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Abstract

Panpan Zhang

In this paper, I am going to introduce statistical self-similarity for discrete time series.
My thesis is divided into three parts:

In the first part, I will give a mathematical definition of self-similarity and detect the
main properties of self-similar processes. At the end of this part, fractional Brownian
motion(fBm) will be used as an example to check these properties.

In the second part, Discrete Wavelet Transform(DWT) and wavelet coefficients will
be introduced. The way to construct wavelet coefficients and their natural proper-
ties which are especially related to self-similarity will also be presented. Daubechies
wavelet family will be proposed as an example, and the Haar wavelet from Daubechies
family is used for further study.

Finally, I will use wavelet transform methods to determine if certain time series from
financial data and chaotic dynamical systems are self-similar processes with stationary
increments. The whole process of check will be run in MATLAB.
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Chapter 1: Introduction

In general, self-similarity occurs when the shape of an object is similar, or approx-

imately similar to the part of itself. That is each portion of the self-similar object

can be considered as a reduced scale of the whole. In natural science, there are a lot

of examples of self-similarity, such as fern, snowflake, mountain ridges, coastlines etc.

From a view of statistics, self-similarity is defined as two subsets of the whole set are

invariant in statistical distribution on different scales. In other words, self-similarity

implies being rescaled or translated on the original signal keeps the same statistical

distribution. As a fresh and interesting topic, many studies on self-similarity have

been done in different fields, such as magnetohydrodynamics(MHD) in physics, hu-

man nervous system in biology, stellar fragments in astronomy and option pricing

in finance etc. In historical mathematics, the idea of self-similarity was first intro-

duced in 1967 by Mandelbrot[2], when he was analysing the shape of British coast.

In 1975, he solidified many researches on “Fractal”and illustrated the mathemati-

cal definition of self-similarity. However, self-similarity is referred to as self-affinity

sometimes if the fractal is scaled by different amount in different directions. In this

paper, self-similarity can be detected by the Discrete Wavelet Transform (DWT).

Wavelet analysis began with Fourier with his theories of Fourier synthesis, and first

wavelet was declared by Haar in 1909. Levy explored the Haar wavelet basis func-

tion and investigated Brownian motion in 1930. In 1980s, Mallat discovered some

relations between wavelet bases and filters and introduced the wavelet decomposition

algorithm and basic Multiresolution Analysis (MRA). In the early 1990’s, Daubechies

constructed a series orthonormal basis functions based on Mallat’s work results. The

Haar wavelet from Daubechies wavelet family will be used to determine self-similarity

of time series in this paper.
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Chapter 2: Self-similarity and its properties

2.1 Definition of self-similarity

We begin by defining self-similarity.

Definition 1. Let Z = {Z(t)}t∈R be a real-valued stochastic process on the real line,

we say Z = {Z(t)}t∈R is self-similar with parameter H > 0, if

{Z(at)}t∈R
d
= {aHZ(t)}t∈R (2.1)

for any a > 0, where
d
= denotes the equality of the finite-dimensional distribution.

And Z = {Z(t)}t∈R is also called as H-ss process.

Definition 2. A real-valued process {Z(t)}t∈R has stationary increments, if

{Z(t+ h)− Z(h)}t∈R
d
= {Z(t)− Z(0)}t∈R (2.2)

for all h ∈ R

Remark 1. If {Z(t)}t∈R is self-similar, then:

(1) {Z(t)}t>0 is defined, and the finite-dimensional distribution of {Z(t)}t>0 can be

determined on the intervals of finite length on the positive real line.

(2) A non-degenerate H-ss process {Z(t)}t∈R is not stationary.

In part(2) of Remark 1, a stochastic process Z = {Z(t)}t∈R is called stationary

if {Z(t)}t∈R
d
= {Z(t+ h)}t∈R for all h ∈ R.

Proposition 1. If the process {X(t)}t>0 is H-ss, then the process Y (t) = e−tHX(et)

is stationary, where t ∈ R. Conversely, if the process {Y (t)}t∈R is stationary, then

the process X(t) = tHY (ln t) is H-ss, where t > 0.
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For a proof of Proposition 1, see Taqqu[3]. From Proposition 1, we can see

that there exist different types of self-similar processes, and stationary process is one

of them. In this paper, I am focusing on the self-similar processes with stationary

increments.

If there exists a process {Z(t)}t∈R satisfying both Relation (2.1) and (2.2), we call

it H-sssi process, with definition as follows:

Definition 3. If a real-valued process Z = {Z(t)}t∈R is self-similar with parameter

H and has stationary increments, it is called H-sssi process.

In the rest of this paper, instead of working on simple self-similar process, I will

focus more on H − sssi process. H − sssi process has more nice properties and they

will be presented in the next section.

2.2 Properties of self-similarity

In this section, I will deduce some important properties of H−sssi process, and they

are the keys to construct such process and detect self-similar patterns of different

time series in the future work. In addition, I will simplify notation {Z(t)}t∈R into

Z(t). Before attaining the properties of H − sssi processes, we need to assume that

the process Z(t) has finite variance.

Definition 4. A process Z(t) has finite variance if E[Z2(t)] <∞ for each t ∈ R.

Here, the condition E[Z2(t)] <∞ is strong enough to guarantee that the variance

of process Z(t) is finite, since:

E[Z(t)] =

∫
Ω

Z(t)dω

6 (

∫
Ω

Z2(t)dω))1/2(

∫
Ω

1dω)1/2

< ∞

3



for each t ∈ R, where Ω is a given probability space. Hence, V ar[Z(t)] = E[Z2(t)]−

(E[Z(t)])2 <∞. That is to say, my study on H − sssi process will be restricted in l2

space,

Proposition 2. If Z(t) is an H-sssi process with finite variance, then:

(1) Z(0) = 0

(2) If H 6= 1, then E[Z(t)] = 0 for all t ∈ R

(3) Z(−t) = −Z(t)

(4) E[Z2(t)] = |t|2Hσ2, where σ2 = E[Z2(1)]

(5) The covariance function is given by

ΓH(s, t) =
σ2

2
{|s|2H + |t|2H − |t− s|2H}

for all s, t ∈ R.

(6)The self-similarity parameter H of Z(t) satisfies H 6 1; and it is trivial when

H = 1.

I will give some brief explanations of each part in Proposition 2: Part(1) and (2)

can be directly checked by Definition 1 and 2; Part(3) is obvious from the result of

Part(1) and the definition of stationary increments; Part(4) is mainly induced from

Part(3), as well as the definition of self-similarity; Part(5) can be easily got from

the result of Part(4), and it is the key to construct an H − sssi process, which will

be introduced in the later section and the proof will also be given; Part(6) gives a

restriction of index H, and it is obvious that it is trivial when H = 1, since it follows

Z(t) = tZ(1), for all t ∈ R.

So far, we have known the basic properties of self-similarity. However, we still need

to show that such H − sssi process does exist. We have the following proposition to

support the existence of H − sssi process.
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Proposition 3. If 0 < H 6 1, then the function

RH(s, t) = |s|2H + |t|2H − |t− s|2H , s, t ∈ R

is non-negative definite.

Proof. We can see that RH(s, t) is the main part of covariance function Relation(2.3)

and we want to show RH(s, t) = |s|2H + |t|2H − |t − s|2H ,s, t ∈ R is non-negative

definite. It is equivalent to show that
∑n

i=1

∑n
j=1 RH(ti, tj)uiuj > 0, for ∀t1, t2, ..., tn

and u1, u2, ..., un ∈ R. The proof can be divided into three main steps.

Step 1:

Let the origin t0 = 0 and u0 = −
∑n

i=1 ui, so it follows
∑n

i=0 ui = u0 +
∑n

i=1 ui = 0 at

t0. Then we have:

n∑
i=1

n∑
j=1

|ti|2Huiuj =
n∑
i=1

|ti|2Hui
n∑
j=1

uj

= −
n∑
i=1

|ti|2Huiu0

= −
n∑
i=1

|ti − t0|2Huiu0.

Similarly,
∑n

i=1

∑n
j=1 |tj|2Huiuj = −

∑n
j=1 |tj − t0|2Huju0.

n∑
i=1

n∑
j=1

RH(ti, tj)uiuj =
n∑
i=1

n∑
j=1

(|ti|2H + |tj|2H − |ti − tj|2H)uiuj

= −
n∑
i=1

n∑
j=1

|ti − tj|2Huiuj −
n∑
i=1

|ti − t0|2Huiu0 −
n∑
j=1

|tj − t0|2Huju0

= −
n∑
i=0

n∑
j=0

|ti − tj|2Huiuj.
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Step 2: Then, let ∀c > 0, consider

n∑
i=0

n∑
j=0

e|ti−tj |
2H

uiuj =
n∑
i=0

n∑
j=0

e|ti−tj |
2H

uiuj −
n∑
i=0

n∑
j=0

uiuj

=
n∑
i=0

n∑
j=0

(e|ti−tj |
2H − 1)uiuj.

Then, according to Taylor Expansion, e−x = 1− x+ x2

2!
− x3

3!
+ ..., so we have

n∑
i=0

n∑
j=0

(e|ti−tj |
2H − 1)uiuj =

n∑
i=0

n∑
j=0

(1− c|ti − tj|2H + o(ti, tj, ui, uj))− 1)uiuj

= −c
n∑
i=0

n∑
j=0

|ti − tj|2Huiuj

= c
n∑
i=1

n∑
j=1

RH(ti, tj)uiuj.

