Li3PS4 is not stable at room temperature, but its high
temperature Li ion conductivity extrapolated to room temperature is
approximately 10−6 S/cm.

For the Li3+x As1−x Gex S4 alloy system studied by Sahu et al.,3

which is the subject the present computational study, the X-ray exper-
imental results suggest that the structure remains that of the Li3AsS4

lattice throughout the composition range 0 ≤ x ≤ 0.5. While a more
detailed analysis of the X-ray patterns may reveal some structural vari-
ations, we based our simulations on the assumption that Ge substitutes
for As in the Li3AsS4 structure. The first task of the simulations is to
determine the Li3AsS4 structure itself. Secondly, the likely Ge substi-
tutions and their corresponding placements of the extra Li sites must
be determined. Once plausible structures for the alloy are determined,
the ion migration mechanisms can be investigated for each structure.

Computational Methods

The computational methods used in this work are based on den-
sity functional theory (DFT),13,14 using the projected augmented
wave (PAW)15 formalism. The PAW basis and projector functions
were generated by the ATOMPAW16 code and used in QUANTUM
ESPRESSO17 package. Visualizations were constructed using the
XCrySDEN,18,19 VESTA20 software packages.

The exchange correlation function is approximated using the
local-density approximation (LDA).21 The choice of LDA functional
was made based on previous investigations22–30 of similar materials
which showed that provided that the lattice constants are scaled by a
correction factor or 1.02, the simulations are in good agreement with
experiment, especially lattice vibrational frequencies and heats of
formation.

In this work, the heat of formation �H f reported here is deter-
mined at 0 degrees K as estimated from the total electronic energy of
the material per formula unit minus the energies of the elemental con-
stituents in their standard states as defined by the CRC Handbook.31

For example, the heat of formation for the alloy can be approximated
from the zero temperature total energy results according to

�H f = E[Li3+x As1−x Gex S4] − (3 + x)Estd(Li)

−(1 − x)Estd[As] − x Estd[Ge] − 4Estd[S], [1]

where Estd corresponds to the total energies of Li in the bcc structure,
As in the R3̄m structure, Ge in the diamond structure, and S in the
Fddd (α − S8) structure, respectively. Also of interest is the decom-
position energy (�HD) for an alloy which can also be estimated from
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the zero temperature total energy results according to:

�HD = E[Li3+x As1−x Gex S4]

−(1 − x)E[Li3AsS4] − x E[Li4GeS4]. [2]

With this sign convention, a negative value for �HD implies that the
alloy is stable with respect to decomposition into the pure materi-
als. These energy estimates neglect the effects of finite temperature
and pressure which van de Walle and Ceder32 estimate to contribute
10−2 eV/atom at room temperature for most materials.

For analyzing the heats of formation and other perfect crystal
properties, calculations were performed with plane wave expansions
of the wave function including |k + G|2 ≤ 64 bohr−2 and with a
Brillouin-zone sampling grid density of at least 10−3 bohr−3/k point.
The partial densities of states were calculated as described in previous
work,26,29 using weighting factors based on the charge within the
augmentation spheres of each atom with radii rLi

c = 1.6, rAs
c = 2.3,

rGe
c = 2.1, and rS

c = 1.7 in bohr units. The reported partial densities
of states curves 〈N a(E)〉 were averaged over the atomic sites of each
type a.

Li vacancies and interstitials were modeled in supercell containing
16, 16, and 24 formula units for simulating pure Li3AsS4, the alloy
Li13/4 As3/4 Ge1/4S4, and the alloy Li10/3As2/3 Ge1/3 S4, respectively.
For the case of Li10/3As2/3 Ge1/3 S4, the plane wave cut off was
reduced to 49 bohr−2. The estimated error for the relative energies
computed with the reduced plane wave cutoff is less than 0.02 eV.
These supercells were used to estimate the minimum energy path for
Li ion migration using the “nudged elastic band” (NEB) method33–35

as programmed in the QUANTUM ESPRESSO package, using 5
images between each metastable configuration. In modeling charged
defects (Li ion vacancies or interstitials), the system was assumed
to remain electrically insulating and a uniform background charge
was added in order to evaluate the electrostatic interactions. For each
minimum energy path, the migration energy, Em was determined as
the energy difference between the lowest and highest energy of the
path. The “formation energies” E f for producing neutral defects in
the form of vacancy-interstitial pairs were calculated for the same
supercells. These energies are related to the experimentally measured
ionic conductivity through an Arrhenius relationship of the form

σ = A

T
e−E A/kT , [3]

where A denotes a constant, T denotes the temperature in Kelvin, k
denotes the Boltzmann constant, and E A denotes the activation energy
for ion migration. The activation energy is related to the migration and
formation energies according to36

Em + 1
2 E f ≥ E A ≥ Em . [4]

In Eq. 4 the upper limit of E A applies to the “intrinsic” case when ion
migration must be preceded by the creation of a pair of vacancy and
interstitial ions by thermal activation. The lower limit applies to the
“extrinsic” case when a population of vacancy or interstitial ions is
available so that the conduction depends only the thermal activation
due to the migration energy barriers characterized by Em . In principle,
the energy of charged defects should be corrected for finite size errors
by using one of several methods reported in the literature.37,38 This was
not done in the present work, although we expect that the finite size
errors for energy difference such as Em benefit from error cancellation.

Results

Structures of the pure materials.—To the best of our knowledge,
the crystal structure of Li3AsS4 has not been analyzed, although its
X-ray diffraction pattern is reported by Sahu et al.3 It is reasonable
to assume that Li3AsS4 has structural properties similar to those of
Li3PS4, which has been well studied.12,26,39–42 As mentioned in the
introduction, Li3PS4 is known to have the low temperature struc-
ture, γ-Li3PS4, characterized by the space group Pmn21 (No. 31).
At temperatures between 200 and 300 degrees C, a transition to the

Table I. Heats of formation (in eV), as defined in Eq. 1, for Li3AsS4
and Li3PS4 in four different model structures.

Li3AsS4 Li3PS4
Structure �H f (eV) �H f (eV)

γ-Li3PS4 (Pmn21) −7.17 −8.37
γ-Li3PO4 (Pnma) −6.95 −8.18
β-Li3PS4-b (Pnma) −7.00 −8.28
β-Li3PS4-c (Pnma) −7.03 −8.25

β-Li3PS4 structure has been reported,12,41 which is characterized by
the space group Pnma (No. 62) with fractional occupancy of some
of the Li sites. The β-Li3PS4 structure can be stabilized at room tem-
perature and has been shown to have higher Li ion conductivity than
the γ phase.40 In previous work, we simulated the ideal crystalline
structures of four models of Li3PS4 based on the ordered structures
of Pmn21 γ-Li3PS4, Pnma γ-Li3PO4, and two idealizations of dis-
ordered Pnma β-Li3PS4.26 The idealizations of disordered Pnma
β-Li3PS4 were labeled β-Li3PS4-b and β-Li3PS4-c representing mod-
els with 100% occupancy of the Li sites with Wyckoff labels b and
c, respectively. More recently, Ganesh et al.39 have shown that the
disordered β-Li3PS4 structure can be explained by using molecular
dynamics (MD) simulations which show that the 70% occupancy of
the b site and 30% occupancy of the c site correlates with the site
analysis of the time averaged Li MD trajectories.

Table I lists the heats of formation (�H f ) calculated for four
structural models structures of Li3AsS4 and Li3PS4. The heat of of
formation results given in Table I, indicate that the ground state struc-
ture of Li3AsS4 corresponds to the Pmn21 ground state structure of
γ-Li3PS4. The calculated lattice constants are a = 7.65 Å, b = 6.54 Å,
c = 6.14 Å, which agrees well with experiment when scaled by the
1.02 LDA correction factor. A structural diagram of Li3AsS4 in this
structure is shown in Fig. 1. The calculated fractional coordinates are
listed in Table AI in the Appendix.

In order to compare the simulation results with experiment, we
generated the X-ray powder diffraction pattern with the help of the
Mercury43 software package and compared it with the experimental
pattern, obtained by digitizing the published results,3 as shown in
Fig. 2. The simulated powder pattern is seen to be in good agree-
ment with the experimental results. Also included in Fig. 2 is the

Figure 1. Ball and stick diagram of the unit cell of the Pmn21 structure of
Li3AsS4. The Li, As and S sites are displayed with gray, black, and yellow
balls respectively. The labels a and b indicate examples of Li sites with those
Wyckoff labels. Also indicated are the lowest energy interstitial sites for Li
ions, labeled I and II and tinted orange and green respectively.
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Figure 2. Comparison of X-ray powder diffraction patterns from simulations
and experiment. Panel (b) shows the experimental data from Ref. 3, plotted
from a digitized analysis of the published graph. Panels (c) and (a) show
the powder diffraction patterns generated using Mercury43 software from the
simulation results of the Pmn21 γ-Li3PS4 and Pnma β-Li3PS4-c structures,
respectively. For both of the simulations, the 1.02 LDA scaling correction was
applied.

simulated powder pattern for the so-called β-Li3PS4-c model struc-
ture of Li3AsS4, which has less favorable correspondence to the ex-
perimental pattern, consistent with its calculated total energy being
0.14 eV above that of the ground state configuration.

From the simulation results and from the reported X-ray diffraction
experiments on Li3PS4 and its alloys,44 it is reasonable to assume that
the Pmn21 structure forms the basis of the structure throughout the
composition range. That is, unlike Li3PS4, there is no evidence of
multiple structural phases.

In anticipation of the analysis of Li ion migration in this material,
it is useful to study the relative energies of vacancy and interstitial de-
fects. The Pmn21 structure of Li3AsS4 has two geometrically distinct
host lattice sites with Wyckoff labels a and b as indicated in Fig. 1. We
found several metastable interstitial sites in the lattice; the lowest en-
ergy sites are labeled I (having a multiplicity of 2 in the conventional
unit cell) and I I (having a multiplicity of 4). These sites and their
equivalents are shown in Fig. 1. The relative energies of vacancies
in the 16 formula unit supercell are given in Table II. Interestingly,
the relative energies and fractional coordinates of the vacancy and
interstitial sites are calculated to be very similar for Li3AsS4 and its
γ-Li3PS4 analog.

The crystal structure of Li4GeS4, which has been studied by several
groups,45–47 has the Pnma (No. 62) space group. The calculated lattice

Table II. List of relative energies �E (eV) for vacancy (Vac)
and interstitial (Inter) Li sites in Li3AsS4 compared with the
corresponding defects in γ-Li3PS4 calculated for 2×2×2 supercell
models. The zero energies are taken to be the b site for the vacancy
defect and the I site for the interstitial defect. The “Position” entries
indicate the fractional coordinates referenced to the conventional
cell of the perfect lattice.

Li3AsS4 γ-Li3PS4

Type Label Position �E Position �E

Vac a (0.00, 0.85, 0.99) 0.07 (0.00, 0.82, 1.00) 0.05
Vac b (0.24, 0.32, 0.00) 0 (0.24, 0.32, 0.00) 0
Inter I (0.00, 0.49, 0.65) 0 (0.00, 0.48, 0.64) 0
Inter I I (0.23, 0.00, 0.68) 0.09 (0.24, 0.00, 0.66) 0.00

constants are a = 13.83 Å, b = 7.59 Å, and c = 6.00 Å, in good
agreement with the literature results after scaling by 1.02 to correct
for the systematic LDA error. The local configuration of the GeS4

tetrahedra of this structure are very similar to those of AsS4, consistent
with the formation of substitutional alloys.

Structures of the alloys.—In order to perform detailed first princi-
ples simulations of the alloy structures, it is necessary to find plausible
ordered structures within computationally manageable supercells as
described below. We also briefly investigated the question of whether
the material produced in the experiment is likely to be an ordered struc-
ture such as found in our simulations, or more likely to be a disordered
alloy with Ge replacing As randomly. In the X-ray power diffraction
patterns, the ordered structures are characterized by site occupancy
factors of 1, while disordered structures have fractional site occupan-
cies representing incoherent averages of diffractions from all possible
crystal configurations. Using the Mercury software43 to generate sim-
ulated X-ray powder patterns, it is possible to adjust the occupancy
factors to compare the patterns for the ordered structures with those
generated for corresponding structures with random occupation of the
Ge and As sites. The simulations show small differences in the X-ray
patterns. While it is possible that future experiments could detect such
differences, the reported experimental powder patterns3 are in good
agreement with the generated X-ray powder patterns of the ordered
structures and nearly equally good agreement with the corresponding
patterns generated for the disordered structures. This suggests that the
structures discussed below are very plausible models, but not the only
possibilities.

The search for optimal alloy structures was based on supercells of
the Li3AsS4 structure; four and six formula unit supercells were used
for the x = 1/4 and x = 1/3 alloys respectively. For each supercell, all
unique configurations of Ge substitutions were considered. For each
Ge substitution an additional Li was added at a grid of likely positions.
QUANTUM ESPRESSO17 was used to optimize the structures of each
of the initial configurations. For each alloy concentration considered,
the optimized alloy model was found to have the lowest energy of the
configurations considered by 0.2–0.3 eV.

In order to check for additional alloy models, we also sampled a
few configurations from larger supercells with the help of symmetry
analysis available from Site Occupancy Disorder (SOD) program of
Grau-Crespo et al.48 Although we failed to find alloy structures with
lower energy, it is possible that a more exhaustive search may reveal
additional possibilities. On the other hand, the alloy models that we
did find, appear to make optimal use of the original Li3AsS4 structure
and its low energy interstitial sites, as explained in more detail below.

3/4 Li3AsS4 + 1/4 Li4GeS4.—One of the alloys studied by Sahu
et al.3 is composed of Li3AsS4 and Li4GeS4 in the ratio 3:1, forming
the compound Li13/4As3/4Ge1/4S4. The optimal model structure for
this alloy is shown in Fig. 3a. It can be described in terms of a 2 × 1 ×
1 supercell of the Pmn21 structure of Li3AsS4, with Ge substituting
for As in the x = 0 plane and the associated extra Li located close
by as indicated with the symbol “x” in the figure. The x site Li of the
alloy occupies a position close to interstitial site of type “I ” of the
original Li3AsS4 lattice. This structure is 0.15 eV lower in energy than
the other configurations we investigated for this alloy. The optimized
lattice constants of this structure are a = 15.20 Å, b = 6.60 Å, and
c = 6.13 Å, corresponding to a very slight contraction of the Li3AsS4

host lattice along the a axis. The structure shown in Fig. 3a has the
space group Pm (No. 6). The fractional coordinates of the unique
atoms are listed in the Appendix in Table AII.

In anticipation of the analysis of Li ion migration in this mate-
rial, we studied the relative energies of vacancy and interstitial de-
fects. The Pm structure of the 1/4 alloy has 8 distinct Li sites and 6
distinct interstitial sites as shown in Fig. 3a. The corresponding rela-
tive vacancy and interstitial energies are listed in Table III. From the
simulations based on 16 formula unit supercells, the x site Li ion has
the lowest vacancy energy, defined as �E = 0. The nearest neighbor
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Figure 3. Ball and stick model of the optimized structures of the Li3+x As1−x Gex S4 alloys considered in this study. The Li, As, Ge, and S atomic sites are shown
in gray, black, dark red, and yellow respectively. The labels ai and bi for i = 1, 2, ... represent Li sites corresponding the the a and b Wyckoff labels of pure
Li3AsS4, which are now modified in these alloys. The label x references the additional Li site introduced by the presence of Ge. Also shown are the low energy
interstitial sites for Li ions. (a) Shows the alloy x = 1/4 with interstitial sites indicated with green, pink, purple, blue, orange, and orange tint corresponding
to the unique labels, J , L , M , N , K , and K ′, respectively. (b) Shows the alloy x = 1/3 with interstitial sites indicated with green, pink, blue, and orange tint
corresponding to the unique labels A, B, C , and K , respectively.

