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Abstract

This thesis investigates the enhancement of clustering methodologies on general do-
mains, motivated by questions arising in molecular dynamics (MD) simulations. Tra-
ditional clustering methods face limitations such as parameter dependence and inabil-
ity to reveal complex structures, which Partitioned Local Depth (PaLD) addresses
by employing a parameter-free framework that emphasizes local relationships to dis-
cern nuanced community structures. The integration of domain-specific features into
PaLD extends its applicability, enabling more contextually relevant analyses across
various data-centric fields, including time-series, geospatial, and network data. The
thesis advocates for future research to refine PaLD, particularly for large-scale MD
datasets, underscoring the method’s potential to significantly advance data science
and biomolecular research.

viii



Chapter 1

Introduction

Since their origin in 1977, molecular dynamics (MD) simulations have profoundly in-

fluenced computational biology, providing a detailed lens into the dynamic behavior

of biomolecules [31]. These simulations produce vast datasets, necessitating sophisti-

cated clustering methods to decipher complex patterns and conformational changes

[25]. Traditional clustering techniques, however, struggle with parameter dependence

and often overlook the nuanced internal structure and kinetic dynamics within clus-

ters, calling for more advanced analytical methods [24, 39, 36].

This thesis begins in Chapter 2 with background on MD simulations and a discus-

sion of relevant traditional clustering methods, emphasizing their limitations and the

impact on biomolecular analysis. Chapter 3 introduces the PaLD method, an innova-

tive clustering approach free from the constraints of predefined parameters, enhancing

the understanding of cluster internals. Chapter 4 explores the integration of domain

information into the PaLD framework, offering a more dynamic perspective on clus-

tering data. Finally, Chapter 5 presents various applications of the method, demon-

strating its effectiveness in extracting meaningful insights from complex datasets of

varying types. Specific applications include revealing local community structure for

time-, geographic- and network-based data.
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Chapter 2

Motivation and Background

Much of the motivation for our work stems from considerations arising in clustering

for molecular dynamics. In this chapter, we introduce the critical role of clustering in

the analysis of MD simulations, particularly in understanding protein conformation

and function. We delve into traditional clustering methods commonly employed in

MD simulations, highlighting their strengths and limitations. This discussion sets the

stage for our investigation into advanced clustering techniques, aiming to address the

challenges inherent in conventional methods so that one may improve the accuracy

and depth of MD simulation analysis.

2.1 Molecular Dynamics Simulations in Protein Conforma-

tion Analysis

MD simulations are a computational technique that models the motion of molecular

systems over time, providing insights into the dynamic nature of biomolecules such as

proteins. A protein’s conformation, the three-dimensional arrangement of its atoms,

is vital for understanding its biological function and interactions [31, 26, 42, 14, 20].

The initiation of MD simulations in 1977 by McCammon, Gelin, and Karplus

[31] was a pivotal advancement in computational biology. These simulations enable

the exploration of atomic-level interactions within biomolecules, which are difficult to
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observe through conventional experimental methods.

Using experimental structural data, classical MD simulations apply Newton’s

equations of motion to predict the time-evolution of atomic positions and veloc-

ities within a molecular system. This generates a trajectory that elucidates the

molecule’s time-dependent behavior, offering a detailed view of its dynamic confor-

mational changes [26, 42, 14, 20]. Through such simulations, researchers can observe

the intricate dynamics and interactions of proteins, aiding in the deciphering of their

functional mechanisms [19, 58, 57, 59, 60, 56, 55, 54].

Particularly, MD simulations at the microsecond scale and beyond have enabled

the exploration of a wide range of protein conformations, facilitating a deeper under-

standing of their functional mechanisms [40, 56, 55, 53, 49, 29]. However, the extensive

data generated by these simulations pose a significant challenge in terms of analysis

and interpretation. The sheer volume of data, consisting of hundreds of thousands

of frames, makes it impractical to manually inspect each frame for conformational

changes.

To address the challenge of analyzing and interpreting the voluminous data from

MD simulations, researchers employ clustering algorithms to systematically organize

and scrutinize the generated datasets. These algorithms cluster similar conformations,

thereby pinpointing representative structural states and their transitions, which are

crucial for extracting meaningful biological insights [33, 57, 59, 58, 55, 54].

For example, Figure 2.1 demonstrates the representative structures of the 60s

loop of thrombin, categorized into three clusters using HDBSCAN1 based on the

coordinates of the heavy atoms in the 60s loop, and Figure 2.2 depicts the time-

evolved cluster membership in MD simulations, effectively outlining three biologically

significant conformations, illustrating the dynamic unfolding of the 60s loop, and

1Hierarchical density-based spatial clustering of applications with noise. See Section 2.2.3, below,
for a discussion of various density-based clustering methods.
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identifying transition states as noise.

Figure 2.1: Representative structures of the 60s loop heavy atoms in Thrombin,
TM56-bound, and TM456-bound Thrombin, clustered using HDBSCAN. The median
thrombin structure is shown in transparent green, with the variance in the 60s loop
across clusters illustrated by shadows, following the visual statistics method [34].

Figure 2.2: HDBSCAN cluster membership of frames throughout the MD simulation
timeline, illustrating the transitions between clusters. This visualization effectively
captures the dynamic behavior of the system, revealing the temporal progression and
changes in cluster affiliation. The label ‘-1’ denotes ‘Noise’, referring to data points
not assigned to any cluster due to their low density, possibly representing transition
structures.

However, the effectiveness of clustering can vary. When the Amorim-Hennig clus-

tering method was applied to the same dataset, it inaccurately grouped structures

into two clusters that were temporally mixed, as shown in Figure 2.3. Moreover,

these clusters had nearly identical representative structures (see Figure 2.4), failing

to reveal any significant biological activity. Similar issues can arise with HDBSCAN
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when applied to different systems, underscoring the complex challenges and inherent

limitations of conventional clustering methods. These topics will be further discussed

in Section 2.2, “Traditional Clustering Methods in MD Simulations”, and Section 2.3,

“Limitations of Traditional Clustering Methods in MD Simulations”.

Figure 2.3: Cluster membership over time using the Amorim-Hennig method in MD
simulations. The plot reveals a temporal overlap of frames among clusters, suggest-
ing difficulties in distinguishing biologically relevant structures, which highlights the
method’s limitations in effectively separating distinct conformational states.