That is, our target turns to show
∑n

i=0

∑n
j=0 e

|ti−tj |2Huiuj > 0.

Step 3:

Since ec|t|
2H

, where 0 < H 6 1, is the characteristic function of a 2H stable random

variable ξ with scaling c1/2H(see Morlan[5]), so we have:

E[eitξ] = e−c|t|
2H

, for∀t ∈ R.
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Hence, let ti > tj, and we can get

n∑
i=0

n∑
j=0

e|ti−tj |
2H

uiuj =
n∑
i=0

n∑
j=0

E[ei|ti−tj |ξ]uiuj

= E[
n∑
i=0

n∑
j=0

ei|ti−tj |ξuiuj]

= E[
n∑
i=0

n∑
j=0

eitiξe−itjξuiuj]

= E[
n∑
i=0

uie
itiξ

n∑
j=0

uje
−itjξ]

= E[|
n∑
i=0

uie
itiξ|2] > 0.

The last step above is true since eitiξ and e−itjξ are conjugate.

2.3 fractional Brownian motion

In the last section, we have attained a series of properties of H − sssi process, and

also proved H − sssi in fact exists. In this section, I will introduce a typical and

famous H − sssi process, fractional Brownian motion (fBm). Here, I need to give

the definition of Gaussian process first, since it turns to be a part of the definition of

fBm.

Definition 5. Let Z(t) be a stochastic process, if any finite linear combination of the

sample data in Z(t) are normally distributed, Z(t) is called as Gaussian process.

If a Gaussian process has mean zero, it is true that such Gaussian process is

determined entirely by its variance and covariance function. That is, an H − sssi

zero mean Gaussian process is entirely differed by relation (2.3). Now, I can give the

definition of fBm as follows:

7



Definition 6. Fractional Brownian motion (fBm) is a Gaussian H-sssi zero mean

process with parameter H satisfying 0 < H < 1, and it is notated by {BH(t)}t∈R.

Proposition 4. Suppose a stochastic process {Z(t)}t∈R satisfies the following condi-

tions:

(1) Gaussian process with mean zero and Z(0) = 0,

(2) E[Z2(t)] = σ2|t|2H for some σ > 0, and 0 < H < 1,

(3) Stationary increments.

Then {Z(t)}t∈R is fractional Brownian motion.

Proof. The definition of fBm has been given in Definition 6, so our proof turns to

check if the three conditions above are equivalent the conditions in Definition 6. In

addition, the check of self-similarity part needs to be related with Proposition 2 in

the last section. I will check the conditions one by one:

Condition (1):

Let Z(t) be a stochastic process, the first part of condition(1) indicates that Z(t) is

a Gaussian having mean zero, satisfying the basic construction of fBm. Moreover,

mean zero corresponds to part(2) in Proposition 2, while the second part Z(0) =

0 corresponding to part(1). Furthermore, as we discussed previously, condition(1)

implies the mean function of Gaussian process Z(t) is fixed, so the process now is

uniquely characterized by its variance and covariance function.

condition (2):

Firstly, it is obvious that the latter part 0 < H < 1 corresponds to part(6) in

Proposition 2. Meanwhile, the trivial case of H = 1 is excluded over here. Secondly,

the statement E[Z2(t)] = σ2|t|2H corresponds to part(4) in Proposition 2, which is

the variance function of self-similar process. Thirdly, upon the variance function, I

will deduce the covariance function(part(5) in Proposition 2) and use it to confirm

8



self-similarity. According to condition (2), for ∀s, t ∈ R, we have:

E[Z2(s)] = σ2|s|2H ,

E[Z2(t)] = σ2|t|2H ,

E[Z2(s− t)] = σ2|s− t|2H .

So we have:

E[Z(s)Z(t)] = E[
1

2
{Z2(s) + Z2(t)− Z2(s− t)}]

=
1

2
{E[Z2(s)] + E[Z2(t)]− E[Z2(s− t)]}

=
1

2
(σ2|s|2H + σ2|t|2H − σ2|s− t|2H)

=
σ2

2
(|s|2H + |t|2H − |s− t|2H).

The proof above shows that part(5) in Proposition 2 is well satisfied. Lastly, I will

use the covariance function to confirm self-similarity. For any a > 0, we have:

E[Z(as)Z(at)] =
σ2

2
(|as|2H + |at|2H − |a(s− t)|2H)

=
σ2

2
(|a|2H |s|2H + |a|2H |t|2H − |a|2H |s− t|2H)

= |a|2H σ
2

2
(|s|2H + |t|2H − |s− t|2H)

= |a|2HE[Z(s)Z(t)]

= E[|a|2HZ(s)Z(t)]

= E[aHZ(s)aHZ(t)].

Since s and t are arbitray, we can conclude that {Z(at)}t∈R
d
= {aHZ(t)}t∈R for

9



∀a > 0, 0 < H < 1.

Condition (3):

The condition directly gives the feature of stationary increments of the process {Z(t)}t∈R.

To sum up, the three conditions given in Proposition 2 reflect that the stochastic

process {Z(t)}t∈R is a Gaussian process with mean zero, self-similar and has station-

ary increments, respectively. In addition, the certain mean function, variance and

covariance functions of Z(t) match the counterparts in Proposition 2 very well,

which confirms that such process {Z(t)}t∈R is self similar. Defer to Definition 6, the

stochastic process {Z(t)}t∈R is fractional Brownian motion.

To conclude, in Chapter 2, I give the definitions of self-similarity, stationary incre-

ments and H−sssi process when combining the former two definitions together. The

existence of H − sssi process is proved and its properties are listed in Proposition

2. Finally, the famous H − sssi process, fractional Brownian motion is introduced

and the following Proposition 4 in fact offers a way to check if a process is H−sssi.

In the next chapter, I will introduce a very modern topic: Wavelet analysis.

10



Chapter 3: Wavelet analysis

3.1 Wavelet overview

Having studied the definition of self-similarity, we know that the constant a in Relation

(2.1) is arbitrary, but it is still difficult to check if sample data has self-similar features

for any the positive constant a, especially when the sample size is large. Even if we

can determine the mean, variance and covariance functions of sample data, it is

still hard to convince that Relation(2.3) holds for every two moments s and t. In

modern mathematics, wavelet analysis, as one of the most efficient ways to detect

self-similarity, is very popular on researching self-similar problems. The basic idea of

wavelet analysis is to represent and analyse data through scaling. The brief history

and development of wavelet has been presented in Chapter 1 and more details are

introduced by Graps[7]. First, we consider the mathematical definition of a wavelet:

Definition 7. If a function ψ(t) satisfies the admissibility condition,

∫ +∞

−∞
ψ(t)dt = 0 (3.1)

and integrability conditions, ψ(t) ∈ L1(R)
⋂
L2(R) (i.e.

∫ +∞
−∞ |ψ(t)|dt < ∞ and∫ +∞

−∞ ψ2(t)dt <∞), then we call ψ(t) a wavelet.

Remark 2. If ψ(t) is a wavelet, it also needs to meet the following requirements:

(1) ψ(t) is bounded;

(2) ψ(t) is centred around the origin;

(3) ψ(t) is either finite or decreases to zero rapidly when time t→∞.

Definition 8. Given an positive integer N , if for all integers 0 6 k < N , a wavelet

11



ψ(t) satisfies:

∫ +∞

−∞
tkψ(t)dt = 0 (3.2)

then we say the wavelet ψ(t) has N vanishing moments.

Vanishing moment sometimes is thought as the “degree” of wavelet. We can see

it is trivial when N = 1, since the only choice of k in Relation (3.2) is zero, which

leads to the fundamental condition of a wavelet. That is, any wavelet has at least 1

vanishing moment.

Various wavelet functions have been developed and frequently used in different

mathematical analysis. Some well-known wavelets include Daubechies wavelet family,

Spline wavelet family, coiflet wavelet family, Mexican hat wavelet etc.

Figure 3.1: Wavelet function examples

Visually, the two typical wavelet function examples in Figure(3.1) roughly reflect

basic properties of the wavelets, including the two fundamental conditions in Defini-

tion 7 and three extended conditions in Remark 2. Here, I will check whether the

Haar wavelet, also known as Daubechies 1, satisfies the above properties. Another

reason to use Haar wavelet is that I will use it for further study on self-similarity.

12



Definition 9. Haar wavelet function:

ψ(t) =


1, 0 6 t < 1

2

−1, 1
2
6 t < 1

0, otherwise

(3.3)

Figure 3.2: Haar wavelet function

Claim: Relation (3.3) defines a wavelet.

Proof. I will check the conditions in Definition 7 and Remark 2 one by one:

(1) Admissibility:

∫ ∞
−∞

ψ(t)dt =

∫ 1
2

0

1dt+

∫ 1

1
2

(−1)dt+ 0

= t|
1
2
0 + (−t)|11

2
+ 0

= (
1

2
− 0) + (−1 +

1

2
) + 0

= 0

(2) Integrability:

13



It has been proved in part(1) that
∫ +∞
−∞ ψ(t)dt = 0 < ∞; Similarly, we can integrate

ψ2(t) from −∞ to ∞ and get
∫ +∞
−∞ ψ2(t)dt = 1 <∞

(3) Conditions in Remark 2:

Obviously, ψ(t) is bounded within [-1,1]; from figure(3.2), the graph of ψ(t) is sym-

metric to x = 1
2
, which is not far away from the origin; ψ(t) is finite, and the values

of ψ(t) equal to zero other than [-1 1], which satisfies part(3) in Remark 2.