Li vacancy sites, a1, b1, and b2, are all unstable relative to the x site
vacancy. These are listed in Table III with �E = 0 because their
relaxed configuration is that of x site vacancy. The vacancy energies
for Li ions further from the Ge site are more than 0.5 eV higher in
energy. Accordingly, we expect that the population of vacancies on
the a2, a3, b3, and b4 sites to be substantial lower than the population
of vacancies on the x sites. However, entropy effects32 which reduce
the free energies, increase the probability of forming these vacancies.

The interstitial energies of sites K and K ′, both corresponding to
the type I interstitial of the pure Li3AsS4 lattice, are 0.06 eV higher
in energy than the lowest energy J interstitial site, which is defined
as �E = 0. The four unique interstitial sites J , L , M , and N all
correspond to the the type I I interstitials in pure Li3AsS4. The lowest
energy J site is closest to the plane containing the substitutional Ge
atoms, although because of its c axis placement, the interstitial L site
interstitial is closer to its nearest Ge site, as noted in Table III.

2/3 Li3AsS4 + 1/3 Li4GeS4.—Another alloy studied by Sahu
et al.,3 is composed of Li3AsS4 and Li4GeS4 in the ratio 2:1, form-
ing the compound Li10/3As2/3Ge1/3S4. The optimal model structure

Table III. List of relative energies �E (eV) for vacancy (Vac) and
interstitial (Inter) Li sites in Li13/4 As3/4 Ge1/4S4 based on 16
formula unit simulations. For each defect site, the column labeled
“Ref” lists the equivalent site in the pure Li3AsS4 structure. The
column labeled “Proximity” indicates the distance of the defect to
the nearest Ge ( in Å). For the vacancy sites, the ‘*’ indicates that
the vacancy is unstable with respect to neighboring x site vacancy
(defined as the 0 energy). For the interstitial sites, the lowest energy
interstitial energy ( J) was defined as zero.

Type Label Ref Proximity (Å) �E (eV)

Vac a1* a 3.6 0.00
Vac b1* b 3.7 0.00
Vac a2 a 3.8 0.65
Vac b2* b 3.8 0.01
Vac a3 a 8.5 0.61
Vac b3 b 6.5 0.56
Vac b4 b 6.6 0.54
Vac x I 3.0 0.00
Int K I 4.3 0.06
Int K ′ I 8.8 0.06
Int J I I 2.9 0.00
Int L I I 2.6 0.07
Int M I I 5.8 0.12
Int N I I 7.2 0.13

for this alloy is shown in Fig. 3b. It can be described in terms of a
3 × 1 × 1 supercell of pure Li3AsS4, with Ge substituting for As in
planes perpendicular to the a-axis at the fractional coordinates x = 0
and x = 1/2. The associated 2 extra Li sites are located close by as
indicated with the symbols x in the figure. The x site Li’s of the alloy
occupy positions close to interstitial site of type “I ” of the original
Li3AsS4 lattice. This structure is 0.27 eV lower in energy than all the
other configurations we investigated for this alloy. The lattice con-
stants of this optimized structure are a = 22.77 Å, b = 6.60 Å, and
c = 6.14 Å, corresponding to a slight contraction of the Li3AsS4 lat-
tice along the a axis. This structure of the Li10/3As2/3Ge1/3S4 alloy
has the space group Pmn21 (No. 31), as does the optimal structure
of the Li3AsS4 host lattice. The fractional coordinates of the unique
atoms are listed in the Appendix in Table AIII.

In anticipation of the analysis of Li ion migration in this material,
we studied the relative energies of vacancy and interstitial defects.
The Pmn21 structure of the 1/3 alloy has 6 distinct Li sites and
4 distinct interstitial sites as shown in Fig. 3b. The corresponding
relative vacancy and interstitial energies are listed in Table IV. From
the simulations based on 24 formula unit supercells, the x site Li ion
has the lowest vacancy energy, defined as �E = 0. As in the case
of the 1/4 alloy, the nearest neighbor Li vacancy sites, a1, b1, and
b2, are all unstable relative to the x site vacancy. Vacancies at sites
further from the Ge substitutions, a2 and b3 are approximately 0.5 eV

Table IV. List of relative energies �E (eV) for vacancy (Vac)
and interstitial (Inter) Li sites in Li10/3 As2/3 Ge1/3S4 based on
24 formula unit simulations. For each defect, the column labeled
“Ref” lists the equivalent site in the pure Li3AsS4 structure. The
column labeled “Proximity” indicates the distance of the defect to
the closest Ge (in Å). For the vacancy sites, the ‘*’ indicates that
the vacancy is unstable with respect to neighboring x site vacancy
(defined as the 0 energy). For the interstitial sites, the lowest energy
interstitial energy (B) was defined as zero.

Type Label Ref Proximity (Å) �E (eV)

Vac a1* a 3.6 0.00
Vac b1* b 3.7 0.00
Vac a2 a 3.8 0.59
Vac b2* b 3.8 0.00
Vac b3 b 6.5 0.49
Vac x I 3.0 0.00
Int K I 4.3 0.07
Int A I I 2.6 0.05
Int B I I 2.9 0.00
Int C I I 6.0 0.14
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Figure 4. Partial densities of states plots for the pure materials Li4GeS4
and Li3AsS4 in their ground state structures and for the two alloys
Li3+x As1−x Gex S4 with x = 1/4 and x = 1/3, in their optimized structures.

Table V. Heats of formation (�H f ) and of decomposition (�HD)
(in eV/formula unit) for pure and alloy materials.

�H f �HD

Li3AsS4 −7.17
Li4GeS4 −10.18
Li13/4As3/4Ge1/4S4 −7.86 0.06
Li10/3As2/3Ge1/3S4 −8.09 0.06

or higher in energy. As in the case of the 1/4 alloy, we expect that
entropy effects will enable the population of vacancies on these to be
non negligible. The interstitial sites have relative energies similar to
those of the 1/4 alloy. In this case, the lowest energy site is labeled
B, defined as �E = 0, and has the smallest distance from the plane
containing the Ge substitutions.

Densities of states and heats of formation.—The partial density
of states analysis provides qualitative information about the atomic
contributions to the occupied and unoccupied states of the materials.
Fig. 4 shows the results for the materials in this study. It is interesting
that the two alloys with x = 1/4 and x = 1/3 show nearly identical
densities of states. The valence band of these materials is primarily
composed of the S 3p states, while the conduction bands are composed

of unoccupied As and Ge states, hybridized with S. In general the states
associated with Ge lie above their corresponding As counter parts; the
bandgap of the alloy is expected to be similar to that of Li3AsS4.

A more quantitative measure of density functional results is the
heats of formation (�H f ) of the materials referenced to the elemental
materials in their standard states determined from the total energies of
the systems as described by Eq. 1. Also of interest is the decomposition
energies (�HD) for the alloys which can also be estimated from the
zero temperature total energy results according to Eq. 2. Both of these
energies are listed in Table V. The results show that that Li4GeS4 has
the largest magnitude of �H f of the materials studied. Small positive
values of �HD having the order of magnitude of the expected finite
temperature and pressure corrections,32 suggest that at equilibrium
the alloys are marginally stable with respect to decomposition into the
pure materials.

Ion migration mechanisms.—Using the NEB technique described
in the Computational methods section, we examined several possible
Li ion migration processes in Li3AsS4 and in the Li3+x As1−x Gex S4

alloys. The results are summarized in Table VI and the details are
described below.

Ion Migration in pure Li3AsS4.—For defect-free crystalline mate-
rials, the energy to form an interstitial vacancy pair, E f contributes to
the activation energy for conductivity as described in Eq. 4. For pure
Li3AsS4, we found the lowest formation energy for an interstitial-
vacancy pair to be E f = 0.86 eV corresponding to a type I inter-
stitial site and a nearby b vacancy site. The formation energy for a
type I I interstitial and nearby b vacancy is very similar. The cor-
responding interstitial-vacancy pair formation energy in γ-Li3PS4 is
E f = 0.81 eV due to a type I I interstitial site being occupied by a
nearby b vacancy site.26

Several Li ion vacancy migration paths in Li3AsS4 were investi-
gated according to the diagram shown in Fig. 5a with the resulting
NEB energies shown in Fig. 5b. For comparison, the corresponding
NEB energies for γ-Li3PS4 are also shown in Fig. 5b. For these paths,
the energies for Li vacancy migration in Li3AsS4 are considerably
higher than that of the thiophosphate. The migration energies Em are
determined as the maximum energy difference along the path which
is Em = 0.4 eV for Li3AsS4 and Em = 0.3 eV for γ-Li3PS4.

Because of the relatively large value of Em for pure Li ion va-
cancy migration in Li3AsS4, we were motivated to investigate other
diffusion mechanisms such as ion migration involving interstitial Li
ion sites. Three different such paths were found as shown in Fig. 6.
Two paths with net motion along the b axis are shown in Fig. 6a. The
path indicated by red arrows I I1 → I1 → I I4 corresponds to pure
interstitial migration. The path indicated by black arrows involves
a kick-out process of the I I1 interstitial ion displacing an “a” host
lattice ion into the I1 interstitial position. Subsequently, the I1 inter-
stitial Li ion displaces the “b” host lattice ion into the I I4 interstitial
position. The third path, with net motion along the c axis, is shown

Table VI. Summary of calculated optimal Li ion migration energies Em and interstitial-vacancy pair formation energies E f , compared with
experimental activation energies EA quoted or analyzed from Ref. 12 for γ-Li3PS4 and from Ref. 3 for Li3+xAs1−xGexS4. All energies are in eV
units.

Simulation Experiment

Material Migration Path Em E f Em + 1
2 E f E A

γ-Li3PS4 Vacancy along a axis 0.3 0.8 0.7 0.5
Li3AsS4 Vacancy along a or c axes 0.4 0.9 0.8 0.4
Li3AsS4 Interstitial along c axis 0.3 0.9 0.7 0.4
Li3AsS4 Interstitial along b axis 0.5 0.9 0.9 0.4
Li3AsS4 Kick-out along b axis 0.3 0.9 0.8 0.4
Li13/4 As3/4 Ge1/4S4 Kick-out along b axis 0.3 0.3 0.4 0.3
Li13/4 As3/4 Ge1/4S4 Interstitial along c axis 0.3 0.3 0.4 0.3
Li10/3As2/3Ge1/3S4 Kick-out along b axis 0.2 0.3 0.4 0.2
Li10/3As2/3Ge1/3S4 Interstitial along c axis 0.2 0.3 0.3 0.2
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Figure 5. (a) Ball and stick model of Li3AsS4 indicating Li ion vacancy
migration pathways. (b) Corresponding minimum energy paths for Li ion
vacancy migration along the a and c axes. In addition to the results for Li3AsS4,
the corresponding NEB migration energies are also given for γ-Li3PS4 as
indicated with purple symbols and lines.

in Fig. 6b. This is a purely interstitial migration between neighboring
I I type interstitials between sites I I1 → I I2 → I I3. For this path,
the NEB analysis shows a correlated motion of the host lattice Li ion
at the neighboring “a” site was found in partial kick-out like pro-
cess. While this correlated motion contributes to the energetics of the
process, it does not seem to directly contribute to ion migration. The
corresponding minimum energy paths as determined from the NEB
method are shown in Fig. 7. We see that for the paths along the b
axis, the kick-out mechanism, with a migration energy Em = 0.34 eV,
is more favorable than the pure interstitial mechanism with a migration
energy Em = 0.5 eV, and also more favorable than the pure vacancy
migration shown in Fig. 5. The pure interstitial migration path along
the c axis has a migration energy Em=0.31 eV, which is the most
favorable of the paths considered for this material.

Figure 6. Ball and stick diagram of Li3AsS4 using the same orientation and
ball convention as Fig. 1. (a) Indicates a migration path with net motion along
the b axis, the red arrows indicating the pure interstitial process and the black
arrow indicating a related process including the “kick-out” of host lattice ions
at each step. (b) Indicates a migration path with net motion along the c axis
with a pure interstitial process.
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Figure 7. (a) Minimum energy paths as determined from the NEB method
for the pure interstitial mechanism along the b axis (red curve) and for the
kick-out mechanism (black curve) corresponding to the diagram in Fig. 6a.
(b) Minimum energy path as determined by the NEB method for the pure
interstitial mechanism along the c axis corresponding to the diagram in Fig. 6b.

Ion migration in Li13/4 As3/4 Ge1/4S4.—For an alloy, it is expected
that the role of the interstitial-vacancy pair formation energy E f in
contributing to the activation energy as described by Eq. 4 is less
important than it is in highly ordered crystals. However, E f is a well-
defined quantity within our ordered models for these alloys. For the
Li13/4 As3/4 Ge1/4S4 alloy, the lowest formation energy was found to
be E f = 0.27 eV involving the J type interstitial and its neighboring
“x” site vacancy. This value of E f is considerably smaller than that
pure Li3AsS4 and its mechanism is a consequence of the extra “x” Li
ions introduced by Ge.

For several reasons, it is reasonable to assume that interstitial
and interstitiacy ion migration mechanisms, and not pure vacancy
mechanisms, are of main importance for ion migration in Li3+x As1−x

Gex S4 alloys. Firstly, as discussed for pure Li3AsS4, these mechanisms
have smaller migration energy barriers in the Li3AsS4 lattice itself.
Secondly, as discussed above, the x site Li can contribute to the
interstitial population with a relatively small formation energy. Finally,
as discussed in the structural analysis section, several potential Li ion
vacancy sites in the vicinity of Ge (sites a1, b1, and b2 shown in Fig.
3a) are found to be unstable relative to the x site vacancy, limiting the
pure vacancy pathways available within this lattice.

As discussed above, for pure Li3AsS4, the most energetically fa-
vorable Li ion migration paths were found to be a kick-out mechanism
along b axis and a pure interstitial mechanism along the c axis. In the
Li13/4 As3/4 Ge1/4S4 alloy, several variations of these paths occur; it is
expected that their energy profiles will depend on the location of the
paths relative to the planes of Ge substitution.

We studied three representative paths based on a kick-out mech-
anism with net migration along the b axis, as shown in Fig. 8a.
The path L1 → b2 → K ′

2 → a2 → L2 has a migration en-
ergy of Em = 0.28 eV. It is geometrically equivalent to the path
I I4 → b → I1 → a → I I1 with a migration energy of Em = 0.34 eV
found in the pure Li3AsS4 structure. A contributing factor to the de-
crease in Em for this path in the alloy is the alignment of the interstitial
energies of the L and K ′ sites due to their proximity to Ge as reported
in Table III. A similar path within the 1/4 alloy is represented by the
sequence N1 → a3 → K1 → b3 → N2 which is found to have a
migration energy of Em = 0.31 eV, involving sites further from the
Ge substitutions. We also considered the path represented with the
sequence J1 → a2 → K ′

1 → b2 → J2. As illustrated in Fig. 9a, the
migration energy for this path, Em = 0.52 eV, is so large that this
mechanism is unlikely to contribute to the diffusion process. While
the geometry of this path is similar to the other two b axis kick-out
mechanisms, the hop distances for the first and last steps of the process
are 0.2 Å longer. In addition, due to its proximity to the plane of Ge
substitutions, the J interstitial site is the most stable of the interstitial
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Figure 8. Ball and stick diagram of the Li13/4 As3/4 Ge1/4S4 using the same orientation and ball convention as Fig. 3a. (a) Shows three distinct migration paths
with net motion along the b axis, involving interstitial ions and the “kick-out” of host lattice ions at each step, indicated with black, purple, and red arrows. (b)
Shows two distinct migration paths with net motion along the c axis with pure interstitial processes, indicated with red and black arrows.

sites as shown in Table III. Both of these factors may explain the high
migration energy of this path.