Figure 2.4: Representative structures of the 60s loop heavy atoms in Thrombin,
TM56-bound, and TM456-bound Thrombin, clustered using Amorim-Hennig cluster-
ing. The median thrombin structure is shown in transparent green, with the variance
in the 60s loop across clusters illustrated by shadows, following the visual statistics
method [34].
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2.2 Traditional Clustering Methods in MD Simulations

Clustering methods are essential in unsupervised machine learning, pivotal for pat-

tern recognition within unlabeled datasets [25]. A wide range of clustering algorithms,

primarily developed in computer science [30, 17, 25, 61, 5, 1], has been successfully

adapted for MD datasets [33, 57, 59, 58, 55, 54]. In MD simulations, specific cluster-

ing algorithms are routinely utilized, including hierarchical clustering, center-based

clustering, density-based clustering, and topological data analysis (TDA). Each of

these algorithms addresses distinct facets of the data, facilitating a comprehensive

analysis of the complex molecular structures and dynamics inherent in MD studies.

2.2.1 Hierarchical Clustering Algorithms

Hierarchical clustering in MD analysis is crucial for organizing conformations into a

multilevel cluster hierarchy, revealing the structural nuances of biomolecular systems.

This technique is bifurcated into two main strategies: divisive methods, which system-

atically divide a single cluster into smaller, more refined groups, and agglomerative

methods, which incrementally merge individual conformations into comprehensive

clusters.

Within these strategies, various linkage criteria that determine the clustering dy-

namics are employed:

1. Single-Linkage Clustering: Utilizes the shortest distance between clusters,

favoring the formation of elongated clusters. While it’s computationally effi-

cient, its sensitivity to outliers can result in less cohesive cluster formation [46].

2. Complete-Linkage Clustering: Based on the furthest distance between clus-

ters, this method yields more compact and clearly delineated clusters, effectively

countering the effect of outliers [48].
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3. Average-Linkage Clustering: Considers the average distance between clus-

ters, striking a balance between compactness and separation, and is considered

well-suited for a broad range of clustering scenarios [47].

4. Centroid-Linkage Clustering: Determines cluster proximity through the ge-

ometric mean, potentially leading to non-monotonic distance measures and in-

versions, which can affect the clustering hierarchy [47].

5. Ward-Linkage Clustering: Focuses on minimizing the variance increase within

clusters, often resulting in well-defined and compact clusters, ideal for detailed

MD analysis of structure-function relationships in biomolecules [52].

These hierarchical clustering algorithms significantly contribute to analytical depth

in MD simulations, aiding in the systematic exploration of biomolecular dynamics and

structural properties. For further details on application of hierarchical clustering in

MD analysis, see references [41, 38, 18].

2.2.2 Center-Based Clustering Algorithms

Center-based clustering algorithms are pivotal in the analysis of MD simulations, as

they identify representative conformations by selecting a predefined number of them

as cluster centers and grouping others based on proximity. Notably, four center-based

clustering algorithms are commonly employed:

1. k-means: This algorithm segregates MD conformations into k distinct clusters

to minimize the within-cluster sum of squared distances (WCSS) between the

conformations and their respective cluster centers. The centers are calculated

as the geometric means of the conformations within each cluster. Iteratively,

the algorithm selects initial cluster centers, assigns conformations to the nearest

center, and recalculates the centers until there is minimal change in WCSS [30].

7



2. k-medoids: This algorithm, akin to k-means, partitions the dataset into k

clusters but uses actual conformations (medoids) as the cluster centers, rather

than geometric means. By minimizing the total dissimilarity between each

conformation and its cluster center, k-medoids offers robustness against noise

and outliers, yielding more interpretable results for MD simulations [27].

3. k-centers: This algorithm aims to establish k clusters by minimizing the max-

imum distance from any conformation to its nearest cluster center. The process

initiates with a randomly selected conformation as the first center and subse-

quently chooses new centers as conformations most distant from the existing

centers. This method is particularly adept at managing outliers and guarantees

comprehensive coverage of the conformational space [21].

4. Amorim-Hennig Algorithm (iMWk-means with explicit re-scaling fol-

lowed by k-means): An advanced adaptation of k-means, this algorithm starts

with intelligent k-means (ik-means) [9] to autonomously determine the cluster

count and initial centroids by detecting distinct patterns in the data. It incor-

porates the Minkowski Weighted k-means (MWk-means) algorithm [12], which

modulates feature relevance through weight assignment based on their cluster-

ing contribution and employs the Minkowski distance to accommodate various

cluster geometries beyond the spherical model intrinsic to k-means. The ex-

plicit re-scaling stage further tailors the feature scale in the dataset, enhancing

alignment with its intrinsic structure. Subsequently, k-means is reapplied to

the re-scaled data, utilizing refined centroids and feature weights for improved

clustering accuracy. This elaborate method amalgamates ik-means’ automatic

cluster and centroid initialization with MWk-means’ feature-sensitive clustering

and k-means’ operational simplicity, culminating in a robust, nuanced, and ef-

ficient clustering mechanism, especially effective in delineating stable biomolec-
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ular systems [11, 33].

Employing these algorithms significantly enhances the analysis and interpretation

of large-scale MD simulations, facilitating the discernment of representative confor-

mations and shedding light on the dynamic and structural attributes of the system.

2.2.3 Density-Based Clustering Algorithms

Density-based clustering algorithms are essential for analyzing MD conformations,

clustering them based on density variations. These algorithms are particularly suit-

able for MD simulations of macromolecular systems, where high-density regions often

correspond to free energy minima, making them intuitive choices for identifying stable

conformations. Among various density-based algorithms, we focus on the neighbor-

based algorithm, the density-peaks algorithm, the Robust-DB algorithm, DBSCAN

(Density-Based Spatial Clustering of Applications with Noise), and HDBSCAN (Hi-

erarchical Density-Based Spatial Clustering of Applications with Noise).

1. Neighbor-Based Algorithm: Pioneered by Daura et al. [10], this algorithm

employs a predetermined cut-off radius to calculate the density of conforma-

tions. The conformation with the highest number of neighbors within this

radius is chosen as the initial cluster center. After assigning members to this

cluster, they are removed from the pool, and the process repeats for the re-

maining conformations. This method has been effectively used to cluster MD

trajectories and analyze the folding dynamics of a β-heptapeptide, aligning the

predominant conformations with experimentally determined structures [10].