As mentioned above, vanishing moment appears as a very important characteristic

of wavelet, so it is meaningful to determine the vanishing moment of Haar wavelet.

Claim: Haar wavelet has one vanishing moment. Let ψ(t) be Haar wavelet, ,

Proof. It is equivalent to prove that
∫ +∞
−∞ tkψ(t)dt 6= 0, where ψ(t) is Haar wavelet

function and k = 0, 1, 2, ..., N − 1, if positive integer N > 1. In other words, k = 0 is

the unique value of non-negative integer k to hold Relation (3.2).

Assume not, i.e. ∃k > 0 holds Relation (3.2) with Haar wavelet ψ(t). Let ψ(t) be

Haar wavelet function as Relation (3.1), and integrate the left side of Relation (3.2)

when plugging in ψ(t):

∫ +∞

−∞
tkψ(t)dt =

∫ 1
2

0

tkdt−
∫ 1

1
2

tkdt+ 0

=
1

k + 1
tk+1|

1
2
0 −

1

k + 1
tk+1|11

2

=
1

k + 1
(
1

2
)k+1 − [

1

k + 1
− frac1k + 1(

1

2
)k+1]

=
1

k + 1
(
1

2
)k − 1

k + 1

=
1

k + 1
[(

1

2
)k − 1]

= 0.

14



Notice that k > 0, so the factor 1
k+1
6= 0, which implies (1

2
)k − 1 = 0. However, the

unique real root of this equation is k = 0, and it is a contradiction to the assumption

k > 0.

Hence, the Haar wavelet has one vanishing moment.

3.2 Wavelet coefficients

3.2.1 Introduction of wavelet functions and coefficients

As mentioned in the last section, the main idea of wavelet analysis is to change

scales. The scales are considered to change in two directions upon the original wavelet

function, where the two directions are called dilation and translation. In order to

distinguish the original wavelet function from the scale-changed wavelet function, we

name the original wavelet function mother wavelet. For example, Relation (3.3) is

called as the mother wavelet of Haar wavelet.

Definition 10. Let ψ(t) be a mother wavelet, for j ∈ Z, k ∈ Z, denote the function

ψj,k(t) =
1

2
j
2

ψ(2−jt− k) (3.4)

as the dilation and translation of ψ(t).

In Relation (3.4), it is obvious that the index j refers to dilation, and ψ(2−jt)

corresponds to the expansion in scale of ψ(t) by a factor 2j; the index k refers to

translation, and ψ(t−k) corresponds to shifting ψ(t) towards right by k units. Again,

we take Haar wavelet as an example to get a clearer picture of dilation and translation.

Let ψ(t) be the mother wavelet of Haar, and it is defined on the interval [0, 1).
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Let j = 2 and k = 1, then the new wavelet:

ψ2,1(t) =
1

2
ψ(2−2t− 1)

=
1

2
ψ(2−2(t− 4))

The new wavelet function ψj,k(t) should be defined on [0, 1)
×22−→ [0, 4)

+4−→ [0, 8). So,

we have:

ψ2,1(t) =


1
2
, 0 6 t < 6

−1
2
, 6 6 t < 8

0, otherwise

From Relation (3.4) and the example above, we can roughly conclude the defined

interval of wavelet function is dilated by positive j, but contracted by negative j; it is

shifted rightwards by positive k, but leftwards by negative k. Though wavelet ψj,k(t)

is scaled from mother wavelet ψ(t), it still preserves ‖ · ‖L2 , and this proposition is

shown as below:

Proposition 5. Let ψj,k(t) be scaled from the mother wavelet ψ(t), then

∫ +∞
−∞ ψ2

j,k(t)dt =
∫ +∞
−∞ ψ2(t)dt.
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Proof. According to Definition 10, for j ∈ Z and k ∈ Z,

∫ +∞

−∞
ψ2
j,k(t)dt =

∫ +∞

−∞
[2−

j
2ψ(2−jt− k]2dt

=

∫ +∞

−∞
2−jψ2(2−jt− k)dt

= 2−j
∫ +∞

−∞
ψ2(2−jt− k)d(2−jt− k) · 2j

=

∫ +∞

−∞
ψ2(2−jt− k)d(2−jt− k)

=

∫ +∞

−∞
ψ2(t)dt.

If we use {ψj,k(t), j, k ∈ Z} as a filter set, we can define Discrete Wavelet Transform

(DWT) of a stochastic sample path as follows:

Definition 11. Let {Z(t)}t∈R be a stochastic process, for j ∈ Z and k ∈ Z,

dj,k =

∫ +∞

−∞
Z(t)ψj,k(t)dt (3.5)

are the wavelet coefficients of {Z(t)}t∈R through DWT.

Here, wavelet coefficients dj,k are also called details in contrast to the scaling

coefficients aj,k, approximations, which will be introduced and constructed in the

next subsection. In addition, I will focus on dj,k and use these detail coefficients to

detect self-similarity and H − sssi process in the next chapter. In fact, the adjective

“Discrete ”in DWT does not refer to the integration in Relation (3.5) with respect to

time t, but the indices j and k taking integers.
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3.2.2 Multiresolution Analysis(MRA)

In Definition 11 in the last subsection, we learned that detail wavelet coefficients are

constructed by a set of scaled wavelet functions - these are called filters. In wavelet

analysis, those filters are also called multiresolution wavelets, and the study on such

filters are called Multiresolution Analysis (MRA).

Definition 12. Multiresolution analysis is a method relevant to the Discrete Wavelet

Transform that consists of a sequence of closed subsets {Vn}n∈Z in L2(R), which sat-

isfies the following conditions:

(1) ... ⊂ V2 ⊂ V1 ⊂ V0 ⊂ V−1 ⊂ V−2... ⊂ L2(R).

(2) ∩+∞
−∞Vj = {0} and ∪+∞

−∞Vj is dense in L2(R), for ∀j ∈ Z.

(3) V spaces are self-similar, which means f(2jt) ∈ Vj ⇔ f(t) ∈ V0.

(4) There exists a scaling function φ ∈ V0 whose translations span the space: V0 =

{f(x) ∈ L2(R)|f(x) =
∑

k ckφ(x − k) k ∈ Z} for some constants ck, and the set

{φ(· − k)} is an orthonormal basis.

In part(4), φ is called mother scaling function. In fact, wavelet function ψ also

can also be defined through φ. We have the so-called two-scaled equations as follows:

For n ∈ Z,

φ(t/2) =
√

2
∑
n

unφ(t− n) (3.6)

ψ(t/2) =
√

2
∑
n

vnφ(t− n). (3.7)

In the two-scaled function, un and vn are some coefficients to form the basis of the

scaling and wavelet coefficients, and they vary in different types of wavelets.

MRA was first introduced by Mallat in 1989, and Mallat also proposed the fast
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recursive pyramidal decomposition algorithm based on MRA. And the fast recursive

pyramidal decomposition, which is known as wavelet decomposition now, illustrates

the way of calculating scaling coefficients and wavelet coefficients in different scales.

Here, a new name, scaling coefficients, are the coefficients from the last subsection.

They have the very similar constructions as wavelet coefficients, the main difference is

that they are basically constructed on scaling functions φ instead of wavelet functions

ψ.

Definition 13. Let Z(t) be a stochastic process and φ(t) be mother scaling function,

the scaling coefficient aj,k is defined as:

aj,k =

∫ +∞

−∞
Z(t)φj,k(t)dt (3.8)

where φj,k(t) = 1

2
j
2

φ(2−jt− k).

We can see that scaling function φj,k is similarly defined as scaled wavelet func-

tion ψj,k in Relation (3.4) and scaling coefficients aj,k are also called as approximation

coefficients mentioned in the last subsection. In Relation (3.6) from two-scaled equa-

tions, we have the connection between φ(t) and φ(t/2). If combining it with Relation
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(3.8), we have:

aj,k =

∫ +∞

−∞
Z(t)2−

j
2φ(2−jt− k)dt

=

∫ +∞

−∞
Z(t)2−

j
2

√
2
∑
n

unφ(2−j+1t− 2k − n)dt

=

∫ +∞

−∞
Z(t)2

−j+1
2

∑
n

unφ(2−j+1t− 2k − n)dt

=
∑
n

un

∫ +∞

−∞
Z(t)2

−j+1
2 φ(2−j+1t− (2k + n))dt

=
∑
n

unaj−1,2k+n

=
∑
n

u−naj−1,2k−n

Similarly, if plugging Relation (3.7) into Relation (3.8) instead of Relation (3.6), we

can get the result of detail coefficients in the same way:

dj,k =
∑
n

v−naj−1,2k−n.

With the approximation coefficient aj,k, detail coefficient dj,k and their relations with

one lower level approximation coefficient aj−1,k indicated above, we can derive the

following conclusion:

aj−1,k
↓2,u−n−→ aj,k (3.9)

aj−1,k
↓2,v−n−→ dj,k. (3.10)

There is a lot of information of approximation and detail coefficients in Relation (3.9)

and (3.10). First of all, we can see both approximation and detail coefficients at

j-th level are yielded by approximation coefficient at (j − 1)-th level for fixed j ∈ Z,
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Figure 3.3: Tree decomposition

which is also shown in the tree decomposition in Figure (3.3); In addition, the length,

sometimes also called frequency, of aj,k and dj,k are halved by the length of aj−1,k, for

j ∈ Z. If the length of aj−1,k is odd, the length of aj,k and dj,k are round up to the

closest integer. A more detailed explanation and algorithm are given by Mallat[25]

and Vishwanath[9].