For the pure interstitial migration, two different paths with a net
migration along the c axis were considered as shown in Fig. 8b.
The migration energy was determined from the NEB calculations, as
presented in Fig. 9b. These paths are similar to that found in pure
Li3AsS4 where it involves the interstitial sites I I1 → I I2 → I I3.
For the path J3 → L3 → J4, the first hop has a very low migration
barrier apparently due to a correlated motion of the a1 lattice site in a
partial “kick-out” like process. For the second hop of this path, there
is apparently no correlated motion by the nearby host Li ion of type
a2 and the overall migration barrier for this path is increased to Em =
0.42 eV. The path N3 → M1 → N4 involves the correlated motion
of the nearby Li ion at a a3 site on both hops, resulting in the overall
migration energy for this path of Em = 0.29 eV which is slightly
lower than the corresponding migration energy of Em = 0.31 eV in
pure Li3AsS4.

Ion migration in Li10/3As2/3Ge1/3S4.—For the Li10/3As2/3Ge1/3S4

alloy, the lowest formation energy was found to be E f = 0.27 eV,
involving the B type interstitial and its neighboring x site vacancy,
geometrically and energetically similar to the 1/4 alloy.

For modeling b axis migration with the kick-out mechanism, three
different paths were considered, as shown in Fig. 10a. The correspond-

ing minimum energy paths determined from NEB calculations are pre-
sented in Fig. 11a. The path sequence A1 → a2 → K1 → b2 → A2

has a migration energy of Em = 0.23 eV which is smaller than
Em = 0.28 eV and Em = 0.34 eV for the corresponding migra-
tions in the 1/4 alloy and pure Li3AsS4, respectively. The path se-
quence C1 → a2 → K2 → b3 → C2 has a migration energy of
Em = 0.30 eV which very slightly smaller than Em = 0.31 eV and
Em = 0.34 eV for the corresponding migrations in the 1/4 alloy and
pure Li3AsS4, respectively. The third path considered in this study,
B1 → a2 → K3 → b2 → A3, has a relatively large migration bar-
rier of Em = 0.39 eV. The first hop of this path involves the B type
interstitial site which tends to cause larger migration barriers due to
its stability, similar behavior of the J site in the 1/4 alloy. The second
hop of this process is identical (within the calculational error) to the
K1 → b2 → A2 sequence.

For the pure interstitial mechanism along the c axis, two paths
were considered as shown in Fig. 10b with the corresponding NEB
energy paths shown in Fig. 11b. The path A1 → B2 → A4 has a
migration energy of Em = 0.47 eV. As in the case of the 1/4 alloy, the
migration energy is large for this case due to the asymmetric correlated
motion of nearby Li ions at inequivalent a sites. For the path C1 →
C2 → C3 the migration energy is Em = 0.2 eV. As in the similar
paths in the 1/4 alloy and the pure Li3AsS4, the migration involves
the correlated partial kick-out of the neighboring Li ion at a a2 site. In

Figure 9. (a) Minimum energy paths as determined from the NEB method for the three distinct kick-out mechanism paths along the b axis shown in Fig. 8a. The
line colors of the plot are consistent the arrows in the structural diagram. (b) Minimum energy paths as determined by the NEB method for the pure interstitial
mechanism along the c axis corresponding to the diagram in Fig. 8b. The line colors of the plot are consistent the arrows in the structural diagram.
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Figure 10. Ball and stick diagram of the Li10/3As2/3Ge1/3S4 using the same orientation and ball convention as Fig. 3b. (a) Shows migration paths with net motion
along the b axis, with a process including the “kick-out” of host lattice ions at each step, indicated with black, purple, and red arrows. (b) Shows migration paths
with net motion along the c axis with a pure interstitial process, indicated with red and black arrows.

this case, the resulting process has the lowest migration energy in the
study.

Conclusions

As a result of this computational study, we are reasonably confident
in our determination that pure Li3AsS4 forms in the Pmn21 crystal
structure. Our first principles optimizations found this structure to
have the lowest energy of those that we studied, and the results are
in good agreement with the X-ray diffraction data reported by Sahu
et al.,3 as shown in Fig. 2.

The X-ray data of Sahu et al.3 for the prepared materials with
compositions Li3+x As1−x Gex S4 suggests that they are substitutional
alloys based on the Li3AsS4 structure. Our simulations assumed this
to be the case, and the results are consistent. Despite the chemical
similarities, the Li3+x As1−x Gex S4 alloy system based on substitutions
into the Pmn21 structure, is quite different from Li3+x P1−x Gex S4

which has been shown7 to undergo several structural transitions within
a similar composition range. Presumably, the size similarity of the
AsS4 and GeS4 building blocks help stabilize the Pmn21 structure.

We determined idealized models for the x = 1/4 and x = 1/3
alloys which turned out to be based on 2 × 1 × 1 and 3 × 1 × 1
supercells of Li3AsS4, respectively. The analysis shows how the
Pmn21 structure can accommodate efficient ionic transport with a
combination of interstitial and host lattice sites. For Li3AsS4 and the

two alloy models, the migration of interstitial Li ions along the c axis
gives the smallest value of the migration energy Em . The migration
of interstitial Li ions along the b axis using a kick-out process also
gives a small value for Em . The summary of the calculated values for
the migration energies Em as well as the energy E f to form vacancy-
interstitial pairs are given in Table VI where they are compared with
the experimentally determined activation energies E A. In general, we
find Em ≈ E A, suggesting that the prepared materials correspond
to the “extrinsic” case described by Eq. 4. The simulations gener-
ally show that an important effect of Ge is to adjust the energies of
the participating interstitial and vacancy Li ion sites to reduce Em .
Another effect of Ge is to stabilize an extra Li ion in the lattice at
what we called the “x” site. Undoubtedly, this extra Li contributes to
population of mobile interstitial Li ions, although our models cannot
explain the details of these processes. The results of our simulations
are in general agreement with the trends presented by the experimen-
tal work of Sahu et al.3 One question that has not yet been resolved
is the suggestion that the concentration x = 1/3 may be optimal. Our
models show that the minimal values of the migration energies follow
the trend Em(x = 0) > Em(x = 1/4) > Em(x = 1/3), suggesting
that the substitional Ge incrementally reduces the migration barrier
and improves the ionic conductivity.

The Li3+x As1−x Gex S4 alloy system of Li ion conductors is the
only system (that we know about) which is based on the Pmn21

structure. Several related alloy systems, such as Li3+x P1−x Six S4

Figure 11. (a) Minimum energy paths as determined from the NEB method for the kick-out mechanism along the b axis corresponding to the diagram in Fig. 10a.
The line colors correlate with the arrows in the structural diagram. (b) Minimum energy path as determined by the NEB method for the pure interstitial mechanism
along the c axis corresponding to the diagram in Fig. 10b. The line colors correlate with the arrows in the structural diagram.
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and Li3+x P1−x Gex S4, transform into a Pnma structure or more
complicated structures in order to achieve their improved Li ion
conduction.5,7
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Appendix: Structural Details

This appendix lists the detailed structural parameters determined from the simulations.
It is our experience that the fractional coordinates are generally in excellent agreement
with experiment. The lattice constants, when scaled by a factor of 1.02 to compensate the
systematic error of LDA, are also in excellent agreement with experiment. Table AI lists
the fractional coordinates of Li3AsS4 in comparison with the corresponding coordinates
of Li3PS4, showing the close similarity. Tables AII and AIII list the fractional coordinates
of our models of the 1/4 and 1/3 alloys.

Table AI. Fractional coordinates of unique sites of the optimal
structure of Li3AsS4 having the Pmn21 structure (with computed
lattice constants a = 7.57 Å, b = 6.54 Å, c = 6.13 Å) in comparison
with the corresponding coordinates for γ-Li3PS4 (with computed
lattice constants a = 7.55 Å, b = 6.45 Å, c = 6.05 Å. The “Site”
column lists the site multiplicity in the unit cell and the Wyckoff
label.

Li3AsS4 Li3PS4
Atom Site (x, y, z) (x, y, z)

Li 4b (0.243, 0.319,−0.001) (0.243, 0.317, 0.000)
Li 2a (0.000, 0.152, 0.487) (0.000, 0.150, 0.488)

As/P 2a (0.000, 0.821, 1.000) (0.000, 0.819, 0.999)
S 4b (0.231, 0.666, 0.884) (0.221, 0.670, 0.888)
S 2a (0.000, 0.131, 0.879) (0.000, 0.118, 0.886)
S 2a (0.000, 0.813, 0.352) (0.000, 0.811, 0.337)

Table AII. Fractional coordinates of unique sites of the optimal
structure of Li13/4As3/4Ge1/4S4 (with computed lattice constants a
= 15.20 Å, b = 6.60 Å, and c = 6.13 Å) The multiplicity of the site
within the simulations cell and the Li labels as defined in Fig. 3a
(rather than the labels of its Pm space group) are also listed.

Atom Mult. Label (x, y, z)

Li 1 a1 (0.000, 0.107, 0.510)
Li 2 b1 (±0.138, 0.691, 0.514)
Li 2 a2 (±0.247, 0.840, 0.026)
Li 2 b2 (±0.122, 0.319, 0.994)
Li 1 a3 (0.500, 0.164, 0.516)
Li 2 b3 (±0.372, 0.692, 0.495)
Li 2 b4 (±0.379, 0.318, 0.997)
Li 1 x (0.000, 0.483, 0.341)
As 1 (0.500, 0.822, 0.998)
As 2 (±0.249, 0.186, 0.496)
Ge 1 (0.000, 0.818, 0.001)
S 1 (0.000, 0.135, 0.115)
S 1 (0.500, 0.127, 0.123)
S 1 (0.000, 0.782, 0.641)
S 1 (0.500, 0.825, 0.646)
S 2 (±0.116, 0.655, 0.131)
S 2 (±0.616, 0.664, 0.110)
S 2 (±0.129, 0.335, 0.607)
S 2 (±0.637, 0.350, 0.611)
S 2 (±0.254, 0.886, 0.634)
S 2 (±0.250, 0.179, 0.144)

Table AIII. Fractional coordinates of unique sites of the optimal
structure with space group Pmn21 of Li10/3As2/3Ge1/3S4 (with
computed lattice constants a = 22.77 Å, b = 6.60 Å, and c =
6.14 Å) The multiplicity of the site within the simulations cell and
Wyckoff label, as well as the Li labels as defined in Fig. 3b are also
listed.

Atom Mult. Label (x, y, z)

Li 2 a x (0.000, 0.474, 0.664)
Li 2 a a1 (0.000, 0.098, 0.496)
Li 4 b b1 (0.092, 0.683, 0.489)
Li 4 b a2 (0.167, 0.827, 0.972)
Li 4 b b2 (0.082, 0.311, 0.010)
Li 4 b b3 (0.251, 0.311, 0.002)
As 4 b (0.335, 0.822, 0.003)
Ge 2 a (0.000, 0.810, 0.002)
S 2 a (0.000, 0.128, 0.890)
S 2 a (0.000, 0.774, 0.361)
S 4 b (0.740, 0.653, 0.884)
S 4 b (0.078, 0.647, 0.871)
S 4 b (0.415, 0.673, 0.897)
S 4 b (0.669, 0.122, 0.865)
S 4 b (0.833, 0.167, 0.853)
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Recent experimental literature reports the solid state electrolyte properties of Li4SnS4 and Li4SnSe4, identifying interesting questions
regarding their structural details and motivating our first principles simulations. Together with Li4GeS4, these materials are all
characterized by the orthorhombic space group Pnma and are found to be isostructural. They have a ground state crystal structure
(denoted Li4SnS0

4) having interstitial sites in void channels along the c-axis. They also have a meta-stable structure (denoted Li4SnS∗
4)

which is formed by moving one fourth of the Li ions from their central sites to the interstitial positions, resulting in a 0.5 Å contraction
of the a lattice parameter. Relative to their ground states, the meta-stable structures are found to have energies 0.25 eV, 0.02 eV,
and 0.07 eV for Li4GeS∗

4, Li4SnS∗
4, and Li4SnSe∗

4, respectively. Consistent with these simulation results, the ground state forms for
Li4GeS0

4, Li4SnS0
4 and Li4SnSe0

4 and the meta-stable form for Li4SnS∗
4 have been reported in the experimental literature. In addition,

simulations of Li ion migration in these materials are also investigated.
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Recently, there has been significant progress in developing stable
solid electrolytes with high ionic conductivity,1 which has been iden-
tified as a key to improving battery technologies.2 Recent literature3–7

reports the use of Li4SnS4 and related materials as relatively stable
solid electrolytes for use in all-solid-state Li batteries. Kaib, Haddad-
pour, et al.3 and Kaib, Bron, et al.5 synthesized Li4SnS4 and Li4SnSe4,
showing that pure materials could be obtained by removing water
or methanol from solution based preparations, and comparing their
structures and ionic conductivities. MacNeil et al.4 used high temper-
ature solid state techniques to synthesize Li4SnS4 and made a detailed
structural analysis to show it to be isostructural with Li4GeS4. Sahu
et al.6 showed that Li4SnS4 and its alloys with Li3AsS4 have reason-
able ionic conductivity (10−5–10−4 S/cm at room temperature) with
comparatively more air-stability than other sulfide electrolytes. Park
et al.7 demonstrated favorable conductivity and stability properties of
Li4SnS4 and its alloys with LiI.

From this literature, some interesting questions arise regarding
crystal structures and mechanisms for ion mobility. In order to address
these questions, we use first principles methods to examine the ideal
crystal forms and defect structures of Li4SnS4 and the structurally and
chemically related materials Li4GeS4 and Li4SnSe4. For each of these
materials, we identify two closely related structures – an ideal ground
state structure and an ideal meta-stable structure. The simulations
show that the meta-stable structural form is most accessible to Li4SnS4

of the three materials studied. The simulations are extended to study
mechanisms of Li ion migration in both Li4SnS4 and Li4SnSe4 and
are related to the experimental results reported in the literature.

Computational Methods

The computational methods used in this work are based on den-
sity functional theory (DFT),8,9 using the projected augmented wave
(PAW)10 formalism. The PAW basis and projector functions were gen-
erated by the ATOMPAW11 code and the crystalline materials were
modeled using the QUANTUM ESPRESSO12 and ABINIT13 pack-
ages. Visualizations were constructed using the XCrySDEN,14,15 and
VESTA16 software packages.

∗Electrochemical Society Student Member.
∗∗Electrochemical Society Member.

zE-mail: natalie@wfu.edu

The exchange correlation function is approximated using the local-
density approximation (LDA).17 The choice of LDA functional was
made based on previous investigations18–20 of similar materials which
showed that, provided that the lattice constants are scaled by a cor-
rection factor of 1.02, the simulations are in good agreement with
experiment, especially lattice vibrational frequencies and heats of for-
mation. The partial densities of states were calculated as described
in previous work,20,21 using weighting factors based on the charge
within the augmentation spheres of each atom with radii rLi

c = 1.6,
rSn

c = 2.3, rS
c = 1.7, and rSe

c = 2.3 in bohr units. The reported partial
densities of states curves < N a(E) > were averaged over the atomic
sites of each type a.