2. Density-Peaks Algorithm: This algorithm, introduced by Rodriguez and

Laio [39], detects cluster centers as local density maxima separated by lower-

density regions. It calculates each conformation’s local density and distance

9



to the nearest higher density conformation, identifying cluster centers using a

decision graph. The algorithm, with a runtime complexity of O(n2), has been

effectively used in MD studies to efficiently handle large datasets.

3. Robust-DB Algorithm: The Robust-DB algorithm [45] estimates local free

energies of MD conformations to segregate them into clusters representing local

free energy minima. Initially, dimensionality reduction via PCA is performed,

followed by local population estimation within a hypersphere radius. Clustering

at various free energy cutoffs yields microstates, aiding in the identification of

metastable states. This algorithm has proven to be robust, deterministic, and

computationally efficient in analyzing conformational dynamics of peptides.

4. DBSCAN Algorithm: Developed by Ester et al. [17], DBSCAN groups con-

formations in high-density areas into clusters while treating sparse ones as noise.

It requires two parameters: the neighborhood distance ϵ and the minimum num-

ber of neighbors (minPts). Conformations are categorized as core, border, or

outliers based on these parameters, and clusters are formed by linking core con-

formations within ϵ distance. DBSCAN is known for its efficiency, offering an

average runtime complexity of O(nlogn) [17].

5. HDBSCAN Algorithm: HDBSCAN, an extension of DBSCAN, evolves into

a hierarchical clustering algorithm that obviates the necessity to predetermine

the number of clusters [6]. Its popularity surged following the development of

its accelerated variant [32]. HDBSCAN enhances density-based clustering by

evaluating core distances within ϵ neighborhoods and forming a hierarchy of

clusters at different density levels. This approach determines clusters based

on their stability across varying densities, facilitating the automatic estimation

of clusters and improved management of noise and outliers. HDBSCAN is
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adept at identifying clusters with diverse densities and sizes, rendering it an

adaptable tool for analyzing complex MD datasets where conformational states

exhibit substantial density and distribution variations. It efficiently identifies

stable regions and captures significant structural transitions, offering a broad

perspective on the structural dynamics within the system [33].

These density-based clustering algorithms provide powerful tools for dissecting

large-scale MD simulations, offering insights into the stable and transient conforma-

tions within macromolecular systems.

2.2.4 Topological Data Analysis (TDA)

Topological Data Analysis (TDA) represents a novel methodology in data science,

analyzing high-dimensional data sets through the principles of topology. It focuses

on the intrinsic shape, connectivity, and structure of data, going beyond traditional

clustering methods that depend on metrics and coordinates [8].

1. Fundamentals of TDA: TDA posits that data embody a topological space or

shape, enabling the analysis of global features like loops, holes, and connected

components. These features are stable under continuous transformations, of-

fering a consistent perspective on the data’s structure. The mathematical un-

derpinning of TDA involves algebraic topology, with homology and persistent

homology being key tools for quantifying topological features across various

scales [7].

2. Persistent Homology: Persistent homology, a cornerstone of TDA, monitors

the emergence and dissolution of topological features against a scaling param-

eter, typically associated with distance metrics. The outcome is a persistence
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diagram or barcode that chronicles the lifespan of these features, thus delineat-

ing the data’s topological structure across different scales [16].

3. Mapper Algorithm: The Mapper algorithm is an integral part of TDA, offer-

ing a simplified yet insightful view of the data’s topological shape. It operates

by filtering the data and organizing it into interlinked clusters, subsequently

visualized in a graph known as the Mapper complex. This representation cap-

tures the high-dimensional topology of the data, making it easier to identify

and understand complex patterns [44].

Applications of TDA include analyzing the structural dynamics of proteins, such as

the SARS-CoV-2 spike protein’s D614G mutation and its interaction effects, highlight-

ing TDA’s capability to discern critical structural and interactional variations [28].

Further, TDA has been instrumental in identifying mutation-induced conformational

changes in β-lactamase and HIV-1 protease, thus contributing to the understanding

of drug resistance mechanisms [50]. Integrating TDA with machine learning, the field

has expanded to offer new analytical perspectives, enhancing the interpretability and

robustness of clustering analysis across various domains [22].

2.3 Limitations of Traditional Clustering Methods in MD

Simulations

Traditional clustering methods, while widely used in MD simulations, exhibit several

limitations that can impact their effectiveness in analyzing complex biomolecular

data:

1. Parameter Dependence: Many clustering algorithms require the pre-determination

of specific parameters, which can significantly influence the outcome of the clus-

tering process [24]. For example, the k parameter in k-means clustering dictates
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the number of clusters to be formed, and the MinPts and ϵ parameters in DB-

SCAN are crucial for defining the density criteria for cluster formation. Selecting

appropriate values for these parameters often necessitates prior knowledge or

trial-and-error experimentation, which can be time-consuming and introduce

human bias.

2. Intra-cluster Structure Obscurity: Traditional clustering approaches typ-

ically focus on grouping data points into distinct clusters based on similarity

measures but do not provide insights into the internal structure or sub-groupings

within each cluster [39]. This limitation can obscure detailed information about

the conformational landscape of biomolecules, potentially overlooking impor-

tant sub-states or transitional configurations.

3. Exclusion of Kinetic Information: While traditional clustering techniques

excel in grouping data points based on static similarity measures, they largely

overlook the kinetic information and temporal relationships inherent in MD

simulations. This oversight means that such methods might fail to effectively

capture and represent the dynamic processes, transition pathways, and temporal

evolution of biomolecular systems. It is crucial to acknowledge that method-

ologies such as the Hidden Markov Model (HMM) [15, 37, 23] provide a ro-

bust framework for incorporating dynamics into the analysis of MD simulations

without the need for clustering. However, the application of HMMs requires

predefined emission distributions and a specified number of states. Establish-

ing these inputs a priori can be a significant challenge, particularly in high

dimensions. This highlights a gap in directly leveraging kinetic data for cluster

formation and necessitates the development or integration of approaches that

can intuitively account for the temporal aspect of MD simulations.
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These limitations highlight the pressing need for the development of more ad-

vanced clustering techniques or the refinement of existing methods to better address

these challenges. Such advancements could enable a more detailed and comprehensive

analysis of MD simulation data, paving the way for deeper insights into biomolecular

dynamics.