Now we have determined the scales of approximation and detail coefficients. The

next question coming up is how to calculate these coefficients. From Relation (3.8),

we can see that those coefficients basically depend on original signal Z(t) and scaling

and wavelet functions, φj,k and ψj,k. Let j = 0 in Relation (3.8), we have zero-level

approximation coefficient a0,k =
∫ +∞
−∞ Z(t)φ(t − k)dt. The later terms aj,k can be

computed from a0,k and constants u−n. Similarly, detail coefficients dj,k also can be

iterated by a0,k and constants v−n. Since both mother wavelet and mother scaling

functions can be obtained once the certain wavelet is determined, then the constants

un and vn become the keys to calculate approximation and detail coefficients.
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In fact, un is called low-pass filter, denoted by L(z), and it generates approximation

coefficients, which are high-scale and low-frequency components of original signal; vn

is called high-pass filter, denoted by H(z), and it generates detail coefficients, which

are low-scale and high-frequency components of original signal; un and vn consist a

filter bank. There is one very important relation between un and vn:

vn = (−1)nu1−n. (3.11)

The relation above can be got when taking the Fourier transform of scaling function

and comparing the structure of two-scaled functions. The comparison and proof are

given by Vidakovic[15]. And more detailed exploration of how filter bank working in

DWT and what approximation and detail coefficients look like is given by Misiti[13].

Figure 3.4: Filter bank and Wavelet decomposition

Figure (3.4) gives a very straightforward version of wavelet decomposition. The

left one illustrates what filters look like and the scale information of each iteration

of decomposition; The right one is a better illustration based on Figure (3.3). We

see that approximation coefficients are exact the approximation of the original signal,

while detail coefficients more reflect the noises of the original signal, and it is also true

that the more level of decomposition taken, the approximation coefficients of the signal
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is coarser, however, detail coefficients show the natural features of the signal. Besides,

approximation and detail coefficients also can be used to reconstruct the signal, where

the reconstruction process is called synthesis. This process is to upsample the size of

approximation and wavelet coefficients, so it is thought as an inverse process of DWT.

Wavelet synthesis are frequently applied in inverse problems, especially inverse image

problems. There are a lot of introductions of wavelet synthesis offered by Misiti[13].

3.2.3 Daubechies Wavelet

Daubechies wavelet, named after Ingrid Daubechies, is a family of orthogonal wavelets

defining on DWT. Basically, the construction of Daubechies wavelet is formed by the

first N terms of binomial expansion:

PN(y) = (1− y)−N =
N−1∑
k=0

(
k +N − 1

k

)
yk. (3.12)

It is proved by Temme[16]. There can be different orders of Daubechies wavelets

if taking different N values, so Daubechies wavelets are always denoted by “dbN”.

Haar wavelet is “db1”, which has been shown in the previous work, however, higher

order of Daubechies wavelets are not easy to describe, such as “db2”in Figure 3.1.

Relation (3.12) is used to determine the values of high-pass and low-pass filters of

Daubechies Wavelets when taking Fourier transform to the scaling function and using

some nice properties of Daubechies wavelets. The exploration and proof are given by

Narcowich[12] and Teeme[16], respectively. Here, I will only list some important

properties and their corollaries of Daubechies wavelet family:

Proposition 6. Let φ be mother scaling function and ψ(t) be mother wavelet function

of Daubechies wavelets, for fixed integer N , we have:

(1)
∫ +∞
−∞ φ(t) = 1

(2)
∫ +∞
−∞ φ(t− j)φ(t− k)dt = δj,k, for ∀j,m < N, j,m ∈ Z.
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Let us take a look at these properties. If we integrate Relation (3.6) both sides

with respect to t and use the result of part(1), we will have a very important result

of Daubichies filter coefficients:

∫ +∞

−∞
φ(t/2)dt =

√
2
∑
n

un

∫ +∞

−∞
φ(t− n)dt

2 ·
∫ +∞

−∞
φ(t/2)d(t/2) =

√
2
∑
n

un

∫ +∞

−∞
φ(t− n)d(t− n)

2 =
√

2
∑
n

un

√
2 =

∑
n

un.

Part(2) mainly comes from the orthogonality of the filters in Daubechies wavelets

and it results another important corollary of filter coefficients of Daubechies wavelet

family. Let φ(t) and φ(t− l) are two scaling functions, where l ∈ Z:

φ(t)φ(t− l) =
√

2
∑
n

unφ(2t− n)φ(t− l)

=
√

2
∑
n

unφ(2t− n)
√

2
∑
m

umφ(2t− 2l −m).

Integrate the equation above both sides:

δ0,l = 2
∑
n

un
∑
m

um

∫ +∞

−∞
φ(2t− n)φ(2t− 2l −m)dt

= 2
∑
n

un
∑
m

um
1

2

∫ +∞

−∞
φ(2t− n)φ(2t− 2l −m)d(2t)

=
∑
n

∑
m

unumδn,2l+m

=
∑
n

unun−2l.
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If setting l = 0, we can attain another important result of filter coefficients:

∑
u2
n = 1.

Now, let us focus on Haar wavelet(db1), which we will use to detect self-similarity in

the next section. Its mother wavelet function has been given in Relation (3.3), and

here, let us take a look at its mother scaling function:

Definition 14. The mother scaling funtion of Haar wavelet is the indicator function

on [0,1]:

φ(t) =

{
1, 0 6 t 6 1

0, otherwise
. (3.13)

And the figure of the scaling function is shown in Figure 3.5:

Figure 3.5: Haar scaling function

As we have obtained both mother scaling and wavelet function, we can try to

calculate the filter coefficients. By Figure 3.5, it is obvious the mother scaling function

of Haar has the following simple properties:

φ(t) = φ(2t) + φ(2t− 1)

=
√

2(
1√
2
φ(2t) +

1√
2
φ(2t− 1)).
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If compared with Relation (3.6) in two-scaled function, it automatically yields the

low-pass filter coefficients u0 = u1 = 1√
2
. By relation(3.11), the high-pass filter coef-

ficients v0 = 1√
2

and v1 = − 1√
2
, all of them shown in Figure(3.6):

Figure 3.6: Haar low-pass and high-pass filters

If we take a quick check of the filter coefficients of Haar wavelet, we can see

u0 + u1 =
√

2 and u2
0 + u2

1 = 1, which satisfy the requirements of filter coefficients

from Daubichies wavelet family. Though we can determine the filters for Haar wavelet

by sticking two other scaling functions, it is very hard to imitate the calculation of

Haar to obtain obtain filter coefficients of higher-order wavelets in Daubechies fam-

ily. However, Narcowich[12] and Temme[16] offer two nice ways to calculate general

Daubichies wavelet filter coefficients by taking Fourier transform of the scaling func-

tion and two-scaled functions (sometimes they are also called Transform functions

sometimes). Here, I will omit the detail proofs. Now, we can conclude that Haar

wavelet is definitely a member of Daubechies wavelet family. If we try to combine

the filter coefficients and mother wavelet function together, we can obtain the j-th
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iteration of filters of Haar :

ψj,k(t) =


2−j/2, 0 6 t < 2j−1

−2−j/2, 2j−1 6 t < 2j

0, otherwise

.

It is obvious that the period of the wavelet function is 2j, and each positive value of

k will shift the interval rightwards by k · 2j units. In fact, it is clearer if we can write

the filter coefficients of Haar in matrix representation. Let u0 = u1 = v0 = 1√
2

and

v1 = − 1√
2
, we have filter matrix as follows:

C =



u0 u1 0 0 · · · 0 0
v0 v1 0 0 · · · 0 0
0 0 u0 u1 · · · 0 0
0 0 v0 v1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · u0 u1

0 0 0 0 · · · v0 v1


.

If we have the signal vector:

−→
S =



s1

s2

s3

s4

s5

s6
...
...


.
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Then, the output vector should be:

−→
O =



low1

high1

low2

high2

low3

high3
...
...


.

In each iteration,
−→
O = C ·

−→
S . In the follwoing iteration, the previous output

−→
O

becomes the new signal and the size of filter matrix C should be changed to match the

length of
−→
O to attain a new output. We also can find that the matrix representation

of filter coefficients persuasively reconfirms that the size of output is halved in each

decomposition process of DWT.

3.3 Wavelet coefficients of self-similar process

3.3.1 Properties of wavelet coefficients

In this section, we try to calculate wavelet coefficients of self-similar processes and

detect their statistical properties. First of all, regardless of self-similarity, let us take

a look at some natural properties of wavelet coefficients dj,k themselves.

Proposition 7. Let {Z(t)}t ∈ R be a stochastic process, if the wavelet ψ has N

vanishing moments, then the wavelet coefficients dj,k are the same for Z(t) and Z(t)+

P (t), where P (t) is a polynomial of N − 1 degree.

Proof. Recall in Relation (3.5), we know dj,k =
∫ +∞
−∞ Z(t)ψj,k(t)dt. Here, we want to
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show:

dj,k =

∫ +∞

−∞
(X(t) + P (t))ψj,k(t)dt

=

∫ +∞

−∞
X(t)ψj,k(t)dt+

∫ +∞

−∞
P (t)ψj,k(t)dt

= dj,k +

∫ +∞

−∞
P (t)ψj,k(t)dt.