The calculations were well converged with plane wave expansions
of the wave function including |k + G|2 ≤ 64 bohr−2. Calculations
for the conventional unit cells were performed using a Brillouin-zone
sampling grid of 4 × 8 × 8. Simulations of Li ion migration were
performed at constant volume in supercells constructed from the opti-
mized conventional cells extended by 1 × 2 × 2 and a Brillouin-zone
sampling grid of 2 × 2 × 2. In modeling charged defects (Li ion
vacancies or interstitials), the system was assumed to remain electri-
cally insulating and a uniform background charge was added in order
to evaluate the electrostatic interactions. The minimum energy path
for Li ion migration was estimated using the “nudged elastic band”
(NEB) method22–24 as programmed in the QUANTUM ESPRESSO
package, using 5 images between each metastable configuration. For
each minimum energy path, the migration energy, Em was determined
as the energy difference between the lowest and highest energy of
the path. The “formation energies” E f for producing neutral defects
in the form of vacancy-interstitial pairs were calculated for the same
supercells. The molecular dynamics simulations were performed at
constant volume in neutral 1 × 2 × 2 supercells using further reduced
convergence parameters, including a reduced plane wave expansion
cutoff of |k + G|2 ≤ 49 bohr−2 and a Brillouin-zone sampling grid
of 1 × 1 × 1. The simulations were performed for a microcanoni-
cal ensemble with a time integration step of �t = 3.6 × 10−15 s
for simulation temperatures less than 900 K. For simulation tem-
peratures greater than 900 K, the time integration step was reduced
to �t = 2.4 × 10−15 s. This resulted in total energy conservation
within 0.1 eV throughout the simulation. The simulations were car-
ried out for durations between 3-8 pico seconds. After an equilibra-
tion delay of approximately 0.1 ps, the temperature of the simulation
was determined from the averaged kinetic energy of the ions. The
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Figure 1. Ball and stick models of (a) Li4SnS0
4 and (b) Li4SnS∗

4. Li, Sn, and
S are represented by light gray, dark gray, and orange balls respectively. The
red arrows indicate the a, b, and c lattice vectors.

simulated temperatures ranged between 550 K and 1000 K, well be-
low the melting temperature of 1231 K reported by MacNeil et al.4

Simulated Crystal Structures

There are two reported analyses of the crystal structure of
Li4SnS4.3,4 The two analyses agree that the structure is character-
ized by the space group Pnma (No. 62 in the International Table of
Crystallography25), but differ slightly in the reported lattice constants
and the fractional coordinates of one of the Li sites.4 The structural
analysis of MacNeil et al.4 was measured at room temperature and is
perfectly ordered. However, the structural analysis of Kaib, Haddad-
pour, et al.,3 was measured at the temperatures in the range 100–193
K, and instead of the Li sites found by MacNeil et al. at the Wyckoff
labeled 4a positions, fractionally occupied 8d Li sites are found.

We computationally investigated both structures, finding that the
ordered structure analyzed by MacNeil et al.4 to be the ground state
structure which we denote as “Li4SnS0

4”. Simulations of ordered ap-
proximations to the disordered structure of Kaib, Haddadpour, et al.3

find a meta-stable structure which we denote as “Li4 SnS∗
4” having an

energy 0.02 eV/formula unit higher in energy than the ground state
structure. Ball and stick drawings of the two structures are shown in
Fig. 1. The corresponding calculated and measured lattice constants
are listed in Table I and the calculated and measured fractional coor-

Table I. Comparison of lattice parameters for Li4SnS4 and related
compounds in their ground state and meta-stable structures.
Calculated parameters are scaled by factor of 1.02 to correct
for systematic LDA error. Measured parameters are listed in
parentheses. The relative energies E for the ground state and meta-
stable structures are also listed in units of eV per formula unit.

Li4GeS0
4 Li4GeS∗

4

a (Å) 14.01 (14.06)a 13.49
b (Å) 7.74 ( 7.75)a 7.79
c (Å) 6.12 ( 6.15)a 6.30

E (eV/FU) 0.00 0.25
Li4SnS0

4 Li4SnS∗
4

a (Å) 14.25 (14.31)a 13.81 (13.81)b

b (Å) 7.86 ( 7.90)a 7.93 ( 7.96)b

c (Å) 6.31 ( 6.33)a 6.41 ( 6.37)b

E (eV/FU) 0.00 0.02
Li4SnSe0

4 Li4SnSe∗
4

a (Å) 14.98 (14.93)c 14.48
b (Å) 8.26 ( 8.22)c 8.38
c (Å) 6.62 ( 6.60)c 6.86

E (eV/FU) 0.00 0.07

aRef. 4.
bRef. 3.
cRef. 5.

dinates are listed in Table II. In addition to results for Li4SnS4, results
for Li4GeS4 and Li4SnSe4 are also listed in these tables.

Interestingly, the main difference between the simulated structures
of Li4SnS0

4 and Li4SnS∗
4 is that four Li’s per unit cell occupy different

void regions between the SnS4 tetrahedra. In the Li4SnS0
4 structure,

the special Li ions occupy sites at the center and boundaries of the
unit cell having multiplicity and Wyckoff label 4a. In the Li4SnS∗

4
structure, the special Li ions instead occupy sites interior to the unit
cell having multiplicity and Wyckoff label 4c. In order to avoid con-
fusion of this site with the other fully occupied 4c Li site of these
structures, we use the symbol c′ to refer to this site. While the sim-
ulated fractional coordinates of the special Li ions for this 4c′ site
do not agree with the two 8d fractionally occupied coordinates found
by Kaib, Haddadpour, et al.,3 the optimized lattice constants are in
excellent agreement, as shown in Table I. It is interesting to note that
the lattice constants for these ideal structures are characterized by a
contraction of the a lattice parameter by approximately 0.5 Å for
the meta-stable structure relative to the ground state structure, while
the changes to the other lattice parameters are in the neighborhood
of 0.1 Å. This lattice contraction is energetically significant; the en-
ergy difference between Li4SnS∗

4 calculated with the lattice constants
of Li4SnS0

4 relative to Li4SnS4 calculated with its optimized lattice
constants is 0.03 eV/formula unit. We should also point out that the
original X-ray analysis of Kaib, Haddadpour, et al.,3 for the Li4SnS∗

4
structure was performed at low temperatures (100–193 K) while the
X-ray analysis of MacNeil et al.4 was performed at room tempera-
ture. It is our experience that lattice constants typically change with
temperature by less than 0.1 Å, so that the lattice constant differences
between the Li4SnS0

4 and Li4SnS∗
4 structures should not be attributed

to temperature alone. In addition, Sahu et al.6 report room temperature
X-ray analysis for Li4SnS∗

4 consistent with an expansion of the lattice
by approximately 0.02 Å.

Because of its low atomic number, the X-ray signal for Li positions
is notoriously small so that it is reasonable to ask whether the simu-
lated Li4SnS∗

4 structure might be compatible with the structural data
reported by Kaib, Haddadpour, et al.,3 even if the site analysis differs.
Using the Mercury software package,26 with the structural data from
experiment and simulations we compare the computed X-ray patterns
for the structures of Li4SnS0

4 and Li4SnS∗
4 in Fig. 2. We see that the

patterns for Li4SnS0
4 and Li4SnS∗

4 are distinguishable and that there
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Table II. Comparison of fractional coordinates of unique atomic positions for Li4SnS4 and related compounds in their ground state and meta-
stable structures, using orientation and origin choice given in Ref. 4. The second column lists the site multiplicity and Wyckoff label. We use the
notation c′ to denote the special Li site which characterizes the meta-stable structures. Measured parameters are listed in square brackets when
available.

Atom Site Li4GeS0
4 (x, y, z) Li4GeS∗

4 (x, y, z)

Li 4a (0.000, 0.000, 0.000) [(0.000, 0.000, 0.000)]a −
Li 4c′ − (0.260, 0.250,-0.001)
Li 4c (0.412, 0.250, 0.127) [(0.412, 0.250, 0.129)]a (0.429, 0.250, 0.216)
Li 8d (0.177, 0.000, 0.186) [(0.178, 0.000, 0.192)]a (0.147,-0.023, 0.139)
Ge 4c (0.089, 0.250, 0.645) [(0.089, 0.250, 0.649)]a (0.097, 0.250, 0.620)
S 4c (0.084, 0.250, 0.277) [(0.086, 0.250, 0.291)]a (0.105, 0.250, 0.261)
S 8d (0.158, 0.010, 0.780) [(0.157, 0.015, 0.779)]a (0.177, 0.019, 0.761)
S 4c (0.437, 0.250, 0.728) [(0.439, 0.250, 0.731)]a (0.434, 0.250, 0.810)

Atom Site Li4SnS0
4 (x, y, z) Li4SnS∗

4 (x, y, z)
Li 4a (0.000, 0.000, 0.000) [(0.000, 0.000, 0.000)]a −
Li 4c′ − (0.287, 0.250. 0.003) [ - ]b

Li 4c (0.410, 0.250, 0.124) [(0.409, 0.250, 0.126)]a (0.429, 0.250, 0.359) [(0.430, 250, 0.338)]b

Li 8d (0.176, 0.003, 0.178) [(0.178, 0.004, 0.179)]a (0.158,-0.004, 0.149)[(0.160, 0.005, 0.154)]b

Sn 4c (0.093, 0.250, 0.640) [(0.092, 0.250, 0.642)]a (0.090, 0.250, 0.633) [(0.087, 0.250, 0.635)]b

S 4c (0.080, 0.250, 0.255) [(0.083, 0.250, 0.267)]a (0.092, 0.250, 0.256) [(0.091, 0.250, 0.263)]b

S 8d (0.152,-0.005, 0.787) [(0.161, 0.001, 0.784)]a (0.158,-0.004, 0.149) [(0.167, 0.007, 0.767)]b

S 4c (0.430, 0.250, 0.732) [(0.432, 0.250, 0.766)]a (0.423, 0.250, 0.748) [(0.424, 0.250, 0.736)]b

Atom Site Li4SnSe0
4 (x, y, z) Li4SnSe∗

4 (x, y, z)
Li 4a (0.000, 0.000, 0.000) [(0.000, 0.000, 0.000)]c −
Li 4c′ − (0.282, 0.250, 0.002)
Li 4c (0.413, 0.250, 0.118) [(0.412, 0.250, 0.106)]c (0.428, 0.250, 0.358)
Li 8d (0.175, 0.003, 0.178) [(0.178, 0.005, 0.180)]c (0.157, -0.006, 0.147)
Sn 4c (0.094, 0.250, 0.639) [(0.092, 0.250, 0.643)]c (0.090, 0.250, 0.630)
Se 4c (0.080, 0.250, 0.252) [(0.082, 0.250, 0.264)]c (0.093, 0.250, 0.250)
Se 8d (0.162,-0.008, 0.785) [(0.161,-0.002, 0.784)]c (0.177, 0.005, 0.770)
Se 4c (0.430, 0.250, 0.725) [(0.432, 0.250, 0.728)]c (0.422, 0.250, 0.750)

aRef. 4.
bRef. 3, omitting fractionally occupied Li position.
cRef. 5.

seems to be good agreement between our simulated structures and
the corresponding X-ray results. While it would be better to compare
the simulated diffraction patterns directly with the experimental data,
the good agreement between the simulations and the fitted results
from experiment shown in Fig. 2 is encouraging. It is interesting to
note that two other groups6,7 have recently reported preparations of
Li4SnS4 using relatively low temperature processing similar to that of
Kaib, Haddadpour, et al.3 Both of these studies report X-ray diffrac-
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Figure 2. X-ray diffraction patterns generated by the Mercury software
package26 assuming an X-ray wavelength of λ = 1.54056 Å, comparing
simulation (calc) and experimental (exp) results for the Li4SnS0

4 and Li4SnS∗
4

structures. The structural parameters from experiment were taken from Ref. 4
for Li4SnS0

4 and from Ref. 3 for Li4SnS∗
4.

tion patterns, presumably measured at room temperature, which show
strong similarity to the patterns for Li4SnS∗

4 shown in Fig. 2. Presum-
ably, the ground state Li4SnS0

4 structure is accessible using the higher
temperature processes described by MacNeil et al.4

It is interesting to ask the question whether the structurally and
chemically similar material Li4GeS4 behaves in a similar way. The
simulation results for the the Li4GeS0

4 and Li4GeS∗
4 structures are

listed in Table I and in Table II together with available experimental
values. The fractional coordinates are very similar to those of Li4SnS4.
However, in this case, we would predict that the meta-stable Li4GeS∗

4
structure is less likely to form since its energy is predicted to be
0.25 eV/formula unit higher in energy than the ground state energy.
The investigation was also extended to Li4SnSe4 which was recently
synthesized by Kaib, Bron, et al.5 using relatively high temperature
techniques. These authors find Li4SnSe4 to take the “ground state”
Li4SnSe0

4 structure. Our simulations find that the meta-stable Li4SnSe∗
4

to have an energy of 0.07 eV/formula unit higher in energy than the
ground state structure, suggesting that it is less likely than Li4SnS∗

4
to form at room temperature. The results are listed in Table I and in
Table II.

Electronic Structure Results

In order to gain a qualitative understanding of the electronic struc-
ture of the various forms of of these materials, it is helpful to analyze
the partial densities of states which are shown in Fig. 3. The partial
density of states of Li4GeS0

4 in its ground state structure was previ-
ously presented in Ref. 27. While, density functional theory is known
to systematically underestimate the band gaps, the relative band gaps
are usually well represented. For these materials, Li4GeS4 has a com-
puted bandgap of 2.1 eV, while the computed band gaps for Li4SnS4

and Li4SnSe4 are 2.2 eV and 1.6 eV respectively. For both of these
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Figure 3. Partial densities of states for Li4SnS0
4 and

Li4SnS∗
4 (a) and Li4SnSe0

4 and Li4SnSe∗
4 (b), separately

indicating contributions from Li, Sn, S, and Se sites.

materials the upper part of the valence band is dominated by chalco-
genide states while the conduction band is dominated by Sn 5s states
forming a narrow band below the Sn 5p states. The results for Li4SnS4

presented in Fig. 3 are consistent with the results previously reported
by MacNeil et al.4 The partial densities of states for the ground state
and meta-stable structures have nearly indistinguishable partial den-
sity of states curves. The materials are clearly insulating with band
gaps expected to be larger than 2 eV found in the present study due to
the systematic gap underestimation known for LDA calculations.

Another result from the electronic structure calculations is the total
energies which approximate the internal energies at zero temperature.
These can be used to study the stability of the materials relative to
various possible reactions such as those listed in Table III. If the ef-
fects of zero point motion and finite temperature are small, the results
can be related to experimental enthalpies. The values listed in this
table correspond to the ground state structures of Li4SnCh0

4. Results
for the meta-stable form of Li4SnCh∗

4 can be determined by adding
0.02 eV or 0.07 eV for Ch=S or Ch=Se, respectively. Reaction 1
listed in Table III corresponds the enthalpy of formation referenced to
the standard states of the elements28 including Li in the bcc structure,
Sn in the diamond structure, S in the orthorhombic structure,29 and Se
in the trigonal structure.30 Reaction 2 listed in Table III corresponds
to decomposition into two binary materials. Li2S and Li2Se both form
in the fluorite structure, while SnS2 and SnSe2 both form in the hexag-
onal CdI2 structure. Our simulations indicate that the two reactions
have opposite sign, meaning that Li4SnS4 is more stable than its bi-
nary products, while Li4SnSe4 is less stable. Reaction 3 listed in Table
III involves two new materials with the stoichiometry Li2SnCh3. Re-
cently, Brant et al.31 synthesized and characterized Li2SnS3, finding
it to have a densely packed layered structure. The electronic structure
results indicate that Li2SnS3 together with excess Li2S is more sta-
ble than Li4SnS4. Li2SnSe3 was recently synthesized by Kaib, Bron,
et al.5, characterized by one dimensional chains of SnS4 tetrahedra.
The electronic structure results indicate that this material together
with excess Li2Se has about the same stability as Li4SnSe4.