In the next chapter, we will delve into the Partitioned Local Depth (PaLD)

methodology, discussing its practical applications and the technical intricacies of its

implementation. We will explore how the PaLD framework facilitates the analysis

of complex datasets by overcoming the limitations of traditional clustering meth-

ods, demonstrating the effectiveness of PaLD in real-world scenarios. Following this,

we will present a recent generalization of the PaLD method which provides crucial

insights that will play into developments and applications provided in later chapters.
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Chapter 3

Partitioned Local Depth (PaLD) Methodology

The partitioned local depth (PaLD) methodology, introduced by Berenhaut et al. [4],

offers a parameter-free approach to community detection.

3.1 Concept and operational mechanism

The PaLD approach operates on the base of ‘local depth’, assessing relationships

among data points based on their relative positions. It involves defining a ‘local focus’

for each pair of points, and then evaluating the ‘support’ of other points relative to

this pair, resulting in a measure of connection termed ‘cohesion’.

3.1.1 Local focus

For any two points x, y in a finite set S of data points, endowed with a pairwise

measure of dissimilarity, d, the local focus Ux,y (illustrated in Figure 2 for Euclidean

distance) is defined as:

Ux,y
def
= {z ∈ S | d(z, x) ≤ d(y, x) or d(z, y) ≤ d(x, y)}.

This local focus helps identify points that are “locally” relevant to a pair, facilitating

a more nuanced understanding of community structure.
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Ux,Y

Figure 3.1: Depiction of the PaLD method showcasing the concept of local focus and
support points. The dashed circles represent the local focus for points x and y. Points
in red are outside the local focus of x and y. The cyan and blue points illustrate those
supporting x, while the gray points indicate support for y. This visualization aids
in understanding how PaLD discerns community structure based on proximity and
support within the local focus. Figure included, with permission, from [3].

3.1.2 Cohesion and Strong Cohesion

The cohesion (partitioned local depth), Cx,w of a point w to x is defined as the

probability that a point Z selected uniformly at random from Ux,Y (where Y is chosed

uniformly from S \ {x}) is equal to w and is closer to x than it is to Y , i.e.

Cx,w
def
= P (Z = w and d(Z, x) < d(Z, Y )). (3.1)

For the connection to “local depth”, leading to the alternate name “partitioned local

depth”, see [4].

The threshold for strong cohesion is defined as:

T = P (Z = W and d(Z,X) < d(Z, Y )), (3.2)

where X, Y , Z, and W are selected uniformly at random from S, S \ {X}, UX,Y , and

UX,Y respectively.
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Assuming that no other point is closer to x than x itself, a mild condition, we can

calculate the threshold, T , as one half the average of the diagonal of the matrix of

pairwise cohesion values (see [4]):

T
def
=

1

2

(
1

n

n∑
x=1

Cx,x

)
. (3.3)

A strong relationship between x and w is established when:

min{Cx,w, Cw,x} ≥ T. (3.4)

3.2 Advantages and applications

PaLD’s adaptability to various data densities and structures (through local perspec-

tives) is one of its key advantages. It effectively handles heterogeneous data, revealing

intricate community structures that other methods might overlook.

Figures 3.2a and 3.2b demonstrate PaLD’s effectiveness in various domains, includ-

ing cultural and gene expression data analysis. These examples underscore PaLD’s

versatility and its ability to uncover deep community structures in diverse data sets.

For details on the data considered, see [4]. The figures are replicated here with per-

mission.
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(a) Cultural data analysis using PaLD (b) Gene expression data analysis using PaLD

Figure 3.2: Applications of PaLD in different contexts. For details see [4]. Figures
(a) and (b) are included, with permission, from [4].

3.3 Generalized Partitioned Local Depth

The Generalized Partitioned Local Depth (GPaLD) approach extends the traditional

PaLD framework by integrating probabilistic aspects to better handle the uncertain-

ties present in data relationships. This integration facilitates a more detailed analysis

of data structures, particularly useful when dissimilarities are ambiguous or inherently

uncertain, as explored in [3].

In this generalized setting, refined definitions of local focus, local depth, and cohe-

sion are introduced, accounting for the uncertain nature of dissimilarities. Consider

a pair x, y ∈ S; the local focus Ux,y is expanded by defining the local relevance Rx,y,z

of an element z in relation to x and y. This relevance quantifies the probability of z

being in close association with x and y, described by the equation:

Rx,y,z
def
= P (z ∈ N(x, y)), (3.5)
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where N def
= {N(x, y)|(x, y) ∈ S × S} denotes a stochastic neighborhood structure

over the pairings in S × S. The probabilistic measures are encapsulated within the

matrix R
def
= [Rx,y,z].

For establishing cohesion in this generalized framework, we outline a method to

sample an element Z from S that is local to x, y. The selection probability for any

z ∈ S is given by:

P (Z = z) = Px,y(Z = z) =
Rx,y,z∑

w∈S Rx,y,w

. (3.6)

Additionally, for any distinct x, y, z ∈ S, we define the support division probability

Qx,y,z as:

Qx,y,z
def
= P (Cz({x, y}) = x), (3.7)

illustrating the probability of z supporting x over y. Here Cz is a random choice

function.

The cohesion of w to x, Cx,w, can now be defined in a similar fashion to (3.1) via

Cx,w
def
= P (Z = w, CZ({x, Y }) = x). (3.8)

where, Y is selected uniformly from S \ {x}, and Z is selected as in (3.6).

In the context of generalized PaLD, a new threshold TS,R,Q is established to dif-

ferentiate strong from weak cohesion, expressed as:

TS,R,Q
def
= P (Z = W, CZ({X, Y }) = X), (3.9)

This threshold modification accounts for the complex interaction dynamics captured

by the R and Q matrices, leading to an inequality:

T ≤ 1

2n

∑
x∈S

Cx,x, (3.10)
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which underscores the probabilistic nature of cohesion in this enhanced model.