So it is equivalent to proving
∫ +∞
−∞ P (t)ψj,k(t) = 0. According to Relation (3.4):

ψj,k = 2−j/2ψ(2−jt− k), let s = 2−jt− k, and we have:

∫ +∞

−∞
P (t)ψj,k(t) =

∫ +∞

−∞
P (2j(s+ k))2−j/2ψ(s)2jds

= 2j/2
∫ +∞

−∞
P (2j(s+ k))ψ(s)ds.

Since P (2j(s + k)) is a polynomial of N − 1 degree but the wavelet ψ has N van-

ishing moments, according to Definition 8, we can obtain the conclusion that∫ +∞
−∞ P (t)ψj,k(t) = 0.

Proposition 8. Let {Z(t)}t∈R be a stochastic process, if {Z(t)}t∈R has stationary

increments, then for fixed j ∈ Z, the sequence {dj,k, k ∈ Z} is stationary.

Proof. We want to show the sequence {dj,k}k∈Z is stationary, that is, to prove dj,k+k0
d
=

dj,k. In other words, the sequence {dj,k, k ∈ Z} does not depend on k0 ∈ Z.

dj,k+k0 =

∫ +∞

−∞
Z(t)ψj,k+k0(t)dt

=

∫ +∞

−∞
Z(t)2−j/2ψ(2−jt− k − k0)dt.
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Let s = t− 2jk0, and plug into the formula above, combining with Relation (3.1) and

the definition of stationary increments, we can obtain:

dj,k+k0 =

∫ +∞

−∞
Z(s+ 2jk0)2−j/2ψ(2−js+ k0 − k − k0)ds

=

∫ +∞

−∞
[Z(s+ 2jk0)− Z(2jk0)]2−j/2ψ(2−js− k)ds

d
=

∫ +∞

−∞
[Z(s)− Z(0)]2−j/2ψ(2−js− k)ds

=

∫ +∞

−∞
Z(s)ψj,k(s)ds

= dj,k.

Proposition 8 shows that wavelet coefficients at the same level of decomposition

have the same statistical distribution. That is, if two wavelet coefficients have the

same index j, coefficients themselves dj,k do not depend on translation k.

Having known the definition, way of calculation, and basic properties of wavelet

coefficients, we can try to detect the properties of wavelet coefficients of self-similar

process.

Proposition 9. Let {Z(t)}t∈R be an H-ss stochastic process, then for fixed j ∈ Z, we

have

dj,k
d
= 2j(H+ 1

2
)d0,k. (3.14)

Proof. Since Z(t) is self-similar and it is obvious that 2j > 0 for j ∈ Z, we have:

Z(2jt)
d
= 2jHZ(t).
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Let u = 2−jt− k and s = u+ k,

dj,k =

∫ +∞

−∞
Z(t)ψj,k(t)dt

=

∫ +∞

−∞
Z(t)2−j/2ψ(2−jt− k)dt

= 2−j/2
∫ +∞

−∞
Z(2j(u+ k))ψ(u)

du

2−j

= 2j/2
∫ +∞

−∞
Z(2js)ψ(s− k)ds

d
= 2j/2

∫ +∞

−∞
2jHZ(s)ψ(s− k)ds

= 2j(H+ 1
2

)

∫ +∞

−∞
Z(s)ψ(s− k)ds

= 2j(H+ 1
2

)d0,k.

Once again, here
d
= means having the same finite dimensional distributions. Propo-

sition 9 states that wavelet coefficients dj,k and 2j(H+ 1
2

)d0,k from self-similar process

have the same distribution, though they have different scales. However, it is a ques-

tion how to determine if two sets of data have the same probability distribution. To

answer this question, we can ues Two-sample Kolmogrov-Smirnov Test to compare

data samples and detect their probability distributions.

Definition 15. Suppose X1, X2, ..., Xn are i.i.d. random variables, the empirical

distribution function Fn(x) is defined as the proportion of the observed values of the

sample that are less than or equal to x:

Fn(x) =
1

n

n∑
i=1

IXi6x,
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where IXi6x is the indicator function.

Definition 16. The Kolmogorov-Smirnov Test for two samples: Let a random sample

of m observations X1, X2, ..., Xn with distribution function F (x); and another random

sample of n observations Y1, Y2, ..., Yn with distribution function G(x),

H0 : F (x)
d
= G(y)

H1 : F (x)
d

6= G(y)

Use test statistic Dmn:

Dmn = sup
−∞<x<∞

|Fm(x)−Gn(x)|.

The test procedure is rejecting H0 when

(
mn

m+ n
)
1
2Dmn > Kα,

where Kα is Kolmogorov statistic, whose cumulative distribution function is Pr(K 6

x) = 1− 2
∑∞

i=1(−1)i−1e−2i2x2, and α is significance level.

The more detailed explanation and testing procedures are given by DeGroot[26].

In MATLAB, there exists a built in function kstest2 for Two-sample Kolmogorov-

Smirnov Test, for example:

>> h = kstest2(rand(100,1),rand(1000,1))

h =

0

When two samples of data come from the same distribution, kstest2 will return

0, otherwise it will return 1. The default significance level α in function kstest2

is 5%. However, using Kolmogorov-Smirnov test in MATLAB will fail sometimes,
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since the test itself is taking supreme norm and sample data are generated ran-

domly by computer. Especially when the sample size is very large, there are more

chances to get big errors in Kolmogorov-Smirnov statistic with respect to supreme

norm. So based on the idea of Kolmogorov-Smironov test, there is another hypoth-

esis test - Cramer Von Mises test, can be used to check if two sample data come

from the same distribution. Instead of supreme norm, Cramer Von Mises test is

using L2 norm statistic ω2 = mn
m+n

∫ +∞
−∞ [Fm(x) − Gn(x)]2d(Fm(x) + Gn(x)) to check.

Though the fact that data are randomly generated also influences Cramer Von Mises

test to some extent, the accuracy and approximation of Cramer Von Mises test is

better than Kolmogorov-Smironov test, which is obvious and also explained explic-

itly by Hodges[28]. More detail introduction and exploration of Cramer Von Mises

test is given by Anderson[27]. Unfortunately, Cramer Von Mises test has no built-

in function in MATLAB, but the M-file is offered in Appendix A by Cardelino

(http://www.mathworks.com/matlabcentral/fileexchange/13407-two-sample-cramer-

von-mises-hypothesis-test/content/cmtest2.m). In the future work of this paper, I will

find another more convincing way to check if such wavelet coefficients from given sam-

ple data come from the same distribution. But I will also use Two-sample Kolmogorov-

Smironov test and Cramer Von Mises test to convince my conclusion when the new

method is ambiguous.

Proposition 10. Let Z(t) be an H-sssi Gaussian process with mean zero and finite

variance, then the wavelet coefficients should have the following properties:

(1)E[dj,k] = 0;

(2)E[d2
j,k] = 2j(2H+1)E[d2

0,0];

(3)E[dj,k1 , dj,k2 ] 6 C|k1−k2|2(H−N) for fixed j ∈ Z, when N is sufficiently large, where

C is some constant.

In Proposition 10, part(1) is obviously true since E[Z(t)] = 0.
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From Proposition 8 and Relation(3.13), we can easily obtain part(2):

E[d2
j,k] = E[dj,kdj,k]

d
= E[2j(H+ 1

2
)d0,k2

j(H+ 1
2

)d0,k]

= 2j(2H+1)E[d2
0,k]

= 2j(2H+1)E[d2
0,0].

Additionally in part(2), if we take the logarithm of both sideswith respect 2, it yields

a line with slope (2H + 1) and interception log2E[d2
0,0]. This observation is the basis

to estimate the Hurst parameter H through wavelet analysis.

Part(3) refers to the covariance structure of the wavelet coefficients in the fixed

level j. Tewfik and Kim[29] proposed and proved that dj,k1 and dj,k2 are almost un-

correlated when N > H + 1
2

and this correlation decays hyperbolically fast when

N is sufficiently large. In fact, even in different level j, the correlation of wavelet

coefficients are extremely small if the condition N > H + 1
2

holds. It is true that

E[dj1,k1dj2,k2 ] 6 C|2−j1k1 − 2−j2k2|2(H−N) for some constant C, which was proved by

Flandrin[17] and introduced to public by Arby[18].

So far, we have studied that the properties of wavelet coefficients of H− sssi pro-

cess, and these properties will help us to check statistical self-similarity for time series

from financial data and chaotic dynamical systems. In other words, Proposition 9

and 10 are the keys for us to check and study self-similarity for time series from

various aspects. However, when we apply the method to real data, all calculation will

be no longer theoretically, but numerically. It automatically lead to a question: How

much reliability of this method to detect self-similarity in numerical calculation? To

answer this question, we can take a look at the following example.
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3.3.2 Wavelet analysis on fractional Brownian motion

As already been proved, fractional Brownian motion(fBm) is an H − sssi process.

We can take fBm as an example to test the method of detecting self-similarity given

in the last subsection.