Table III. Estimates of various reaction energies (in eV) for
Li4SnCh4 for the calcogens Ch=S and Ch=Se based on total energy
calculations. In each case the ground state structures of Li4SnCh0

4
was assumed; the structures of the products are mentioned in the
text of the manuscript.

Reaction Ch=S Ch=Se

1 Li4SnCh4 → 4Li + Sn + 4Ch −9.99 −8.94
2 Li4SnCh4 → 2Li2Ch + SnCh2 −0.09 0.04
3 Li4SnCh4 → Li2Ch + Li2SnCh3 0.17 −0.01

Figure 4. Ball and stick model of ground state structure of Li4SnS0
4 and

Li4SnSe0
4 using the same ball convention and viewpoint as in Fig. 1(a). Distinct

vacancy sites are indicated with their Wyckoff labels ai , ci , and di . Interstitial
sites are colored green and are labeled Ii . Possible vacancy and interstitialcy
trajectories are indicated with transparent purple and green arrows respectively.

Defect Structures and Ion Migration Paths in Li4SnS0
4, Li4SnS∗

4,
Li4SnSe0

4, and Li4SnSe∗
4.

Point defects were modeled at fixed volume in 1×2×2 supercells.
For the ground state structure of Li4SnS0

4 and Li4SnSe0
4, there are

three distinct Li ion vacancy sites which can be uniquely labeled by
the Wyckoff letters ai , ci , and di as visualized in Fig. 4. The vacancy
energies are listed in Table IV relative to the most stable vacancy at
an a site.

Vacancy migration in Li4SnSe0
4 was previously studied by Kaib,

Bron, et al.5 who showed that a sequence of hops of the vacancy
between the sites a1 → c1 → d1 → a2 . . . results in net ion motion

Table IV. Relative energies (in eV) of vacancies in the ground
state structures of Li4SnS0

4 and Li4SnSe0
4 calculated in 1 × 2 × 2

supercells. The vacancy sites are indicated by their Wyckoff site
labels with the zero energy chosen at the a site.

Vacancy label Li4SnS0
4 Li4SnSe0

4
a 0.00 0.00
c 0.30 0.20
d 0.26 0.16
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Figure 5. Ball and stick model of ground state structure of Li4SnS∗
4 and

Li4SnSe∗
4 using the same ball convention and viewpoint as in Fig. 1(b). Distinct

vacancy sites are indicated with their Wyckoff labels c′
i , ci , and di . Interstitial

sites are colored green and are labeled Ii . Possible interstitialcy trajectories are
indicated with transparent green arrows.
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Figure 6. NEB calculated energy path diagram for Li ion vacancy migration
in Li4SnS0

4 and Li4SnSe0
4. The vacancy site labels correspond to the diagram

in Fig. 4.

in the b and c directions in the crystal as illustrated in Fig. 4. The
corresponding energies along this path as calculated using the NEB
method are shown in Fig. 6 and tabulated in Table V. From Table
V we see that the vacancy hopping distances d are slightly smaller
and the path energies are somewhat larger for Li4SnS0

4 compared with
Li4SnSe0

4. The bottleneck of this process occurs during the c1 → d1

step, resulting in the estimated migration energies of Em = 0.46 eV
and Em = 0.32 eV for Li4SnS0

4 and Li4SnSe0
4, respectively. Another

vacancy migration path for this involves vacancy hopping between
the sites a → c → a → c . . . resulting in net migration along
the b axis. The estimated migration energy for this path is Em =
0.33 eV and Em = 0.28 eV for Li4SnS0

4 and Li4SnSe0
4, respectively.

We also investigated vacancy migration mechanisms along the a axis.
The bottleneck for a axis vacancy migration involves hops between

Table V. NEB calculated migration energies (Em) and ideal
distances (d) for vacancy migration in Li4SnS0

4 and Li4SnSe0
4.

Migration energies are referenced to a vacancy at the a site.

Li4SnS0
4 Li4SnSe0

4

Em (eV) d (Å) Em (eV) d (Å)
a → c 0.33 3.3 0.28 3.5
c → d 0.46 3.6 0.32 3.8
d → a 0.26 2.8 0.21 2.9
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Figure 7. NEB calculated energy path diagram for Li ion migration with an
interstitialcy mechanism as shown in Fig. 4 for Li4SnS0

4 and Li4SnSe0
4 and as

shown in Fig. 5 for Li4SnS∗
4 and Li4SnSe∗

4.

nearest neighbor d sites which raise the estimated migration energies
substantially above the migration barriers along the b and c axes. In
general there is good agreement between our calculated results for
Li4SnSe0

4 and the corresponding results of Kaib, Bron, et al.,5 within
a small descrepancy of 0.03 eV or less.

For the meta-stable structure of Li4SnS∗
4, only the c′ site vacancy is

stable. Calculations initialized with vacancies on c or d sites relax to
a vacancy on nearby c′ site. For the meta-stable structure of Li4SnSe∗

4,
the story is slightly different. For that system, the c′ site vacancy is
again the most stable. Calculations initialized with vacancies on a
c site relax to a vacancy on a nearby c′ site. Calculations initialized
with vacancies on a d site are meta-stable with considerable distortion,
having an energy of 0.24 eV above the energy of the c′ site vacancy. We
did not investigate vacancy migration mechanisms in the meta-stable
structures.

Another important mechanism for ion migration involves intersti-
tial sites. For the ground state structures of Li4SnS0

4 and Li4SnSe0
4

there is one main interstitial site located in the void regions between
SnS4 or SnSe4 tetrahedra as shown in Fig. 4 which happens to be the
c′ Li site of the meta-stable Li4SnS∗

4 and Li4SnSe∗
4 structures. Corre-

spondingly, for the meta-stable structures of Li4SnS∗
4 and Li4SnSe∗

4
the one main interstitial site is located in the void regions which hap-
pens to be the a site of the ground state structures as shown in Fig. 5.
For both structures, migration between these interstitial sites occurs
most efficiently using an ”interstitialcy” mechanism. An interstitialcy
mechanism is one in which an interstitial ion moves into a host lattice
site as that host lattice ion moves to an adjacent interstitial site. The
resulting migration processes for Li4SnS0

4 and Li4SnSe0
4, with an in-

termediate d host lattice site, and for Li4SnS∗
4 and Li4SnSe∗

4, with an
intermediate c host lattice site, are illustrated with the green arrows in
Figs. 4 and 5 and the corresponding NEB energy paths are shown in
Fig. 7.

From the energy path diagram shown in Fig. 7, it is evident that the
interstitialcy mechanism results in the lowest migration barrier for all
of the structures investigated and is predicted to dominate migration
processes. For electrolytes in the so-called “intrinsic” regime, the NEB
estimate of the activation energy ENEB

A for conductivity is related to the
migration energy Em and the formation energy E f to form a vacancy
and interstitial pair according to

ENEB
A = Em + 1

2
E f . [1]

A summary of results including optimal calculated values of ENEB
A

from Eq. 1 and available experimental values are listed in Table VI.
For the ground state structures of Li4SnS0

4 and Li4SnSe0
4 the calculated

optimal values of E f were obtained for vacancies on an a site moving
to the nearest interstitial site I c′ which corresponds to the site we’ve
called c′ in the meta-stable structures. The calculated values of E f

are 0.27 eV and 0.36 eV for Li4SnS0
4 and Li4SnSe0

4, respectively. The
corresponding estimates of the activation energies ENEB

A are 0.3 eV
and 0.4 eV for Li4SnS0

4 and Li4SnSe0
4, respectively. To the best of our
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Table VI. Activation energies for ion migration for ground state and meta-stable state structures of Li4SnS4 and Li4SnSe4. Calculated migration
energies Em were determined from NEB calculations of the interstitialcy mechanism shown in Fig. 7. Formation energies E f for interstitial-vacancy
pairs, calculated activation energies ENEB

A based on Eq. 1 and literature values of the activation energy Eexp
A are also listed. For comparison, the

calculated activation energies Etrace
A and their error estimates associated with the Arrhenius temperature dependence of the simulated “tracer”

diffusion coefficients Dtrace(T ) are also listed here and will be discussed in the Molecular dynamics section.

Em (eV) E f (eV) ENEB
A (eV) Eexp

A (eV) E trace
A (eV)

Li4SnS0
4 0.19 0.27 0.3 0.24 ± 0.06

Li4SnS∗
4 0.06 0.15 0.1 0.41a 0.25 ± 0.04

Li4SnSe0
4 0.20 0.36 0.4 0.45b 0.23 ± 0.1

Li4SnSe∗
4 0.07 0.15 0.1 0.08 ± 0.01

aRef. 3.
bRef. 5.

knowledge, there are no published conductivity measurements for the
Li4SnS0

4 material, but Li4SnSe0
4 has been well studied by Kaib, Bron,

et al.5 Our NEB calculated result for Li4SnSe0
4 is in disagreement

with the value of 0.6 eV calculated by Kaib, Bron, et al.,5 but is
in better agreement with the value of E A = 0.45 eV deduced from
fitting the temperature dependence of the experimental conductivity
measurements in the same study.

For the meta-stable structures of Li4SnS∗
4 and Li4SnSe∗

4, the cal-
culated optimal values of E f were obtained for vacancies on an c′

site moving to the nearest interstitial site I a which corresponds to
the a site in the ground state structures. The calculated values of E f

are 0.15 eV for both Li4SnS∗
4 and Li4SnSe∗

4, resulting in estimates of
the activation energies ENEB

A of 0.1 eV for both materials. This result
is not in agreement with the value of E A = 0.41 eV obtained from
fitting the temperature dependence of the experimental conductivity
measured by Kaib, Haddadpour, et al.3

Molecular Dynamics Simulations

In studying the ion migration mechanisms for the Li4SnCh0
4 and

Li4SnCh∗
4 structures, we find the Li ion motions to be highly correlated

presumably due to a complicated energy landscape. For example, in
creating single defects in an otherwise perfect lattice, we found some
of the configurations to be unstable. For example, in the Li4SnS0

4
structure, a d site vacancy is unstable relative to a vacancy on the
nearest a site Li. In the Li4SnS∗

4 structure a d site vacancy is unstable
relative to a vacancy on the nearest c′ site Li. The NEB analysis dis-
cussed in the previous section was unable to completely explain the
conductivity results. In order to get additional information about the
migration processes, we performed molecular dynamics simulations
using the QUANTUM ESPRESSO12 code. While the NEB method
gives insight about the probability of individual hops of the migrating
Li ions, molecular dynamics simulations provide information about
the motions of the ensemble of ions within the simulation cell. As
shown by Mo, Ong, and others,32–35 one way to improve the config-
uration sampling of the simulations is to perform the simulations at
elevated temperatures. The expectation (although unproven) is that
the behaviors of the materials at room temperature can be estimated
from the extrapolated simulation results.

Figure 8 shows a visualization of the Li mobility with a ball and
stick model of the crystals with superposed Li positions at 136 time
steps at intervals of 0.05 ps. It is apparent from these diagrams that at
the relatively low simulation temperatures of T = 635 K and T = 656
K there is substantial motion of all of the Li ions. In addition to the
vacancy and interstitialcy mechanisms studied by the NEB analysis as
discussed above, several other pathways for Li ion motion are evident.

In order to better analyze the molecular dynamics simulations, it
is convenient to define a site occupancy factor as a function of time
si (t) where i denotes the site type. For the ground state structure,
the sites were labeled according to their host site type (a, c, or d) or
the interstitial site type (I c′). For the meta-stable state structure, the
sites were labeled according to their host site type (c′, c, or d) or the
interstitial site type (I a). The site label i was determined from the

closest Li position of the perfect lattice relative to the instantaneous
position of each Li. For convenience, the site occupancy factors were
normalized to unity at full occupancy and followed the sum rule:∑

i

si (t)
ni

N
= 1, [2]

where ni denotes the multiplicity of the site and N denotes the total
number of Li sites. For the materials in this study, nd/N = 2n j/N ,
where j indexes the a, c, or c′ sites and d denotes the d site type. As
shown in Fig. 9, the instantaneous site occupancy factors si (t) are very
noisy and it is convenient to define a time averaged site occupancy
parameter

〈si 〉t ≡ 1

t

∫ t

0
si (t

′)dt ′. [3]

As shown in Fig. 9, 〈si 〉t tends to an asymptotic value at long times.
It is interesting to study the asymptotic time averaged site occu-

pancy factors 〈si 〉t→∞ ≡ 〈si 〉 as a function of simulation temperatures
for the four materials as shown in Fig. 10. These values were deter-
mined from the final time step of each simulation which was between 3
and 8 ps. The values of 〈si 〉 for Li4SnS0

4 and Li4SnSe0
4 structures show

relative small values (<0.5) for the interstitial I c′ site and relative
large values (>0.75) for the host lattice sites (a, c, and d), indicating
a relatively well-ordered structure. On the other hand for the Li4SnS∗

4
and Li4SnSe∗

4 structures, the interstitial sites (I a) are substantially oc-
cupied (>0.5) throughout the temperature range, indicating relatively
disordered structures.

It is possible to use molecular dynamics results in a more quan-
titative analysis of ionic conductivity following the approach imple-
mented by Mo, Ong, and others.32–35 For a molecular dynamics simu-
lation at temperature T with resultant ion trajectories {ri (t)} as a func-
tion of time t , one can calculate the mean squared displacement and use
Einstein’s expression to determine the diffusion constant Dtrace(T ):36

〈
1

6N

N∑
i=1

|ri (t) − ri (t0)|2
〉

= Dtrace(T )[t − t0] + C. [4]

Here the summation over i denotes the N Li ion positions {ri (t)} in the
simulation cell and C denotes a constant. In order to improve the sam-
pling of the simulation, the incremental distance is averaged over the
initial times t0 as implied by the angular brackets in the expression.
As pointed out by Murch,37–39 the temperature dependent diffusion
constant Dtrace(T ) calculated from the mean squared displacement in
this way approximates the diffusion of tracked particles such that can
experimentally realized in radioactive tracer experiments. Since diffu-
sion takes place near equilibrium, it is reasonable to also assume that
the diffusion coefficient has an Arrhenius temperature dependence40

Dtrace(T ) = Dtrace(0)e−E trace
A /kT , [5]

where Dtrace(0) denotes the diffusion coefficient at 0 K, E trace
A de-

notes the activation energy for diffusion, and k denotes the Boltzmann
constant.
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Figure 8. Ball and stick diagrams of molecular dynamics simulations for Li4SnS0
4 at T = 635 K (a) and Li4SnS∗

4 at T = 656 K (b). Initial Sn and S positions are
represented by gray and orange balls respectively. Li positions of the initial configuration and 136 subesquent positions at time intervals of 0.05 ps are indicated
with gray balls. Simulations were performed using microcanonical ensembles (constant energy and volume) in 1 × 2 × 2 supercells. The viewpoint is a projection
down the c-axis.