The generalized PaLD framework posits that the choice mechanism, represented

by {Cz : z ∈ S}, is not necessarily connected to the neighborhood structure N ,

thus allowing for a more flexible interpretation of relative relationships [3]. This

implies that the metrics governing local focus Ux,y and cohesion Cx,w can be distinct,

accommodating the variability and complexity of the underlying data space. We will

leverage this fact in the next chapter to integrate domains (such as time, geometric

locality and network structure) into the PaLD framework.
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Chapter 4

Integrating domains into PaLD

While PaLD excels as a parameter-free approach, providing deep insights into the

intrinsic structure of datasets, it may not fully capture the nuances introduced by

inherent domain characteristics that significantly shape data relationships and classi-

fications. This domain can manifest in various forms, such as time sequences (as is the

case in molecular dynamics as considered in Chapter 2), geographic spaces, or graph

structures. A notable example is observed in datasets with temporal domains, where

the same set of points can yield differing community structures under different time

orders. As a simple illustration in Figure 4.1, the visible community configuration

alters dramatically with the change in time order; one scenario presents a distinct

singular community, while another reveals a bifurcated community structure.
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Figure 4.1: Comparison of two community structures under differing time orders,
illustrating the impact of the temporal domain on community detection. Label color-
ing reflects community membership according to the method proposed below. Note
that points here are labeled by time order.

This phenomenon underscores the potential for integrating domain considerations

into community detection methodologies. In this section, we aim to augment the

PaLD approach by incorporating domain aspects, thereby enhancing its efficacy in

deciphering complex data structures. This integration is not limited to temporal

domains but extends to other fundamental structures such as geographic locations

and graph networks, broadening the scope and applicability of our method in diverse

analytical scenarios.

4.1 Adapting local focus and cohesion for domains

In this extended framework of PaLD, we consider two distinct types of dissimilarity

measures: domain distance (dD) and feature distance (dF ), both defined over the set

S.

• Local focus for domain distance: The local focus, Ux,y, for a pair of points
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x, y ∈ S is now defined with respect to the domain distance dD:

Ux,y = {z ∈ S | dD(z, x) ≤ dD(y, x) or dD(z, y) ≤ dD(x, y)}. (4.1)

This redefinition allows the incorporation of domain-specific characteristics into

the analysis with regard to locality.

• Cohesion (support) for feature distance: The cohesion Cx,w of a point w

to x is then computed using the feature distance dF :

Cx,w = P (Z = w and dF (Z, x) < dF (Z, Y )), (4.2)

where Y and Z are selected uniformly at random from S \ {x} and Ux,Y , as

given in Equation (4.1), respectively.

Note that the computational form of the threshold (i.e. half the average of the

diagonal of the matrix of pairwise cohesion values) caries over upon applying results

from [3]. As mentioned therein, there is actually equality in (3.10) whenever R is a

(0,1) array, (allowing for complete flexibility in the choice of support division). This

is the case in (3.3).

4.2 Impact of domain integration on PaLD

The integration of domains into PaLD can have a significant impact on results. This

is quite evident when using time as an underlying domain for an ambient feature

space.

In traditional PaLD, any close points in S could be included in the local focus.

However, when time is used as a domain, only points within a specific time range are

considered, leading to potentially different interpretations of the data structure. This

change in perspective is illustrated in Figure 4.2, where the local focus is defined using
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distinct metrics across the subfigures. Specifically, Part (a) employs 2-D Euclidean

distance between points, emphasizing spatial proximity. In contrast, Part (b) utilizes

time distance, wherein distance is quantified by the number of intervening time steps

between points, such as those at Steps 3 and 5, resulting in a time distance of 2.

(a) Traditional PaLD

(b) Time-domain-adjusted PaLD

Figure 4.2: Comparison of traditional PaLD and time-domain-adjusted PaLD. This
figure demonstrates the influence of temporal integration on the local focus and cohe-
sion among data points. The numbers 1-15 indicate the time sequence of the points.
In traditional PaLD (a), the local focus of points x and y is shown without consid-
ering time, while in the time-domain-adjusted PaLD (b), the local focus is redefined
to incorporate time order, leading to a different interpretation of the structure of the
data.

4.3 2-D time-space example

This subsection presents a simple example of the time-domain-adjusted PaLDmethod-

ology in a 2-D time-space analysis, wherein, time is the domain and the features are

in two-dimensional Euclidean space. The approach allows us to explore how temporal

sequences affect community structures and relationships within data. Notably, the
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application of time-domain considerations alters not only the composition of the com-

munities but also their structural organization within the same community (Figure

4.3).
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(b) Time-domain-adjusted PaLD result

Figure 4.3: A comparative analysis of PaLD results with and without time-domain
adjustments. The plot in (a) illustrates the time dynamics of the data points, while
(b) shows the community structure as identified by time-domain-adjusted PaLD. This
comparison underscores the significant impact of temporal information on community
detection and analysis.

Figure 4.4 illustrates the application of our method to geographic latitude-longitude

data across the United States, demonstrating its efficacy in spatial analysis compared

to the traditional PaLD approach depicted in Figure 4.5. In Figure 4.4, the cor-

responding feature space is based on four scaled education-based variables crossing

decades - illiteracy and high school graduate proportions in 1977, and high school

graduate and bachelor’s degree graduates in 2019 (each scaled into standard units).

The domain is the centroids’ latitude-longitude coordinates under Haversine distance,

while the features are considered in 4-dimensional Euclidean space. In contrast, in Fig-
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ure 4.5, the feature and domain spaces are both based strictly on latitude-longitude

data (and the education variables are disregarded). Further exploration of similar

datasets will be undertaken in the subsequent chapter.
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Figure 4.4: Community structure for latitude-longitude domain data. The corre-
sponding feature space is based on four scaled education-based variables, crossing
decades – illiteracy and high school graduate proportions in 1977, and high school
graduate and bachelor’s degree graduates in 2019. The domain is the centroids’
latitude-longitude coordinates under Haversine distance, while the features are k-
dimensional Euclidean space. The font size is scaled to reflect the average value of
these four educational variables. Note the regional clusters, displaying the Midwest,
Pacific Northwest and the SouthEast and Eastern seaboard.
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Figure 4.5: Community structure for latitude-longitude. Provided for comparison
when the feature and domain spaces are both based strictly on latitude-longitude
data (and education is disregarded).

We now turn to the consideration of general applications of the method, with a

focus on time-, geographic-, and network-type data.
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Chapter 5

Applications and Examples of Community

Structure in Domain-Features Data

The integration of domain-specific features into the PaLD methodology enhances

its versatility and applicability across various fields. This chapter delves into the

multifaceted applications of the approach, demonstrating its adaptability and efficacy

in addressing unique challenges in data analysis.

5.1 Expanding the Scope of PaLD

PaLD’s adaptability to domain-specific features allows for the nuanced analysis of

complex data sets. By incorporating different domains alongside feature spaces, PaLD

becomes a powerful tool for uncovering intricate community structures, facilitating a

deeper understanding of the underlying data.