First of all, We need to generate a sample path of fBm. There are a couple

of ways to simulate fBm: Hosking Method, Cholesky Method, Fourier Transform

Method, Wavelet-based Simulation etc., and the algorithms are introduced by Ton

Dieker[19]. In addition, fBm is also available to be generated in various programs,

such as Maple and MATLAB. The program we will use in this paper is MATLAB. I

will give the codes of generating fBm with Cholesky method in MATLAB here:

function [ S ] = fBm( H,n )

if nargin < 2

n = 256;

end

if H == 0

S = randn(n,1);

return

end

t = (1:n)’;

a = 2*H;

r = zeros(n,n);

for i = 1:n;

for j = 1:n;

r(i,j) = (t(i).^a + t(j).^a-abs(t(i)-t(j)).^a)/2;

end

end
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l = chol(r);

l = l’;

x = randn(n,1);

S = l*x

end

However, there is a built-in function wfbm in MATLAB to generate fBm based on

Wavelet simulation and ARIMA progress, and the algorithm was firstly introduced

by Abry and Sellan[20] in 1996. If we want to generate fBm with H = 0.5 and

length(size) L = 210, we can easily run the following command to get the fBm data

and its plot:

>> FBM05 = wfbm(0.5, 2^10, ’plot’);

Figure 3.7: fractional Brownian motion with H = 0.5

Worthy of mentioning here, we are choosing the size of generated fBm equal to 210,

because we have discussed previously that the wavelet decomposition reduces the size

of signal by a factor of 1
2

in each iteration, and the size which equals to a power of 2
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will save time running the program in MATLAB.

Next step, we need to implement wavelet decomposition to the generated signal.

Fortunately, we can use command wavedec in MATLAB to make it. The wavelet

we are going to use is Haar wavelet, which is denoted as “db1 ”in MATLAB. In fact,

compared with the wavelets of higher order from Daubechies family, Haar wavelet,

as the simplest one, has the easiest but nicest local properties, and it gives optimum

estimation results of self-similar process. The comparison of wavelets from Daubechies

wavelet family is given by Ciftlikli and Gezer[21]. In addition, we are very familiar

with how Haar wavelet works now. So it is good to choose Haar wavelet as our

sample wavelet in wavelet decompositon.

>> [C L]=wavedec(FBM05,10,’db1’);

In the code above, there are two outputs for wavedec C and L, where C records the

information of approximation and detail coefficients and L returns the size of wavelet

coefficients in each step. Then we can use command detcoef to array the wavelet

coefficients level by level.

>>[cD0,cD1,cD2,cD3,cD4,cD5,cD6,cD7,cD8,cD9]= detcoef(C,L,[1:1:10]);

Figure 3.8 below shows some paths of detail coefficients. They look like holding the

first property in Proposition 10 in Section 3.2.2, where both their expected values

are roughly zero. In order to determine if those detail coefficients follow Proposi-

tion 10 and 11, we calculate their expected values and variance in MATLAB. In

MATLAB statistics package, command mean is used to evaluate expected value of

a string or vector, and var for the calculation of variance. Besides, in our case, once

part(1) in Proposition 10 holds, it would be true that V ar[dj,k] = E[d2
j,k], since

V ar[dj,k] = E[d2
j,k] − (E[dj,k])

2, where E[dj,k] = 0. If checking all the expected value

and variance of wavelet coefficients and we can obtain the table in Figure 3.9.
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Figure 3.8: Figures of cD0 and cD2

Figure 3.9: Wavelet coefficients of generated fBm

From the table in Figure 3.9, first of all, we can see the expected value of original

fBm data is around −3.7 but not exact 0. This is because the sample we generated

is random; E[X(t)] is continuously integrated on (−∞,+∞), but our sample is dis-

crete and its size is limited due to the memory of program. Secondly, the expected

value of wavelet coefficients dj,k are close to zero generally, but they are apparently

far away from zero in higher-level. That is because if we take the expected value on

both sides in Relation 3.14, we have E[dj,k] = 2j(H+ 1
2

)E[d0,k]. As the same reason

indicated above, numerical computation can not guarantee that E[d0,k] = 0, so the

E[dj,k] is even farther away from zero when j turns to be very large. This is also why

in wavelet toolbox or wavelet packages from different programs, the level of wavelet
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analysis usually does not exceed 6.

Having analysed the reasons of existing errors, we can start to check self-similarity,

even H-sssi features, of fBm. The first part to check is H-ss feature, self similarity with

Hurst parameter H, of generated fBm data. The corresponding part is Proposition

9. In our case, H = 1
2
, so we need to check if dj,k

d
= 2jd0,k. As we have obtained

all the wavelet coefficients dj,k, we can try to compare the histograms between 2jd0,k

and dj,k to get the initial conclusion. The histogram of given data can be obtained

by command hist in MATLAB. Figure 3.10 shows an example of two wavelet coef-

Figure 3.10: Histograms of wavelet coefficients of fBm

ficients of fBm. Though the trends of two histograms look roughly alike in general,

some detail parts are still quite different from each other. So we can further take a

look at the cumulative distribution function(c.d.f.) of them. We can use command

dfittool to implement this method in MATLAB.

Again, we can see the two cumulative distribution functions in the example in
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Figure 3.11: C.d.f. of wavelet coefficients of fBm

Figure 3.11 do not match each other perfectly, but we roughly can speculate that

they come from the same distribution. To confirm our assumption, we can try to use

Kolmogorov -Smirnov test to confirm it.

Figure 3.12: Return value of kstest2 of wavelet coefficients

We also can get the return values all zeros when using Cramer Von Mises test

to reconfirm our result. Now, we are confident to say Relation 3.14 holds and fBm

is H-ss. In fact, though we are using hypothesis test to confirm sample data come

from the same distribution. However, it does not mean the method of comparison of

histograms and cumulative distribution functions are not convincing. If we enlarge

the sample size of fBm to 220, we can see both histograms and c.d.f. of wavelet co-

efficients from each level with proper scaling match each other very well, and related

results are shown in Appendix B.

Having verified self-similarity and discussed the expected values of wavelet coef-

ficients, We can turn to analyse variance structure of them. In the third column of
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the table in Figure 3.9, I calculated
V ar[dj+1,k]

V ar[dj,k]
instead of directly checking part(2) in

Proposition 10. That is because if E[d2
j,k] = 2j(2H+1)E[d2

0,0] holds for all j ∈ Z,

equivalently,

E[d2
j−1,k] = 2(j−1)(2H+1)E[d2

0,0]

= 2(j−1)(2H+1)
E[d2

j,k

2j(2H+1)

=
E[d2

j,k]

22H+1
.

Surely, the relation above is equivalent to V ar[dj,k] = 22H+1V ar[dj−1,k], for all j ∈ Z.

And this relation is clearer and easier to check than part(2) in Proposition 10.

In our case, H equals to 0.5, which implies that
V ar[dj,k]

V ar[dj−1,k]
= 22×0.5+1 = 4. The

relative error of
V ar[dj,k]

V ar[dj−1,k]
away from 4 is shown in the fifth column in the table in

Figure 3.9. I think the relative errors are small enough that we can agree on part(2)

in Proposition 10. To confirm it, as I have mentioned before, we can take the

logarithm with respect to 2 of part(2) in Proposition 10. If so,

E[d2
j,k] = 2j(2H+1)E[d2

0,k]

log2(V ar[dj,k]) = (2H + 1)j + log2(V ar[d0,k]).

When H = 1
2
, the slope of the line function with respect to j is 2H+1 = 2. If plotting

it in MATLAB with discrete points when taking different integer values of j, and use

command polyfit to approximate the line who has the least square distances away

from these points.

>> polyfit(x,y’,1)

ans =

1.984156285284708 -4.164156855016389
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Figure 3.13: Check variance structure by taking logarithm

From the result of polyfit, we can see the slope is very close to the supposed value 2

and the interception −4.164156855016389 is also very close to log2(V ar[d0,k]). From

Figure 3.13, it is also clear that all the plotting discrete points are almost on the same

line, which reflects that fBm has stationary increments, and it is an H-sssi process

but not only H-ss. The variance structure of fBm with sample size 220 is also shown

in APPENDIX B.

Finally, we need to check part(3) in Proposition 10. In fact, we are aiming

at ensuring the fact that the wavelet coefficients are almost uncorrelated and the

correlation tends to zero very fast when N is sufficiently large. According to the

inequality E[dj,k1dj,k2 ] 6 C|k1 − k2|2(H−N), for fixed j and |k1 − k2|, we can calculate

E[dj,k1dj,k2 ] as the same as covariance of wavelet coefficients, since Cov[dj,k1 , dj,k2 ] =

E[dj,k1dj,k2 ]− E[dj,k1 ]E[dj,k2 ] where E[dj,k1 ] = E[dj,k2 ] = 0. Up to covariance calcula-

tion, for example, when j = 0 and |k1−k2| = 1, E[d0,k1 , d0,k2 ] should be the covariance
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between two following columns:



d0,1 d0,2

d0,2 d0,3

d0,3 d0,4
...

...
d0,n−2 d0,n−1

d0,n−1 d0,n


.

In order to get all the covariances of wavelet coefficients with the same level j but

different |k1 − k2|, we can use the m-file LINE.m:

function [ U V ] = LINE( S )

n = length(S);

u = 1;

while u <= n-1

U(u) = u;

u = u+1;

end

w = 1;

while w <= n-1;

v = 1;

while v <= n-w;

W(v) = (S(v)-mean(S(1:n-w)))*(S(v+w)-mean(S(w+1:n)));

v = v+1;

end

V(w) = abs(mean(W));

w = w+1;

end

plot(U,V,’o’);
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axis auto;

end

If we take a look at d0,k from generated fBm as an example: From Figure(3.13),

Figure 3.14: covariance structure of wavelet coefficient

we can see that the covariance of wavelet coefficients decay to zero when |k1 − k2|

is getting bigger. It confirms that the correlation of wavelet coefficients does decay

as |k1 − k2| increases and it is almost uncorrelated and decays fast when the lag is

large. However, this pattern is not always clear in numerical test when the data

are generated randomly, and it turns more unconvincing when the sample size is not

big enough. If we enlarge the sample size to 5000, we can see the decaying of the

covariance is clearer, which is shown in APPENDIX C.