The temperature dependent direct-current ionic conductivity is
related to Dtrace(T ) by the equation38

σ(T ) = ρq2

kT

Dtrace(T )

H
, [6]
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Figure 9. Instantaneous and time averaged site occupancy factors for molec-
ular dynamics simulation of Li4SnS∗

4 at a temperature of T = 830 K.
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Figure 10. Asymptotic time averaged site occupancy factors 〈si 〉 for (a)
Li4SnS0

4, (b) Li4SnS∗
4, (c) Li4SnSe0

4 and (d) Li4SnSe∗
4 evaluated at various

simulation temperatures.
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Figure 11. Plots of the ionic conductivity in terms of log(T σ) of Li4SnS4
(a) and Li4SnSe4 (b). The calculated values were evaluated using Eq. 6 with
H = 1. The experimental values for Li4SnS∗

4 were taken from Refs. 3 (A),
6 (B), and 7 (C), while experimental results for Li4SnSe0

4 were taken from
Ref. 5 (D). All of the experimental values were analyzed from the published
graphs using digitizing software. The lines represent least squares fits to the
calculated results or the digitized experimental values.

where ρ denotes the number of mobile ions (Li) per unit volume,
q denotes the charge of each Li ion. The factor H is known as the
Haven ratio41 which takes into account so called correlation effects.
For example, the conductivity due to an interstitialcy process which
involves the concerted motion of interstitial and host ions as discussed
above, is not well modeled by the mean squared displacements of
independent ions. If the temperature dependence of the Haven ratio
H were trivial, the activation energy for tracer diffusion E trace

A would
also approximate the activation energy of the conductivity according
to Eq. (6). A simulation to estimate the Haven ratio42 is beyond the
scope of the present work. On the other hand, comparing a calculation
of the conductivity using Eq. (6) assuming H = 1, with experiment,
can provide information on the Haven ratios for these materials.

Figure 11 summarizes the simulation results in comparison
with experimental conductivity measurements. The conductivity of
Li4SnS∗

4 was measured by 3 independent groups,3,6,7 showing very
similar results. The small differences among the experimental con-
ductivity results shown in Fig. 11a may be due to digitization errors.
The digitized data from these experiments are consistent with the Ar-
rhenius activation energy of E exp

A = 0.4 ± 0.1 eV. The simulation
results reported here should be regarded as preliminary, due to the
relatively small number of configurations sampled. Previous work of
this sort32–35 was based on simulation times 10-100 times as long as
our 3-8 ps simulations. For these reasons, the least squares fit lines

through the simulated results for log(T σ) versus 1000/T should be
considered with large error bars.

Mindful of the limitations, it is nevertheless interesting to analyze
the simulation results obtained in this study. Despite the differences
in their site occupancies, the computed tracer diffusion behaviors of
Li4SnS0

4 and Li4SnS∗
4 shown in Fig. 11a were found to be similar.

The magnitudes of the high temperature simulated conductivities is in
the range of the extrapolated experimental conductivities. By fitting a
straight line through the simulated conductivities, the deduced values
of the tracer activation energies are E trace

A = 0.24 ± 0.06 eV and
0.25 ± 0.04 eV for Li4SnS0

4 and Li4SnS∗
4 respectively as listed in

Table VI. The reported errors of the activation energies are likely
underestimates, since they include only errors due to the linear fit and
not the additional sampling errors of the simulation. However, these
errors suggest that the activation energies for Li ion diffusion in these
materials may differ by as much as 0.1 eV. While the tracer diffusion
result for Li4SnS0

4 is consistent with the NEB result, the tracer diffusion
result for Li4SnS∗

4 is not in agreement either with experiment or with
the NEB estimate for the activation energies. For the selenide materials
shown in Fig. 11b, the magnitudes of the high temperature simulated
conductivities are again in the range of the extrapolated experimental
conductivity. However, in contrast with sulfide materials, the deduced
values of the tracer activation energies are distinct; E trace

A = 0.23 ±
0.1 eV and 0.08 ± 0.01 eV for Li4SnSe0

4 and Li4SnSe∗
4 respectively

as listed in Table VI. The activation energy for tracer diffusion in
Li4SnSe0

4 is smaller than both the values obtained from experimental
conductivity measurements and from the NEB calculations. However,
the computed E trace

A value for Li4SnSe∗
4 happens to agree well with

the NEB estimate of the activation energy ENEB
A which was based on

an idealized interstitialcy mechanism. In future work, the molecular
dynamics simulations could be improved by reducing the sampling
errors in terms of the finite size effects, increasing the simulation
times, and considering multiple initial configurations. Additionally,
it may be important to go beyond the constant volume simulations
and to include the effects of lattice expansion. For example, in the
Li4SnS4 system, the lattice contraction accounts for an energy gain
of 0.03 eV/formula unit. One can guess that the constant volume
simulations might bias the systems to result in distinct configurations
at high temperature. Perhaps more realistic representations of the
volumetric variations with temperature could be used to investigate
possible transitions between the structural forms. In addition to these
possible numerical improvements, some of the discrepancies of the
measured and simulated conductivities come from the Haven ratio
which is expected to be non-trivial for these materials due to the
importance of the interstitialcy mechanism.

Conclusions

Our simulations identify ideal ground state structures for Li4GeS0
4,

Li4SnS0
4, and Li4SnSe0

4 and ideal meta-stable structures Li4GeS∗
4,

Li4SnS∗
4, and Li4SnSe∗

4. The meta-stable structures differ from the
ground state configurations by the removal of the a site Li’s to
the so-called c′ sites and the contraction of the a axis lattice pa-
rameter by approximately 0.5 Å. The ground state structures have
been experimentally reported for Li4GeS0

4, Li4SnS0
4, and Li4SnSe0

4 in
References 4, 4, and 5, respectively. Our ideal meta-stable structure is
consistent with the structure of Li4SnS∗

4 reported by Reference 3 and
corroborated by References 6 and 7.

Based on these ideal structures, Li ion migration processes were
computationally examined for Li4SnS0

4, Li4SnS∗
4, Li4SnSe0

4, and
Li4SnSe∗

4. Considering simple defects and NEB analysis, we find
interstitialcy mechanisms in all of these materials to provide efficient
motion of the Li ions primarily along the b and c lattice directions.
The small “formation energy” involved with moving a Li ion from a
host lattice site into an interstitial site resulting in a interstitial-vacancy
pair, E f = 0.15 eV for both Li4SnS∗

4 and Li4SnSe∗
4 implies that these

structures are likely to be disordered at relatively low temperatures as
suggested by the original analysis of Kaib, Haddadpour, et al.3 The

) unless CC License in place (see abstract).  ecsdl.org/site/terms_use address. Redistribution subject to ECS terms of use (see 152.17.153.175Downloaded on 2017-01-19 to IP 

154



A6394 Journal of The Electrochemical Society, 164 (1) A6386-A6394 (2017)

simulations indicate that the corresponding formation energy is larger
for the ground state structures, where E f = 0.27 eV for Li4SnS0

4 and
E f = 0.36 eV for Li4SnSe0

4, suggesting that these structures are likely
to remain ordered at relatively low temperatures. At the present time,
experimental measurements of the activation energy for ion conduc-
tivity are available only for Li4SnSe0

4 and Li4SnS∗
4. As shown in Table

VI, the NEB estimate of ENEB
A for Li4SnSe0

4 is in reasonable agreement
with experiment assuming an interstitialcy mechanism. On the other
hand, the NEB estimate of ENEB

A for Li4SnS∗
4 is not in good agreement

with experiment, presumably because significant contributions from
more complicated configurations than the pure interstitialcy mecha-
nism are important of ion migration in this case. Molecular dynamics
simulations performed at temperatures of T = 600K and higher in-
dicate that there is significant motion of all of the Li ions including
appreciable occupancy of the interstitial sites for all of the structures.
Plots of the site occupancy parameters from the molecular dynamics
simulations shown in Fig. 10 are consistent with the notion that the
ground state structures remain more ordered for a larger temperature
range than do the meta-stable structures. Sequences of the molecular
dynamics steps identify the interstitialcy mechanism as well as more
complicated motions which contribute to the Li ion mobility. While
these molecular dynamics studies, provide interesting insight into the
properties of these materials, further work is needed to reconcile the
calculated tracer diffusion simulations to quantitative estimates of the
ion conductivity as shown in Fig. 11. In principle if the numerical
accuracy and physical approximations could be improved, it would
be reasonable to attribute the difference between the tracer diffusion
simulations and the conductivity measurements to the Haven ratio.
However, the error bars of the present work are too large to make this
connection at the present time.

The simulations suggest that both Li4SnS4 and Li4SnSe4 have
two ideal phases. The current literature suggests that the ground state
structure is accessible by higher temperature processing while the
meta-stable structure is formed at lower temperatures. For Li4SnS0

4,
MacNeil et al.4 report their highest synthesis temperature as 1023 K,
while for Li4SnS∗

4, Sahu et al.6 report the highest synthesis temperature
as 723 K. Understanding how to control the physical realization of
these two phases, and possibly observing the phase transition might
be of interest for future investigations.
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a b s t r a c t

Two lithium oxonitridophosphate materials are computationally examined and found to be promising
solid electrolytes for possible use in all solid-state batteries having metallic Li anodes e Li14P2O3N6 and
Li7PN4. The first principles simulations are in good agreement with the structural analyses reported in
the literature for these materials and the computed total energies indicate that both materials are stable
with respect to decomposition into binary and ternary products. The computational results suggest that
both materials are likely to form metastable interfaces with Li metal. The simulations also find both
materials to have Li ion migration activation energies comparable or smaller than those of related Li ion
electrolyte materials. Specifically, for Li7PN4, the experimentally measured activation energy can be
explained by the migration of a Li ion vacancy stabilized by a small number of O2� ions substituting for
N3� ions. For Li14P2O3N6, the activation energy for Li ion migration has not yet been experimentally
measured, but simulations predict it to be smaller than that measured for Li7PN4.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Twenty-five years after the pioneering work at Oak Ridge Na-
tional Laboratory on LiPON solid electrolytes [1e9], new crystalline
lithium oxonitridophosphate materials continue to be discovered.
While the technologically viable LiPON electrolyte is disordered [1],
studies of compositionally related crystalline materials has pro-
vided valuable insight. LiPON materials have the stoichiometry
LixPOyNz with x ¼ 2yþ 3z� 5. The building blocks of these mate-
rials are the POuN4�u tetrahedra which are often formed into di-
mers, trimers, infinite chains, or more complicated
interconnections [10e12]. Recently, Baumann and Schnick [13]
found an interesting new crystalline LiPON which has the stoichi-
ometry Li14P2O3N6, formed with a trigonal arrangement of isolated
tetrahedral (PON3)6� ions and stabilized by isolated O2� ions. A

related electrolyte, having the stoichiometry of Li7PN4 and based on
a cubic arrangement of isolated tetrahedral (PN4)7� ions, was pre-
viously synthesized and characterized by Schnick and Luecke
[14,15]. These are two examples of nitrogen rich LiPON materials
constructed from isolated oxonitridophosphate tetrahedra. In the
present work, we report the results of our computational study of
the bulk and interface structures and Li ion migration properties of
both Li14P2O3N6 and Li7PN4. Results are compared with analogous
studies of Li3PO4 [16e21].

2. Computational methods

The computational methods used in this work are based on
density functional theory (DFT) [22,23], implemented by the pro-
jected augmented wave (PAW) [24] formalism. The PAW basis and
projector functionswere generated by the ATOMPAW [25] code and
used in the QUANTUM ESPRESSO [26] package. Visualizations of
the crystal structures were constructed using the XCrySDEN [27,28],

* Corresponding author.
E-mail address: natalie@wfu.edu (N.A.W. Holzwarth).
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VESTA [29] software packages.
The exchange correlation function is approximated using the

local-density approximation (LDA) [30]. The choice of LDA func-
tional was based on previous investigations [10,11,17,19,20,31] of
similar materials which showed that the simulations are in good
agreement with experiment, especially the fractional lattice pa-
rameters, the vibrational frequencies, and heats of formation. The
simulated magnitudes of the lattice parameters, when systemati-
cally scaled by a factor of 1.02, are also in good agreement with
experiment.

The calculations were well converged with plane wave expan-
sions of the wave function including

�
�
�kþ G

�
�
�

2 � 64 bohr�2. The
Brillouin zone integrals were evaluated volumes of 0.006 bohr�3 or
smaller. Convergence tests showed that increasing the sampling
volumes by a factor of 8 changed the total energy by less than
0.001 eV for 100 atom supercells.

The partial densities of states were calculated as described in
previous work [20,32], using weighting factors determined from
the charge within the augmentation spheres of each atom with
radii rLic ¼ 1:6, rPc ¼ 1:7, rOc ¼ 1:2, and rNc ¼ 1:2 in bohr units. The
reported partial densities of states curves hNaðEÞi represent results
averaged over the atomic sites of each type a. The Gaussian width
used to evaluate the density of states was 0.01 eV.

Simulation of Li ion migration were performed at constant
volume in supercells constructed from the optimized conventional
cells. In modeling charged defects (Li ion vacancies or interstitials),
the system was assumed to remain electrically insulating and a
uniform background charge was added in order to evaluate the
electrostatic interactions. The minimum energy path for Li ion
migration was estimated using the “nudged elastic band” (NEB)
method [33e35] as programmed in the QUANTUM ESPRESSO
package, using 5 images between each metastable configuration.
For each minimum energy path, the migration energy, Em was
determined as the energy difference between the lowest and
highest energy of the path. The “formation energies” Ef for pro-
ducing neutral defects in the form of vacancy-interstitial pairs were
calculated within the same supercells. These energies are related to
the experimentally measured ionic conductivity through an
Arrhenius relationship of the form

s ¼ C
T
e�EA=kT ; (1)

where C denotes a constant, T denotes the temperature in Kelvin, k
denotes the Boltzmann constant, and EA denotes the activation
energy for ion migration. The activation energy EA is related to the
migration and formation energies according to [36].

Em � EA � Em þ 1
2
Ef : (2)

In Eq. (2) the upper limit of EA applies to the “intrinsic” case
when ion migration is initiated by the creation of a pair of vacancy
and interstitial ions with energy Ef by thermal activation in addi-
tion to the migration barrier Em. The lower limit applies to the
“extrinsic” case when a population of vacancy or interstitial ions is
available in the sample so that the conduction depends only on the
thermal activation due to the migration energy barriers charac-
terized by Em. Experimentally, sample preparation conditions pre-
sumably control the intrinsic versus extrinsic behaviors of the
activation energy EA. The static calculations cannot estimate the
prefactor C, but calculations of Em and Ef can provide the expected
range of activation energies EA according to Eq. (2).

Another important attribute of solid electrolytes is their inter-
face properties, particularly their interfaces with metallic Li. These
were modeled in supercells containing alternating slabs of

electrolyte and Li metal. The supercells were constrained to the
optimized lattice parameters of the bulk electrolyte in the di-
rections parallel to the interface, while the lattice parameter along
the interface normal direction was allowed to vary in order to
minimize the energy of the simulation cell. This procedure finds
many metastable configurations of the interface. For some of the
simulations we made a more quantitative assessment of the
interface stability, following the approach of Lepley et al. [21] who
defined a quasi-intensive interface energy between materials a and
b as

gabðUÞ ¼
EðU;A;na;nbÞ � naEa � nbEb

2A
: (3)

Here EðU;A;na;nbÞ is the optimized total energy of the supercell
containing the interface with na and nb formula units of materials a
and b. Ea and Eb denote the bulk energy per unit cell of materials a
and b. U represents the particular configuration of the system. A
denotes the area normal to the surface; because of the periodic
boundary conditions, each supercell necessarily has two equal area
interfaces. For our case, material a represents the electrolyte e

Li14P2O3N6 or Li7PN4 e and material b represents metallic Li. In
order to assess the strain introduced by the periodic boundary
conditions, the supercells are prepared with fixed na with the ideal
lattice constants of the electrolyte, and a series of calculations are
performed with similar configurations but varying numbers nb of
metallic Li atoms. The set of calculations can then be fit to an
equation which varies linearly with nb in the form

gabðU;nbÞ ¼ glimab ðUÞ þ nbsðUÞ: (4)

Here sðUÞ represents the strain of the metallic Li in the configura-
tion U and glim

ab ðUÞ represents the surface energy extrapolated to
zero strain. For these systems, it is also interesting to reference the
interface of the electrolyte with vacuum, for which Eq. (3) can be
used with nb≡0.