5.1.1 Time Series Analysis

In time series analysis, the domain-integrated PaLD method proves invaluable for

detecting change points and identifying significant temporal shifts or anomalies. This

application is critical in fields such as finance, where market trends can be analyzed;

weather forecasting, where it can help predict climatic changes; and process monitor-
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ing in industrial settings, ensuring operational efficiency and safety.

5.1.2 Geospatial Analysis

Geospatial analysis can benefit from an ability to integrate geographic space as a

domain, enhancing the detection of local outliers and regional structures. This feature

can be particularly beneficial for environmental monitoring, urban planning, and

resource management, where spatial relationships and distributions are crucial.

5.1.3 Network Analysis

In network analysis, domain-integrated PaLD assists in identifying nodes with signif-

icant deviations from their surroundings, can enhance the understanding of network

community stability. This is invaluable in analyzing social networks, biological net-

works, and in neuroscientific studies where brain networks are examined.

5.2 Illustrative Examples and Applications

To showcase the practical implications of the domain-integrated PaLD approach, this

section will present varied examples, encompassing both artificial and real-world sce-

narios, to demonstrate its robust ability to identify and analyze community structures

within different datasets.

Initially, we delve into artificial and simulated datasets where the domain is tem-

poral, and the feature space exhibits low dimensionality. This exploration will help

illustrate how PaLD effectively uncovers patterns and transitions over time in a con-

trolled environment.

Following this, our attention will shift to geographic data, utilizing latitude and

longitude coordinates in domain considerations. In this context, we explore how PaLD
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can unravel complex community structures based on various attributes, including ed-

ucational, financial, and cultural metrics. This analysis will underscore the method’s

potential in revealing spatially driven insights and patterns.

The discussion then advances to the realm of network science, specifically exam-

ining brain networks. Here, we leverage PaLD to discern local connectivity patterns,

demonstrating its utility in furthering the understanding of intricate organization and

function in neural systems.

To round off the chapter, we revisit the initial motivation for employing PaLD,

contemplating its prospective applications in MD simulations. This section will show-

case the potential benefits of the PaLD method’s domain-integrated approach over

traditional clustering techniques and explore potential directions for future research.

For additional information and references pertinent to the data discussed in this chap-

ter, see Appendix C.

5.2.1 Artificially constructed data

In this section, we present two illustrative examples, encompassing both one-dimensional

(1-D) and two-dimensional (2-D) datasets, where the domain is temporal, and the fea-

ture space is characterized by a limited set of real-valued variables, assessed under

Euclidean distance. The one-dimensional example, depicted in Figure 5.1, exem-

plifies the proficiency of the domain-integrated PaLD in identifying change points.

Additionally, the community structure within the 1-D dataset is illustrated in Figure

5.2.

As an example for the two-dimensional data, Figure 5.3 demonstrates that the

domain-integrated PaLD adeptly detects change points, even when these points are

spatially intermingled. A more complex community structure is revealed in Figure

5.4. Additionally, Figure 5.5 presents the results of applying HDBSCAN to the 2-D
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temporal data, with the analysis executed over a range of minimum point (minPts)

thresholds. These results underscore the efficacy of the domain-integrated PaLD in

accurately identifying change points.
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Figure 5.1: On the left panel, 1-D Euclidean data is plotted with variable y against
time x. On the right panel, the clustering results are illustrated, with each community
distinctly colored based on the domain-feature analysis.
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Figure 5.3: On the left panel, 2-D Euclidean data is plotted, with each point labeled
according to its temporal order and connected to adjacent points in time by lines.
On the right panel, clustering results are displayed, with each community distinctly
colored according to the domain-feature analysis.

1

1
1

1

1

1

1 1
1

1

1

1

1

1 1

1

1

2

22
222

2

22
2

3

3 3
3

3

3

33

3

3

3

4
4

4
4

4
4

44

4
4

4

4

4

4

555555

Community clusters in time (Time−Space)

Figure 5.4: Community structure for 2-D data in time.
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Figure 5.5: Results of HDBSCAN for 2-D data in time, under varying values of
minPts.

5.2.2 Geographic data

In this section, we consider some examples of community structure wherein the

domain is determined through geographic latitude-longitude data, with Haversine

(great-circle) distance. A variety of point sets (for cities, states and countries) are

considered for the domain, and distance in the feature space is determined for cultural,
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financial, and educational data.

Figure 5.6 and Figure 5.7 present the community structure for population growth

rates and housing prices across cities in China. The pattern of population growth

does not exhibit a clear community structure, although small clusters with similar

growth rates emerge, exemplified by cities like Chengdu, Chongqing, and Kunming.

Housing prices, a perennially significant issue in China due to their persistent rise,

show a more defined community structure, forming five main clusters: cities in the

North China Plain, the Yangtze River Delta, the Pearl River Delta, the Sichuan Basin,

and the mountainous regions around Guizhou Province. Major cities such as Beijing,

Fuzhou, Xiamen, Shenzhen, Chengdu, and Chongqing are notably distinguished by

their substantially higher housing prices. It is important to mention that the data for

Shanghai’s housing prices is absent; however, it is anticipated that Shanghai would

similarly be distinguished if included.
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Figure 5.6: Community structure for population growth rates for selected cities in
China.
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Figure 5.7: Community structure for house prices for cities in China.

Figure 5.8 and Figure 5.9 illustrate the community structure derived from cul-

tural distances across multiple dimensions, encompassing a selection of countries and

regions as well as an exhaustive list as considered at culturaldistance.com (see

also [35]). Within the subset of European nations, the domain-integrated PaLD

effectively segregates them into four primary clusters: Northern Europe, Central Eu-
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rope, Western Europe, and South-Eastern Europe. This categorization is consistent

with established geographical and cultural delineations. On a global scale, the al-

gorithm articulates connections between Europe and the Middle East, and it clearly

demarcates Western Africa, Central America, South America, and Southeast Asia as

separate clusters, reflecting their distinct geographical and cultural identities. Re-

markably, countries such as Canada, Russia, China, India, Indonesia, and Australia

are identified as standalone entities, a phenomenon possibly linked to their large

territorial expanse. The domain distance between these countries and others may

be influenced by the methodological choice to compute distances using the centroid

coordinates of each country. Other options are possible, potentially incorporating

population density or transportation distances.
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Figure 5.8: Community structure for cultural distance over all dimensions, for the
selected countries or regions as given at http://culturaldistance.com/; see also [35].
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Figure 5.9: Community structure for cultural distance over all dimensions for the full
list of countries or regions as given at http://culturaldistance.com/; see also [35].