To conclude, based on our example of testing fBm, we are confident to say that the

test method of following Proposition 9 and 10 is valid to check self-similarity and
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H − sssi process. In the future work, we can use this method to check self-similarity

and stationary increments of the time series from financial data and chaotic dynamic

systems.
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Chapter 4: Detect self-similarity on financial data

In this chapter, we will focus on detecting self-similarity of financial data. The

target financial data will include Dow Jones indices, NASDAQ indices, and several

separate quotes from these stock markets.

4.1 Dow Jones indices

First of all, we can download the historical prices of Dow Jones and write them in

an Excel file from http://finance.yahoo.com. The data we are going to analyse is the

Close price column and we can load the target data into MATLAB by using command

xlsread. Next, we will use command wavedec and detcoef again to calculate the

wavelet coefficients of Close price of Dow Jones indices. The expected value, variance

and related information are shown in the tables in Figure 4.1.

According to the two tables in Figure 4.1, from the upper one, we can see that

expected value of Dow Jones indices itself is far away from zero, which results the

expected values of wavelet coefficients do not follow part(1) in Proposition 10 very

well. That is because one of the conditions of Proposition 10 is that the stochastic

process should be mean-zero Gaussian process, however, we can fix this problem by

standardizing the original Dow Jones indices, so that we get the lower table, in which

we can see that the expected value of wavelet coefficients are relatively much closer

to zero. In addition, it is nice to see that the variance structure of wavelet coefficients

are not ruined when comparing the two
dj+1,k

dj,k
columns, they turn to be exact the

same in both tables. That is we do not need to worry about the expected value of

wavelet coefficients part in Proposition 10 any more in our future work since we

always can fix it by standardizing the original given data sample, and this process
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Figure 4.1: Wavelet coefficients of Dow Jones and Standardized Dow Jones data

will not influence the distribution of wavelet coefficients.

From the upper table in Figure(4.1), the relative error column refers to the relative

error between
dj+1,k

dj,k
and the term 22H+1 with estimated parameter H from MATLAB.

In MATLAB, we can use command wfbmesti to estimate the Hurst parameter H

from H-sssi process. From both the
dj+1,k

dj,k
and the relative error columns, it is obvious

that the value of
d12,k
d11,k

is far greater than others, which can be treated as an obvious
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big error. So we can get rid of it and take the average of
dj+1,k

dj,k
column and this is the

way used to evaluate the Hurst parameter H that we mentioned it before. Recall we

also have mentioned in the analysis of fBm data that we always take the first several

levels of wavelet coefficients in wavelet analysis, since their errors are comparatively

small. Hence, we can also take the first five levels of
dj+1,k

dj,k
and obtain another esti-

mated Hurst parameter. We can see such estimation of Hurst parameter is closer to

the parameter estimated by MATLAB.

Having confirmed the expected value of wavelet coefficients around zero and

acknowledged the way of estimating Hurst parameter H, we can keep on checking

self-similarity and H-sssi features of Dow Jones indices now. Again, let us take a look

at the histograms of wavelet coefficients of Dow Jones indices:

Figure 4.2: Histograms of wavelet coefficients of Dow Jones indices

We can see that the histograms in Figure 4.2 look really alike, even better than the
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histogram of fBm. It can be understood since the sample size of Dow Jones indices is

bigger than 213, which is much bigger than our example of fBm. So if it is self-similar,

the histogram of its wavelet coefficients with proper scales should be very similar to

each other. We can get the initial conclusion that Dow Jones indices is self-similar in

general. Next, let us take a look at c.d.f. of Dow Jones indices to confirm our initial

conclusion:

Figure 4.3: Cumulative distribution functions of wavelet coefficients of Dow Jones
indices

From the examples in Figure 4.3, we can see the c.d.f. of different wavelet coef-

ficients match each other almost perfectly. Thus, it appears that Dow Jones indices

has self-similar features.

Next step, let us further check if Dow Jones indices have H − sssi features. It is

the same as checking the variance structure of wavelet coefficients. Again, if taking

the logarithm of the equation in part(2) in Propostion 10, we can plot it and get

Figure 4.4.

From Figure 4.4, we can see that the logarithm of variance structure of the first

nine wavelet coefficients are almost on the line, but last several points are compara-

tively far away the line, which implies that Dow Jones indices do not have stationary

increments. We can go back to take a look at Dow Jones indices data figure to try to

find out the reason of ambiguity of stationary increments.
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Figure 4.4: Variance structure of dow jones indices

From Figure 4.5, it seems that the increments of Dow Jones indices are quite dif-

ferent. Roughly, from 1 to 5000, the increments look like bigger than the rest of them.

So we can divide the entire Dow Jones indices into two main parts, from 1 to 5000

and the rest. We can take a sample from each part, and a sample with data from

both of the two parts to compare their variance structure. When choosing the sample

size, we can always choose 4096 = 212 to speed up the calculation in MATLAB:

From Figure 4.6, we can see in each part,the discrete points are almost on the same

line, which means they almost have stationary increments in each sample. However,

if we take a further look at the red lines, we realize that the slopes are a little differ-

ent from each other, which means that the samples have stationary increments under

different parameters H in each part. If we try to estimate the Hurst parameter of

each part, we can get the following table:

We can see we have different estimation of H for different parts, and such differ-

ence results in the fact that increments vary overall. If taking a look at the relative

errors of parameters H, we can see though the increments are not stationary, they

change slightly. We can reach a more proper conclusion: Dow Jones indices do not

have strictly stationary increments, but they are almost stationary.
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Figure 4.5: Dow Jones indices

Finally, let us take a look at the covariance structure of Dow Jones indices by us-

ing m-file LINE.m. We can see the decaying of the covariance of wavelet coefficients

clearly. For example, the covariance structure of d2,k is shown below:

To conclude, from the analysis of wavelet coefficients of Dow Jones indices, we

know close prices of Dow Jones indices have the features of self-similar processes

and almost have stationary increments. However, if we look at individual stocks in

the group of 30 companies that Dow Jones index represents instead of analysing the

whole index component, it would be a very interesting topic to check if they also have

self-similar features or stationary increments. We will discuss this topic in the next

section.

4.2 Stocks from Dow Jones

In this section, we will focus on some individual stocks and use the same method to

determine if they have self-similar features or stationary increments. Let us review

the whole process of testing at first. Remember that we have discussed that we do not
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Figure 4.6: Variance structure of different parts of Dow Jones indices

Figure 4.7: Comparison of Hurst parameter of different parts of Dow Jones indices

need to worry about the first criterion, E[dj,k] = 0, in Proposition 10, since it always

can be fixed manually. So our test will have the following main steps: (1) check self-

similarity by comparing histogram and c.d.f. of wavelet coefficients; (2) check variance

structure of wavelet coefficients to determine stationary increments; (3) construct

covariance structure to determine the correlation between wavelet coefficients.

Before starting our test, we can pick up four quotes from Dow Jones and download

them from the same links we mentioned in the previous section. Here, the stocks we

are going to test are Boeing company, Johnson & Johnson, JP Morgan Chase and
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Figure 4.8: Covariance structure of Dow Jones indices

Walt Disney company. These four companies have totally different volumes and

their prices vary. As our previous work, we can write the data into excel file, and

read them in MATLAB. Then, if running commands wavedec and detcoef, we can

obtain their wavelet coefficients. Then we can use command wfbmesti to estimate

the Hurst parameter for each data set. Once having all these information, we can

plot the histograms of them to check if they have self-similar features.
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Figure 4.9: Histogram of Boeing company from Dow Jones

Figure 4.10: Histogram of Johnson & Johnson company from Dow Jones

Here, the histograms of Boeing company and Johnson & Johnson are posted, and

we can see that the histograms do not look like perfectly match but roughly the same.

We are able to get more convincing conclusion if plotting their c.d.f.
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Figure 4.11: c.d.f. of stocks from Dow Jones

We can see that the c.d.f. of wavelet coefficients with different levels almost

perfectly match each other, which confirms that both of them are self-similar. The

same conclusions can be obtained on JP Morgan and Walt Disney company.

Then, we can move to study the variance structure of wavelet coefficients of these

four companies. We need to get the similar table as in Figure 4.1.
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Figure 4.12: Variance information about stocks from Dow Jones

We can see that the values in the column
dj+1,k

dj,k
from each stock vary from each

other, and the differences are greater than the counterpart from Dow Jones indices.

This implies that stationary increments do not exist in separate stocks. It will be

clearer if we try to plot (j, log2(E[d2
j,k])), see Figure 4.13. From these variance struc-

ture figures, we can see that none of them has very particular features of stationary

increments. Especially Walt Disney company, almost no point is on the expected vari-

ance line. We can get the conclusion that the assumption of stationary increments is

not true for separate stock from Dow Jones.
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Figure 4.13: Variance structure of wavelet coefficients of stocks from Dow Jones

Finally, we check the covariance structure of wavelet coefficients from these four

stocks. This time, we are using JP Morgan Chase and Walt Disney Company as

examples to detect covariance structure of wavelet coefficients. From Figure 4.14, we

can see that the covariances of them decay to zero very fast when the lag is large.