3. Computational results

3.1. Li14P2O3N6

3.1.1. Structure of bulk Li14P2O3N6

Baumann and Schnick [13] reported the synthesis of Li14P2O3N6
by heating powders of PO(NH2)3 and LiNH2 in a sealed silica glass
ampoule for 24 h at a temperature of 550 deg. C. The resulting
crystals were analyzed to have a trigonal structure characterized by
the space group P3 (No. 147 as listed in the International Table of
Crystallography) [37]. Fig. 1 shows a ball and stick diagram of the
structure from two different perspectives and Table 1 lists the
calculated lattice parameters compared with experimental results.
The scale factor of 1.02, used to correct the systematic LDA error on
the magnitudes of the lattice constants, puts the simulated lattice
constants within 0.1 Å of the experimental results. The simulated
fractional coordinates for the P, O, and N sites are all within 0.01 of
the experimental results. For the Li sites, the simulated fractional
coordinates differ from the experimental values by a larger amount
(0.06 or less). It is our experience [38] that it is common to find that
X-ray analysis is less sensitive to the Li positions than to the posi-
tions of the other elements in the crystal which have larger X-ray
cross sections due to their larger atomic numbers Z.

Simulations show that the trigonal symmetry is stabilized by the
isolated O2� ions located at 1b sites and the corresponding Liþ ions
located at 2c sites. In addition to its trigonal symmetry, the crystal
structure features an interesting arrangement of pairs of PON3
tetrahedra, forming c-axis planes of alternating O2� and N3� ions.

A. Al-Qawasmeh, N.A.W. Holzwarth / Journal of Power Sources 364 (2017) 410e419 411
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The arrangement of the isolated oxonitridophosphate tetrahedra is
quite different from other crystalline LiPON materials of this type
such as Li7PN4 [14,15] and b� and g� Li3PO4 which was studied
previously [18,39].

It is interesting to compare the electronic structure of
Li14P2O3N6 with other oxonitridophophates composed of isolated
tetrahedra and related materials. The corresponding partial den-
sities of states are given in Fig. 2. The valence band states are
characterized by the 2p states of O and N together with bonding
combinations the P 3s and 3p states while the conduction bands are
characterized by the corresponding antibonding states. The N 2p
states dominate the top of the valence band for Li14P2O3N6. The O
2p contributions to Li14P2O3N6 are of two types. The occupied states
associated with P-O bonds contribute to the bottom of the valence
band, while the non-bonded O 2p states contribute to the middle of
the valence band. Knowing that LDA calculations typically under-
estimate band gaps, we can safely conclude that the four materials
are good insulators, having band gaps larger than 3 eV.

Related to the electronic structure is the stability of the com-
pounds relative to decomposition. In order to thoroughly study the
stability of this system, it would be helpful to construct a phase
diagram such as achieved for LiFePO4 by Ong et al. [40]. While this
is beyond the purview of the present study, some information
about the stability can determined by considering the energies of
some possible chemical reactions. These can be roughly estimated
from the calculated total energies, assuming that vibrational en-
ergies including zero point energies can be neglected. For example,
we considered the following possible decomposition reaction.

Fig. 1. (a) Ball and stick diagram of the P3 structure of a unit cell of Li14P2O3N6, viewing
the c -axis along the vertical direction, using the indicated ball conventions to
distinguish the inequivalent sites, labeled according to their Wyckoff letters. (b) Pro-
jection of 4 unit cells of Li14P2O3N6 perpendicular to the c axis to show the trigonal
symmetry.

Table 1
Optimized lattice parameters and fractional atomic positions of Li14P2O3N6 having
the space group P3 (#147) compared with experimental results reported in Ref. [13].
The simulated lattice parameters are multiplied by 1.02 factor to compensate for the
underestimation of distances in the LDA approximation.

Lattice constants (Å)

Simulation (this work) Experiment (Ref. [13])

a 5.66 5.69
c 7.99 8.09

Fractional coordinates
Simulation (this work) Experiment (Ref. [13])

Atom Site ðx; y; zÞ ðx; y; zÞ
Li 6g (0.08,0.70,0.91) (0.05,0.64,0.91)
Li 6g0 (0.35, 0.30,0.41) (0.29,0.29,0.41)
Li 2c (0, 0, 0.75) (0, 0, 0.77)
P 2d (13,

2
3,0.23) (13,

2
3,0.24)

O 2d (13,
2
3,0.45) (13,

2
3,0.45)

O 1b (0, 0,12) (0, 0,12)
N 6g (0.07,0.69,0.17) (0.06,0.69,0.17)

Fig. 2. Partial density of states plot for the LiPON materials Li14P2O3N6 and Li7PN4 in
comparison with g-Li3PO4 and Li2O. Oxygen contributions from isolated O2� ions and
from oxygens associated with P�O bonds are distinguished with dashed and full red
lines, respectively. In each plot, E ¼ 0 is aligned at the top of the valence band. (For
interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)

A. Al-Qawasmeh, N.A.W. Holzwarth / Journal of Power Sources 364 (2017) 410e419412

159



Li14P2O3N6/3Li2Oþ 2Li3Nþ 2LiPN2 � 2:9 eV: (5)

The negative energy on the right side of the equation indicates
that Li14P2O3N6 is stable with respect to decomposition into these
binary and ternary products. In anticipation of the study of in-
terfaces of this electrolyte with Li metal, we also considered the
energy associated with reaction with Li metal as follows.

Li14P2O3N6 þ 16Li/3Li2Oþ 6Li3Nþ 2Li3Pþ 3:1 eV: (6)

This reaction is exothermic, suggesting that under equilibrium
conditions the interfaces would react with Li metal. However the
exothermic energy is considerably smaller than 13.3 eV estimated
for the analogous reaction of Li3PO4 and Li metal [21].

3.1.2. Li ion migration mechanisms in Li14P2O3N6

Li ion migration in Li14P2O3N6 was investigated using supercells
based on 2� 2� 1 multiples of the unit cell. The energies of point
defects were estimated from constant volume optimization of each
structure containing a Li ion vacancy or interstitial and compen-
sating uniform charge density within the supercell. Table 2 sum-
marizes the 3 inequivalent vacancy energies relative to the g0 site
vacancy and 2 inequivalent interstitial energies relative to the I site
interstitial. The placements of these defect sites are illustrated in
Fig. 3(a) and (c) in an orthorhombic construction of the hexagonal
unit cell.

In order to study likely migration pathways, using the NEB
method [33e35], we considered a range of near neighbor hops
between defect sites as summarized in Table 3. In this table, the
distances d between defect sites are estimated from the perfect
crystal configurations. The results show that DE, the calculated
energy variation within each trajectory between pairs of meta-
stable configurations, is sensitive both to the distance d and to the
local environment of the trajectory.

Considering Li ion vacancy migration, the large range of the
relative energies of the unique vacancy configurations listed in
Table 2 suggests that the energetically favorable vacancy migration
processes are confined to hops between vacancies on equivalent
sites. Table 3 lists the unique hops likely to contribute to Li ion
migration in this material. These include several migration path-
ways between vacancies on g0 sites and several pathways between
vacancies on g sites. Geometric considerations suggest that c site
vacancies are less likely to be involved in effective Li ion migration
processes. The corresponding energy path diagrams are given in
Fig. 3(b) for the vacancy mechanisms and in Fig. 3(d) for mecha-
nisms actively involving interstitial sites.

The visualization of the trajectories shown in Fig. 3(a) shows
that the vacancy migration processes involving sites of type g0 take

place near planes of the crystal that include oxygen ions. The path
g01 / g02 / g03 / g04 / g05 is characterized by two unique hops.
The hop g01 / g02 has a relatively low energy variation of
DE ¼ 0.3 eV, while the hop g02 / g03 has a more complicated tra-
jectory with a net energy variation of DE ¼ 0.4 eV. Examination of
details of the trajectory shows that substantial rearrangement of
the neighboring ions in the vicinity of a metastable interstitial
configuration. The rearrangement lowers the energy of the
configuration below that of the pure g0 vacancy and thus increases
the overall migration energy for the trajectory to Em ¼ 0:4 eV. The
path g06 / g07 / g08 / g09 / g010 is characterized by one unique
hop g06 / g07 which is identical to the hop g01 / g02 having an
energy variation of DE ¼ 0.3 eV resulting in the net migration
barrier of Em ¼ 0.3 eV which is the lowest migration barrier found
for this material in this study.

Vacancy migration processes involving sites of type g take place
near planes of the crystal that include nitrogen ions. The path g6 /
g7 / g8 / g9 involves motion along the hexagonal a axis with two
unique hops. The hop g6 / g7 has an energy variation of
DE ¼ 0.3 eV and the longer distance hop g7 / g8 has an energy
variation of DE ¼ 1.6 eV, resulting in the net migration barrier of
Em ¼ 1.6 eV for this path. The path g1 / g2 / g3 / g4 / g5 also
involves net motion along the hexagonal a axis with two unique
hops. The hop g1 / g2 is identical to the hop g6 / g7, while the hop
g2 / g3 has a component along the c axis having an energy vari-
ation of DE ¼ 0.6 eV. The overall path which has a net motion along
the hexagonal a axis in alternating proximity to two nearby nitro-
gen planes of the crystal, has a net migration energy of Em ¼ 0.6 eV.

Li ion migration mechanisms involving interstitial sites were
also consider as visualized in Fig. 3(c). A pure interstitial path was
found in the proximity to two neighboring nitrogen planes,
involving interstitial Li ions hopping 3.2 Å between type I and II
sites. This path requires the Li ion to migrate through a region
containing significant numbers of host lattice Li ions of type g. The
simulations find significant distortion of the host lattice ions and
the resulting energy variation along the path is very large e DE>2
eV, suggesting that the pure interstitial mechanism is unlikely to
contribute to the migration processes. On the other hand, a related
kickout process, involving the same interstitial sites in concerted
motion with nearby g site host lattice Li ions,as illustrated in
Fig. 3(c), was found to have an energy variation of DE ¼ 0:6 eV as
shown in the energy path diagram of Fig. 3(d).

In order for Li ion migration to occur within a well-ordered
crystalline material, it is necessary to take into account the “for-
mation” energy Ef of vacancy-interstitial pairs of defects. The
possible values of Ef for this material were estimated by optimizing
defect pair geometries within the supercell, spanning the possi-
bilities with interstitials of each type (I and II) and near-neighbor
vacancies of the types g0, g, and c. For the pairs I-c and II-c, the
formation energy was found to be relatively large e Efz1:0 eV. For
the pairs I-g and II-g, the formation energy was found to be very
largee Ef >1:6 eV. However, for the pairs of type I-g0, some smaller
formation energies were found, with the minimum value of
Ef ¼ 0:3 eV, involving nearest neighbor I and g0 sites. Formation
energies of type II-g0 were found be Ef >1:0 eV.

From the analysis of Em and Ef for this material, vacancy
mechanism of diffusion near the oxygen planes with g0 sites was
found to be themost favorable with amigration energy Em ¼ 0:3 eV
and the minimum formation energy for this material was found to
be Ef ¼ 0:3 eV. From these results the simulated activation energy
can be estimated from Eq. (2) to be 0:3 � EA � 0:4 eV.

3.1.3. Li14P2O3N6/Li interfaces
From the structure of Li14P2O3N6 shown in Fig. 1, a likely

cleavage seems to be normal to the c axis between two planes

Table 2
Distinct vacancy and interstitial Li ion sites within the unit cell of Li14P2O3N6 and
their relative energies estimated from 2� 2� 1 supercell optimizations. The refer-
ence energies were chosen as the g0 site for the vacancy defects and the I site for the
interstitial defects.

Vacancies

Multiplicity and Wyckoff Label Relative Energy (eV)

4g0 0.00
4g 0.95
2c 0.41

Interstitials

Fractional Coordinates Relative Energy (eV)

I≡(13,
2
3,0.73) (2d) 0.00

II≡(0, 0, 0) (1a) 0.22
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containing N. Using Eq. (3) with nb ¼ 0, we find g(Li14P2O3N6[c]/
vac) ¼ 0.07 eV/Å2. The result is insensitive to the number of elec-
trolyte layers; convergingwithin 0.001 eV/Å2 even for a single layer.
All other vacuum cleavages for this material were found to have a
larger surface energy by at least 50%. The surface energy for this
system is similar to that of g-Li3 PO4, which was reported by Lepley
et al. [21] to be 0.04 eV/Å2 and 0.07 eV/Å2 for surface normals along
the a and b axes, respectively.

We prepared two series of configurations of interfaces of
Li14P2O3N6[c] with Li as shown in Fig. 4(a) and (b) and the corre-
sponding plots of the surface energy versus the number of metallic
lithium atoms nb are evaluated according to Eq. (4) as plotted in
Fig. 4(c). Interface configurationsU1 andU2 have approximately the
same density of the Li atoms per unit volume 0.05e0.06 atoms/Å3,
close to the density of bulk Li. The estimated strains of the two
configurations are sðU1Þ ¼ 0:0004 eV/Å2 and sðU2Þ ¼ 0:0014 eV/Å2,
consistent with the notion that the more regular structure of
configuration U1 produces smaller strain. The strain corrected
interface energy, glimab , for the two configurations is found to be
approximately 0.05 eV/Å2. This value is similar to the correspond-
ing values of 0.03e0.04 eV/Å2 reported by Lepley et al. [21] for
interfaces of b- or g- Li3PO4 with Li metal.

The partial densities of states for the interface 4(a) with nb ¼ 36
are shown in Fig. 4(d). Even though the supercell contains only one
formula unit of the electrolyte, the partial densities of states for the
interior of the electrolyte is very similar to that of the bulk structure
of Li14P2O3N6 shown in Fig. 2. The metallic Li states are physically
separated from the electrolyte, but energetically overlap with the
top of the Li14P2O3N6 valence band by approximately 1 eV. The

Fig. 3. Panels (a) and (c) show ball and stick models of several supercells of Li14P2O3N6 using the same ball conventions as in Fig. 1 with the addition of type I and II interstitial sites
shown in bright and pale green, respectively. The a and c axes are indicated in the diagrams while the third axis of the diagram is perpendicular to the other two, specifically
constructed in the aþ 2b direction. Panels (b) and (d) show energy path diagrams from NEB simulations of Li ion migration between metastable vacancy or interstitial configu-
rations indicated by the vertical lines. Panel (a) shows 4 possible vacancy migration paths and panel (b) shows the corresponding energy path diagram, choosing the zero of energy
at the g0 vacancy configuration. Panel (c) shows possible interstitial (full arrows) and kickout (dashed arrows) mechanisms for Li ion migration and panel (d) shows the corre-
spondoing energy path diagram, choosing the zero of energy at the I interstitial configuration. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Table 3
Summary of Li ion migration steps in Li14PO3N6 using site labels are given in Figs. 3
(a) and (c). The hop distance d is based on ideal lattices before defect optimization.
The energy range within each hop is given as DE.