Figures 5.10, 5.11, and 5.12 depict community structure based on state-level data

in the United States, reflecting the nation’s cultural and geographical nuances. The

features data, here, is from a variety of U.S. government agencies in the 1970s and

2010s. This data is available in the state.x77 data frame in R and the facts data

frame from the usa package. Specifically, Figure 5.10, and 5.11 illustrate the rela-
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tionship between per capita income and life expectancy, organizing states primarily

into three regions: Northeast, Southeast, and Central. This distribution indicates a

probable association between the economic and health metrics within these distinct

geographical zones.
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Figure 5.10: Community structure for per capita income for states in the U.S.
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Figure 5.11: Community structure for life expectancy for states in the U.S.
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Figure 5.12: Community structure for US geographic (state) features data

In Appendix A, we provide several additional examples of community structure

as it arises in geographic data.

5.2.3 Brain networks and local connectivity

In this section, we explore the use of a domain-features approach for analyzing local

connectivity in f-MRI correlation brain network data (employing data from [51]).
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The analysis is based on time series data from 268 voxels, aligned with the Shen

parcellation scheme [43]. The spatial domain is defined using Euclidean distance

on the voxel coordinates (x, y, z), whereas the feature space distance is ascertained

through the shortest-path distance in the network. This network, here, is derived by

thresholding to retain only the highest 1444 pairwise correlations.

Figures 5.13 and 5.15 demonstrate application of a domain-integrated approach

can elucidate distinct and significant structures in the complex network, underscor-

ing local connectivity patterns. The exploration of these networks’ value and their

implications for understanding brain connectivity is earmarked for future work. It

is noteworthy that this method is flexible and can be adapted for a wide array of

network data types where the nodes have positioning in a physical setting.

Figure 5.13: Example of brain network structure obtained directly via thresholded
cohesion (left) and via a domain features approach integrating voxel locations (right).
Note the enhanced local structure.

For comparison, the results of applying standard PaLD to the voxel distances are

given in Figure 5.14.
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Figure 5.14: Example of brain network structure obtained via thresholded cohesion
based on voxel locations.

Corresponding results for the same individual (this time at rest) are given below.

Figure 5.15: Example of brain network structure obtained directly via thresholded
cohesion (left) and via a domain-features approach integrating voxel locations (right).
Note the enhanced local structure.

Note the sharp difference in local connectivity across hemispheres, for the two
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resulting domain-features networks, which is not readily apparent when examing the

correlation networks, directly.
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Chapter 6

Conclusions and future directions

In this thesis, we first reviewed advancements and applications of clustering techniques

in the analysis of MD simulations, underscoring their limitations; these include pa-

rameter dependence and the obscuring of inter- and intra-cluster structures. The

PaLD methodology introduced in [4] provides a significant shift towards a more nu-

anced and parameter-independent analysis of complex datasets. By prioritizing local

relationships and cohesion among data points, PaLD offers a flexible and insightful

framework for uncovering community structures within diverse datasets.

Here we extend PaLD to incorporate domain-specific information. This opens

new avenues for its application, allowing for more contextually relevant analyses.

The adaptation is particularly effective in fields such as time-series analysis, geospa-

tial data interpretation, and network analysis, where the integration of domain char-

acteristics can have significant impact on the accuracy and meaningfulness of data

clustering.

The approach suggested here provides significant opportunities to analysis in MD

simulations and elsewhere. The capacity of the approach to identify subtle community

structures autonomously makes it a valuable preliminary tool, even in the absence of

prior knowledge. The resulting nuanced understanding of both inter- and intra-cluster

dynamics promises to deepen insights into the dynamic behaviors and functional
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mechanisms of biomolecules and other entities.

Future research can focus on refining the algorithm to enhance its performance

and accuracy with large-scale datasets, a crucial step. Recent advancements, such

as the acceleration of PaLD introduced in [13] and approximations such as those in

[2], indicate promising progress in this direction. Continued development, extension

and application of the general PaLD methodology are poised to make substantial

contributions to data science and related fields. Keeping in mind that the PaLD

methodology is free of parameters, iteration, and distributional assumptions, the

progress here suggests continued work to identify other potential extensions in the

study of community structure in data.
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Appendix A

Additional applications of community structure in

domain-features data

In this appendix, we provide some additional examples of community structure in

domain features data. For details and references see Appendix C.
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Figure A.1: Community structure for cultural distance over dimensions, for the full
list of countries as given at culturaldistance.com
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lected countries as given at culturaldistance.com
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Figure A.3: Community structure for cultural distance over all dimensions, for se-
lected countries as given at culturaldistance.com
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Appendix B

R code

# Takes in a distance (or dissimilarity) matrix and

outputs the local relevance and support division arrays

getRQ <-

function(D,r=1){

n = nrow(D)

R = array(0,dim=c(n,n,n))

Q = array(0,dim=c(n,n,n))

for(i in 1:n){

for(j in 1:n){

for(z in 1:n){

if(D[z,i]<=r*D[j,i] | D[z,j]<=r*D[i,j]) {R[i,j,z]

= 1}else{R[i,j,z] = 0}

if(D[z,i]<D[j,z]) {

Q[i,j,z] = 1

}else{ if(D[z,i]==D[j,z]){

Q[i,j,z] = .5 }else{Q[i,j,z] = 0}}

}

}

}

list(R=R,Q=Q)

}

# Takes in local relevance and support division arrays and

outputs the resulting cohesion matrix

paldrq <-

function(R,Q){

n = dim(Q)[1]

A = matrix(0,n,n)

for(i in 1:n){
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for(j in 1:n){

if(j==i){next};

Rij = sum(R[i,j,])

for(z in 1:n){

A[i,z] = A[i,z] + (R[i,j,z] / Rij) * Q[i,j,z]

}

}

}

C = A /(n-1)

C

}

# Takes in a distance (or dissimilarity) matrix and

outputs the resulting (domain -features) strong cohesion

# network along with intermediary information. This

code also provides plotting capabilities.

timeclust2dists <-

function(D, D2,T=cbind (1: nrow(D)),C_plot=FALSE ,ord=1,show_

plot=TRUE ,self=FALSE)