Type Sites d (Å) DE (eV)

Vacancy g01/g02, g06/g07 2.3 0.3
Vacancy g02/g03 2.6 0.4
Vacancy g1/g2, g6/g7 2.6 0.3
Vacancy g2/g3 2.4 0.6
Vacancy g7/g8 3.3 1.6
Interstitial II1/I1 3.2 >2:0
Kickout II1/ga/I1 2.0 þ 2.0 0.6
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partial densities of states associated with the Li ions at the interface
of the electrolyte and the metallic Li, show that they have more
electronic charge than the Liþ ions in the interior of the electrolyte.
The “Electrolyte Li” curve in the top portion of the plot 4(d) is the
same as the “Li” curve in lower portion of the plot representing
ionic Li within the interior of the electrolyte. Also shown in the top
portion of the plot 4(d) are the “Interface Li” contributions corre-
sponding to Li sites nearest the electrolyte and the “Metallic Li”
contributions corresponding to the interior of the metallic Li region
of the supercell.

3.2. Li7PN4

3.2.1. Structure of the bulk Li7PN4

Li7PN4 was synthesized by Schnick and Luecke [14,15] by sealing
Li3N and P3N5 under a nitrogen atmosphere in a quartz tube and
heating to 620 deg C for one hour. The resulting crystals were
analyzed to have a cubic structure with the space group P43n (No.
218) with 8 formula units (96 atoms) in each unit cell. A ball and
stick diagram of the unit cell is shown in Fig. 5. Table 4 lists the
lattice parameters from the simulation in comparison with the
experimental results. The comparison is quite good. The LDA cor-
rected simulated lattice constants agree with experiment within
0.02 Å, and the fractional coordinates including the Li sites agree
within 0.01.

The partial densities of states for Li7PN4 was shown in Fig. 2 in
comparison with the related materials of this study. The similarity
of the electronic structure with Li3PO4 is evident from these plots,
while Li7PN4 has a smaller valence band width and a smaller gap
between the conduction and valence bands compared with Li3PO4.

With a view toward considering a limited study of the stability
of this system, from the electronic structure results, we can
consider the following decomposition reactionr:

Li7PN4/2Li3Nþ LiPN2 � 2:9 eV: (7)

The negative energy on the right side of the equation indicates
that Li7PN4 is stable with respect to decomposition into these bi-
nary and ternary products. We can also consider interaction with
metallic Li.

Li7PN4 þ 8Li/4Li3Nþ Li3Pþ 0:2 eV: (8)

This reaction is exothermic suggesting that under equilibrium
conditions the interfaces would react with Li metal. However the
exothermic energy in this case is very small compared with the
corresponding reaction energies of other LiPON electrolytes as
discussed above.

3.2.2. Li ion migration mechanisms in Li7PN4

We also considered Li ion migration mechanisms in Li7PN4. The

Fig. 4. Ball and stick models of interfaces of Li14P2O3N6[c]/Li from viewpoints similar to that given in Fig. 3 using simplified ball conventions with light gray, black, red, and blue balls
representing Li, P, O, and N sites, respectively. Li configurations U1 and U2 are shown in panels (a) and (b), respectively. Panel (c) plots the interface energy for the two config-
uragions as a function of nb Li metal atoms, evaluated according to Eq. (4). Panel (d) presents the partial densities of states of configuration U1 with 36 metallic Li atoms in the
supercell. The zero of energy for the hNaðEÞi plots is taken as the top of the valence band of the bulk electrolyte. The bottom portion of the plot shows the five contributions to partial
densities of states from the interior of the electrolyte in the supercell, while the upper portion compares the partial densities of states of the three types of Li using an expanded
intensity scale. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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simulations were performed using the unit cell since it is quite
large, containing 96 atoms. Vacancies were simulated by removing
one Liþ ion and adding a compensating uniform charge of þe
within the simulation cell. There are five distinct vacancy sites and
the corresponding relative vacancy energies are given in Table 5.
Interstitials were simulated by adding one Liþ ion and adding a

compensating uniform charge of�ewithin the simulation cell. Two
distinct low energy interstitial sites were found and these are also
listed in Table 5, including their Wyckoff site label.

For simulating Li ion vacancy migration, it was determined that
the paths with the shortest hops are along one of the equivalent
crystallographic axes. For example, in Fig. 5, three distinct paths
along the c-axis can be visualized. The corresponding energies
along the migration path as computed with the NEB approach are
illustrated in Fig. 6(a). From these diagrams, it is apparent that the
path i/e/i/e/i has the smallest migration energy with
Em ¼ 0:3 eV. The simulations also show that the smallest “forma-
tion” energy for an interstitial-vacancy pair Ef ¼ 1:9 eV, corre-
sponding to a type I interstitial paired with a all types of nearby
vacancies within 5 Å distance from the interstitial. From these re-
sults, the simulated activation energy from Eq. (2) can be estimated
to be 0:3 � EA � 1:3 eV. On the other hand, the experimentalFig. 5. Ball and stick diagram of the P43n structure of a unit cell of Li7PN4, using the

indicated ball conventions to distinguish the inequivalent sites; labeled with their
Wyckoff letters. The axes a, b and c are equivalent.

Table 4
Optimized lattice parameters and fractional atomic positions of Li7PN4 having the
space group P43n (♯ 218) compared with experimental results reported in Ref. [14].
The simulated lattice parameters are multiplied by 1.02 factor to compensate for the
underestimation of distances of LDA approximation.

Lattice constant (Å)

Simulation (this work) Experiment (Ref. [14])

a 9.34 9.36

Fractional coordinates
Simulation (this work) Experiment (Ref. [14])

Atom Site ðx; y; zÞ ðx; y; zÞ
Li 6b (0,12,

1
2) (0,12,

1
2)

Li 6d (14,0,
1
2) (14,0,

1
2)

Li 8e (0.23, 0.23,0.23) (0.22,0.22,0.22)
Li 12f (0.26,0,0) (0.26,0,0)
Li 24i (0.25,0.24,0.98) (0.25,0.24,0.97)
P 6c (12,0,

1
4) (12,0,

1
4)

P 2a (0,0,0) (0,0,0)
N 24i (0.35,0.39,0.10) (0.35,0.38,0.10)
N 8e (0.10,0.10,0.10) (0.10,0.10,0.10)

Table 5
Distinct vacancy and interstitial Li ion sites in Li7PN4 and their relative energies. The f
vacancy site is chosen as the reference for the vacancy sites, and the I interstitial type
is chosen as the reference for the interstitial sites.

Vacancies

Multiplicity and Wyckoff Label Relative Energy (eV)

6b 0.15
6d 0.25
8e 0.00
12f 0.00
24i 0.10

Interstitials

Fractional Coordinates Relative Energy (eV)

I≡(0.36, 0.85, 0.38) (24i) 0.00
II≡(0.36, 0.36, 0.36) (8e) 0.32

Fig. 6. (a) Energy path diagram for Li ion vacancy migration in Li7PN4, showing three
distinct trajectories between metastable vacancy configurations indicated with the
vertical lines and corresponding to the indicated Wyckoff labels; the zero of energy is
taken as a Li ion vacancy at a f site. (c) Energy path diagram for Li ion vacancy
migration in Li7PN4 in the vicinity of an O ion substituting for N; the zero of energy is
taken to be the lowest energy of the path (at the e1 site Li ion vacancy). Panels (b) and
(d) show sections of the unit cell of Li7PN4 as shown in Fig. 5 in the vicinity of Li sites
i/e…. These sections each have a substituted O ion represented by a red ball on the
“Left” and “Right” sides of the path in panels (b) and (d), respectively. (For interpre-
tation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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impedance measurements find the activation energy for ionic
conductivity to be EA ¼ 0:48 eV [15], suggesting that the experi-
mental samples have a significant source of Li ion vacancies besides
those available from thermal activation.

We reasoned that a possible source of Li ion vacancies in the
experimental samples might be due to the presence of O ions
replacing a small number N ions within the crystal. Since O2� ions
can be compensated with 2 Liþ ions while N3� can be compensated
with 3 Liþ ions, a O ion substitution stabilizes a Li ion vacancy. There
are two inequivalent N sites leading to two inequivalent O ion
substitutions. Fig. 6(b) illustrates the “Left O” geometry in which
the substituted N site has Wyckoff label e and Fig. 6(d) illustrates
the “Right O” geometry inwhich the substituted N site hasWyckoff
label i. The corresponding NEB diagrams for Li ion migration along
the nearby i/e/i/e/i paths are shown in Fig. 6(c). The energy
diagram plots for the two substitution models are very similar (but
not identical) and show that the presence of an O ion substitution
does increase the migration energy barriers to Emz0:5 eV. Since
the activation energy for conductivity in the presence of a native
population of vacancies is EA ¼ Em, the simulations support the
notion that experimental samples of Li7PN4 may have O ion defects
which stabilize Li ion vacancies and which increase the ionic
conductivity.

In addition, we have investigated several possible Li ion inter-
stitial mechanisms using the I and II type interstitial sites listed in
Table 5. However, no direct hop or kickout paths were identified,
based on geometric considerations.

3.2.3. Li7PN4/Li interfaces
A plausible cleavage plane for forming a surface of Li7PN4 is

normal to a cube axis and exposes the smallest number of voids
between PN4 groups as shown in Fig. 7. We studied this (100)
surface with a variety of Li configurations. The relaxed structures of
two these interfaces is shown in Fig. 7. The structure shown in
Fig. 7(a) is a highly symmetric structure, while the structure shown
in Fig. 7(b) is less symmetric, but has an energy of 6.1 eV lower in
the 192 atom simulation cell. The interface energy for configuration
7(b) (not corrected for strain) was found to be 0.04 eV/Å2, a value
similar to other LiPON/Li interfaces discussed above. The partial
density of states for structure 7(b) is shown in Fig. 7(c). The cor-
responding partial densities of states for structure 7(a) is

qualitatively similar, differing mostly in the partial densities of
states contributions from metallic Li. The partial densities of states
results shown in Fig. 7(c) indicates that this Li7PN4/Li system has
the properties of an ideal interface. It is structurally metastable and
the Fermi level of the system falls well within the band gap of the
interior portion of the electrolyte so that it is expected that the
system will be electrically insulating. It is interesting to note that
hNaðEÞi curves corresponding to the interface region involving the
P, N, and Li ions closest to the interface boundary, show small
contributions within the band gap of bulk electrolyte, as shown in
the middle planel of Fig. 7(c). The hNaðEÞi contribution for metallic
Li shown in the top of Fig. 7(c) has the typical shape of that of a free-
electron metal.

Fig. 7. Panels (a) and (b) show ball and stick models of Li7PN4 interfaced with metallic Li in two distinct configurations. The ball conventions have been simplified so that light gray,
black, and blue balls represent Li, P, and N sites, respectively. Panel (c) shows partial densities of states corresponding to configuration (b), with separate hNaðEÞi contributions for
the interior of the electrolyte, the interface region, and the contributions from the three types of Li sites using an expanded intensity scale. The zero of energy for the plots is taken as
the top of the valence band of the bulk electrolyte. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 8. Panel (a) shows ball and stick diagram of idealized g-Li3PO4/Li with the surface
normal oriented along the b axis shown in the vertical direction and the a axis of the
electrolyte shown in the horizontal direction. The ball conventions are light gray, black,
and red, representing Li, P, and O sites, respectively. Panel (b) shows the corresponding
Partial densities of states plots for this interface, with separate hNaðEÞi contributions
for the interior of the electrolyte, the interface region, and the contributions from the
three types of Li sites using an expanded intensity scale. The zero of energy for the
plots is taken as the top of the valence band of the bulk electrolyte. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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4. Summary and conclusions

The results of the reported simulations suggest that both ni-
trogen rich crystalline lithium oxonitridophosphate materials of
this study e Li14P2O3N6 and Li7PN4 e show promising properties as
solid electrolytes for Li ion batteries, possibly for use with Li metal
anodes.

Simulations of idealized interfaces constructed for Li14P2O3N6/Li
and Li7PN4/Li are structurallymetastable and electrically insulating.
In both of these cases, the partial densities of states associated with
the interfaces show small effects in their electronic structures,
while the partial densities of states associated with the interior of
the electrolytes are identical to their bulk values. The partial den-
sities of states associated with the metallic Li layers show that the
Fermi level of the system lies well within the band gap of the
interior layers of the electrolyte. An analogous study of idealized
interfaces for g-Li3PO4[b]/Li previously studied by Lepley et al. [21]
is shown in Fig. 8(a) and (b). Here we see that the partial densities
of states in the interface are somewhat less effected than in the case
of the nitrogen rich electrolytes, while the partial densities of states
associated with the interior of the electrolytes are identical to their
bulk values. The partial densities of states associated with the
metallic Li layers show that the Fermi level of the system lies well
within the band gap of the interior layers of the electrolyte. Inter-
estingly, the bottom of the metallic Li band in g-Li3PO4[b]/Li lies
above the top of the valence band of the electrolyte, while for the
nitrogen-rich materials, the bottom of the metallic Li band lies
approximately 1 eV below the top of the valence band of the
electrolyte. While the total energy results for these LiPON electro-
lytes suggest exothermic reactions with Li under equilibrium con-
ditions such as shown in Eqs. (6) and (8), these simulations show
that LiPON/Li interfaces are likely to be practically stable as has
been shown in experimental demonstrations [41].

The simulations also suggest that the activation energies for Li
ion migration in the nitrogen rich electrolytes are also quite
promising. Table 6 summarizes the simulation estimates of Li ion
activation energies with experiment and with previous results for
other isolated oxonitridophosphate materials. Here we see that the
most efficient predicted activation energy for Li ion migration in
Li14P2O3N6 is 0.3e0.4 eV for a pure vacancy mechanism involving g0

site Li ions. The predicted activation energy for Li ion migration in
Li14P2O3N6 is lower than the experimentally measured values for
Li7PN4 [15] and for g-Li3PO4 [42] as well as the EA ¼ 0:6 eV values
measured for typical amorphous LiPON films [3]. The predicted
activation energy of EA ¼ 0:5 eV for Li ion migration in Li7PN4 with
Li ion vacancies, stabilized by O2� ions substituting for N3�, is close
to that reported in experimental conductivity measurements for
Li7PN4 [15]. It is also interesting to note that while for these ni-
trogen rich crystalline electrolytes, Li ionmigration is dominated by
vacancy mechanisms, while for Li3PO4 it was found that kickout

mechanisms provide the most efficient ion migration processes
[17]. While the simulations represent many competing factors
which contribute to these results, it is perhaps reasonable to sug-
gest a more general trend from the fact that each N3� ion is asso-
ciated with three Li ions while each O3� ion is associated with two
Li ions. It is therefore reasonable to expect that Li ion migration in
structures with greater numbers of occupied Li sites are likely to
occur via vacancy mechanisms while structures with smaller
numbers of occupied Li sites are likely to occur via mechanisms
having more active involvement of the interstitial sites.
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Appendix D

Atomics Units

Atomic units is a system of natural units which is especially convenient for atomic

physics calculations. There are two different kinds of atomic units, Hartree atomic

units and Rydberg atomic units, which differ in the choice of the unit of mass and

charge. In this thesis we used Hartree atomic units, which define the physical con-

stants as follows:

• The unit of mass is the mass of an electron me.

• The unit of charge is the magnitude of the charge of an electron e.

• The unit of length is the Bohr radius (a0), which is given by:

a0 =
4πε0h̄

2

mee2
(D.1)

• According to this definition in atomic units, the energy in atomic units will be

given in Ha which stands for Hartree, which is defined as follows:

1Ha =
e2

4πε0a0

(D.2)
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