{

n2<-nrow(D);n2

q<-1:n2

if (C_plot) {dev.new();myImagePlot(D);title("Distance")}

# if(show_plot){

# dev.new();plot(N2,type="l",xlab="x",ylab="y")

# text(N2,labels=1:nrow(N2),cex=.5)

# }

if(ord ==1){

RQD <-getRQ(D)

RQD2 <-getRQ(D2)} else {

RQD <-getRQ(D2)

RQD2 <-getRQ(D)}

C1<-cohesion_matrix(D)

if (C_plot) {dev.new();myImagePlot(C1);title("cohesion␣(

usual)")}

C1b <-pmin(C1,t(C1))

C1b[C1b <mean(diag(C1b)/2)]<-0
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if (C_plot) {dev.new();myImagePlot(C1b);title("cohesion␣

(usual;␣thresholded)")}

C<-paldrq(RQD2$R,RQD$Q)
rownames(C)<-q

if (C_plot) {dev.new();myImagePlot(C);title("cohesion␣

(2-1)")}

Cb<-pmin(C,t(C))

if (!self) {Cb[Cb<mean(diag(Cb)/2)]<-0} else {

Cb[Cb <0.5*matrix(diag(Cb),nrow(Cb),nrow(C))]<-0}

if (C_plot) {dev.new();myImagePlot(Cb);title("cohesion␣

(2-1;␣thresholded)")}

Cb2 <-Cb

# Cb2[abs(row(Cb2)-col(Cb2))>1]<-0

gb<-graph.adjacency(Cb2 ,mode="undirected",weight=TRUE)

gb<-simplify(gb)

cl<-clusters(gb)$membership;cl
clp <-rev(cummin(rev(cl)))

### Just in case inputs are higher dimensional (not used

in this 2D version)

#PN<-isoMDS(D,k=1)$points
#PT<-isoMDS(D2,k=1)$points

### Depths (not implemented here)

#dep<-apply(C,1,sum)

#dev.new();plot(T,dep ,type="l");abline(h=.5)

#lay<-cbind(PT,PN)

###

cols <-clp

u <- max(cols)
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#Some potential colours

pal <- sample(c("pink1", "violet", "mediumpurple1", "

slateblue1", "purple", "purple3",

"turquoise2", "skyblue", "steelblue", "

blue2", "navyblue",

"orange", "tomato", "coral2", "

palevioletred", "violetred", "red2",

"springgreen2", "yellowgreen", "

palegreen4",

"wheat2", "tan", "tan2", "tan3", "brown"

,

"grey70", "grey50", "grey30"))

palette <-colorRampPalette(c("black","blue","orange","

purple","red","skyblue","navyblue"))(u)

# dev.new();pm(3,3)

# plot(N2,type="l",main="time -space clustering",asp=1,lty

=2,xlab="x",ylab="y")

# text(N2,labels=1:nrow(N),cex=1,col=clp+1)

# for(a in c(2:9)){

# plot(N2,type="l",xlab="x",ylab="y",main=paste(c("

HDBSCAN , minPts=",a),collapse=""),asp=1,lty=2)

# text(N2,labels=1:nrow(N),cex=1,col=hdbscan(N,minPts=a

)$cluster+1)}

# dev.new();pm(1,1)

# plot(N2,type="l",lty=2,xlab="x",ylab="y",main="Time

dynamics")

# text(N2,labels=1:nrow(N2),col=palette[cols])

# if (ncol(N2)==1) {Npl<-cbind(T,N2)} else {Npl<-N2}

# plot(gb,vertex.size=.2,vertex.label=clp,vertex.label.

color=palette[cols])

# if (ord==1){title("Community clusters in time (Time -

Space)")} else{

# title("Community clusters in time (Space -Time;

reversed)")}
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# for (a in 1){

# a1<-(row(C)-col(C)==a)

# a2<-(row(C)-col(C)==(-a))

# dev.new();pm(1,1)

# plot(C[a1],type="l",ylim=range(C),main=paste(c("

distance",a,collapse=", ")),ylab="cohesion")

# text(C[a1],labels=1:sum(a1))

# lines(C[a2],col="red")

# text(C[a2],labels=1:sum(a2),col="red")

# abline(h=mean(diag(C))/2,col="forestgreen")

# }

#dev.new();plot(N,type="l",lty=2,xlab="x",ylab="y",main

="Time dynamics",

# xlim=c(.95,1.1),ylim=c(1.1,1.25))

# text(N,labels=1:nrow(N[-61,]),col=(1:7)[cols])

rownames(Cb)<-1:n2; rownames(C)<-1:n2

colnames(Cb)<-1:n2; colnames(C)<-1:n2

print(table(clp))

list(g=gb,cl=cl ,clp=clp ,C=C,Cb=Cb)

}
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Appendix C

Background for data sets used in applications

In this Appendix, we some background and references from data sets employed in

applications throughout the thesis.

• Cultural distance data See Figures 5.8, and 5.9. This is distance informa-

tion available at the website http://culturaldistance.com/. These are dis-

tances compiled via the theory of fixation indices (see [35]*** added refer-

ence in bibtex***) from responses on the World Values Survey from 2005 to

2014. A list of questions considered for different dimensions is available at

https://www.michael.muthukrishna.com/cultural-distance-methods/

• European education data. See Figures 4.4, and 4.5. This is data, from the

National Center for Education Statistics, of highest level of educational attain-

ment for 25- to 64-year-olds. Data was for the year 2015 (https://nces.ed.

gov/programs/digest/).

• United States state data See Figures 5.10, 5.11, and 5.12. State facts based on

data from a variety of U.S. government agencies in the 1970s and 2010s. This

data is available in the state.x77 data frame in R and the facts data frame

from the usa package.

• China Data: Refer to Figures 5.6 and 5.7. The first dataset explores the annual
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population growth rates in various Chinese cities in 2017, accessible at https://

www.statista.com/statistics/992720/china-annual-population-growth

-in-first-and-second-tier-cities-by-city/. The second dataset inves-

tigates the housing prices across different cities in China, using the 2024 data

available at https://mobile.anjuke.com/fangjia/quanguo2024/.

• Brain network data This is from f-MRI data from [51]. The times series corre-

lations have been thresholded to only include an upper percentage of correlated

voxel pairs (1444 edges). The parcellation is employing that from [43] with 268

voxels.
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