From the test above, we can conclude that separate stocks from Dow Jones have

features of self-similarity but not stationary increments. The correlation of wavelet

coefficients exists but decays very fast. In other words, they are self-similar but

not H − sssi processes. Besides, as mentioned at the beginning of this section, we

also have done similar tests on NASDAQ indices and four stocks(Amazon, Columbia,

Ebay, Microsoft) from NASDAQ, and obtained very similar conclusions. NASDAQ
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Figure 4.14: Covariance structure of wavelet coefficients of stocks from Dow Jones

indices are self-similar and the increments are almost stationary. However, the stocks

from NASDAQ are only self-similar, but do not have stationary increments either.

Moreover, the scales of the companies from NASDAQ are smaller than those from

Dow Jones comparatively, and most of them are more recently listed in the market.

Their increments turn to be more unstable than the larger-scaled companies.

At the end of this section, I want to point out that self-similarity has become one

of the most important features of financial data, and fractional Brownian motion is

one of the best models in financial analysis. Wavelet analysis is the main method

to determine self-similarity in financial analysis, too. So far, the studies on self-

similar financial time series have determined that the wavelet coefficients are totally

uncorrelated and the increments are independent when the estimated Hurst parameter

H = 0.5. That is the reason why the estimated H from Dow Jones, NASDAQ, and

their stocks are close to 0.5. More explanations and applications of wavelet analysis

on financial data refer to researches done by Vuorenmaa[22] and Wingi[23].
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Chapter 5: Detect self-similarity on chaotic dynamical

systems

The dynamics of spatial averages of dynamical systems with chaotic behaviour

is one of the most popular topics. The exploration of self-similar patterns mainly

depends on the time series simulated by Jiang[30]. Though the process of data gen-

eration is not the main topic, I still will give a briefly introduction.

Let fλ(x) = λx(1 − x) be a quadratic family with parameter 2 6 λ 6 4,

the target is to investigate the dynamics of spatial average for the entire family

A(n, λ) =
∫ 1

0
fnλ (x)dx, where fnλ is denoted by n-th iteration of composite of fλ.

Since the function fnλ (x) is very difficult to integrate when the iteration n is get-

ting big. Jiang[30] used Monte Carlo and Quasi Monte Carlo integrations to eval-

uate A(n, λ). More strictly, Jiang[] restricted the range of λ into [3.5, 4] and set

the iteration 41 6 n 6 90; then he set iteration n unchanged, but shrink the

range of λ into [3.95, 4], [3.989, 3.994] and [3.991, 3.9915] respectively (i.e. in each

step, new interval is a part of previous interval), to explore the tongue-like struc-

ture for more details of dynamics. Jiang[] claimed if taking time average of A(n, λ):

STA(λ) = limN→+∞
1
N

∑N−1
n=0 A(λ, n) has self-similar properties on the previous given

range of λ.

Let us take a look at the data path simulated on [3.5, 4], shown in Figure(5.1).

Take DWT on the data with wavelet db1, and we can get such wavelet coefficients as

usual. First of all, we need to make sure if they follow self-similarity properties. As

what we have done previously, we can take commands hist and dfittool to compare

the histograms and c.d.f. of wavelet coefficients.

From Figure(5.2), it seems that the histograms do not match each other again.

Though c.d.f. are still match pretty well, they still look a little more different between
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Figure 5.1: STA(λ) on [3.5, 4]

Figure 5.2: Histogram of wavelet coefficients from STA(λ) on [3.5, 4]
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Figure 5.3: c.d.f. of wavelet coefficients from STA(λ) on [3.5, 4]

each pair than c.d.f. we plotted in previous cases. At this point, we are probably

not as confident as in previous case to assure the data from STA(λ) on [3.5, 4] is

self-similar. In order to ensure the assumption of self-similarity is correct, we can run

Kolmogorov-Smirnov two-sample Test in MATLAB to confirm.

>> h = kstest2(cD0_1,cD1)

h =

0

If pairwise testing all the wavelet coefficients, we can find that all the outputs h

return 0, which impliess to accept the null hypothesis. That is, each pair of wavelet

coefficients come from the same distribution, and this strongly suggests that data

from STA(λ) on [3.5, 4] have self-similar properties.

Next, we can take a look at the variance of wavelet coefficients and check if it has

stationary increments to make it an H − sssi series.
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Figure 5.4: Wavelet coefficients from STA(λ) on [3.5, 4]

Figure 5.5: Variance structure of wavelet coefficients from STA(λ) on [3.5, 4]

From Figure 5.4, we can see that the values in column
dj+1,k

dj,k
are very different

from each other, and not even close to the estimated parameter H from MATLAB.

This means the time series does not have stationary increments at all. More clearly,

from Figure 5.5, it shows that most blue plots are out of line, and some of them are

not even close, which disobeys the patterns of stationary increments.

Finally, I can move to the covariance structure of wavelet coefficients, shown

in Figure 5.6. We can see that though the trend of decaying is not obvious, the
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Figure 5.6: Covariance structure of wavelet coefficients from STA(λ) on [3.5, 4]

correlation of wavelet coefficients is around 10−6, and it is small enough to present

that wavelet coefficients of spacial average of time series from chaotic dynamic systems

are generally uncorrelated.

To sum up, after the test on STA(λ) on [3.5, 4], we have the conclusion that these

500 data are self-similar but they do not have stationary increments. So this sample is

a self-similar process but notH−sssi process. When we test the other spatial averages

of time series from smaller intervals, [3.95, 4], [3.989, 3.994] and [3.991, 3.9915], we can

obtain very similar conclusion.
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Appendix A: Cramer Von Mises test M-file

From: Juan Cardelino

function [H, pValue, CM_limiting_stat] = cmtest2(x1 , x2 , alpha)

if nargin < 2

error(’stats:cmtest2:TooFewInputs’,’At least 2 inputs are required.’);

end

[rows1 , columns1] = size(x1);

[rows2 , columns2] = size(x2);

if (rows1 ~= 1) & (columns1 ~= 1)

error(’stats:cmtest2:VectorRequired’,’Sample X1 must be a vector.’);

end

if (rows2 ~= 1) & (columns2 ~= 1)

error(’stats:cmtest2:VectorRequired’,’Sample X2 must be a vector.’);

end

x1 = x1(~isnan(x1));

x2 = x2(~isnan(x2));

x1 = x1(:);

x2 = x2(:);

if isempty(x1)

error(’stats:cmtest2:NotEnoughData’,...

’Sample vector X1 is composed of all NaN’’s.’);

end

if isempty(x2)

error(’stats:cmtest2:NotEnoughData’,...
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’Sample vector X2 is composed of all NaN’’s.’);

end

if (nargin >= 3) & ~isempty(alpha)

if prod(size(alpha)) > 1

error(’stats:cmtest2:BadAlpha’,...

’Significance level ALPHA must be a scalar.’);

end

if (alpha <= 0 | alpha >= 1)

error(’stats:cmtest2:BadAlpha’,...

’Significance level ALPHA must be between 0 and 1.’);

end

else

alpha = 0.05;

end

binEdges = [-inf ; sort([x1;x2]) ; inf];

binCounts1 = histc (x1 , binEdges);

binCounts2 = histc (x2 , binEdges);

sumCounts1 = cumsum(binCounts1)./sum(binCounts1);

sumCounts2 = cumsum(binCounts2)./sum(binCounts2);

sampleCDF1 = sumCounts1(1:end-1);

sampleCDF2 = sumCounts2(1:end-1);

N1=length(x1);

N2=length(x2);

N=N1+N2;

if verbose

fprintf(’m1: %4.3f M1: %4.3f m2: %4.3f M2: %4.3f \n’,min(sampleCDF1),
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max(sampleCDF1),min(sampleCDF2),max(sampleCDF2));

end

CMstatistic = N1*N2/N^2*sum((sampleCDF1 - sampleCDF2).^2);

z=[

0.00000 0.02480 0.02878 0.03177 0.03430 0.03656 0.03865 0.04061 0.04247 0.04427

0.04601 0.04772 0.04939 0.05103 0.05265 0.05426 0.05586 0.05746 0.05904 0.06063

0.06222 0.06381 0.06541 0.06702 0.06863 ...

0.07025 0.07189 0.07354 0.07521 0.07690 0.07860 0.08032 0.08206 0.08383 0.08562

0.08744 0.08928 0.09115 0.09306 0.09499 0.09696 0.09896 0.10100 0.10308 0.10520

0.10736 0.10956 0.11182 0.11412 0.11647 ...

0.11888 0.12134 0.12387 0.12646 0.12911 0.13183 0.13463 0.13751 0.14046 0.14350

0.14663 0.14986 0.15319 0.15663 0.16018 0.16385 0.16765 0.17159 0.17568 0.17992

0.18433 0.18892 0.19371 0.19870 0.20392 ...

0.20939 0.21512 0.22114 0.22748 0.23417 0.24124 0.24874 0.25670 0.26520 0.27429

0.28406 0.29460 0.30603 0.31849 0.33217 0.34730 0.36421 0.38331 0.40520 0.43077

0.46136 0.49929 0.54885 0.61981 0.74346 ...

1.16786 ]’;

Pz=[0:0.01:0.99 0.999]’;

T_mean =1/6+1/6/(N);

T_var =1/45*(N+1)/N^2 * ( 4*N1*N2*N-3*(N1^2+N2^2)-2*N1*N2 ) / (4*N1*N2);

CM_limiting_stat = ( CMstatistic - T_mean ) / sqrt(45*T_var) + 1/6;

if CM_limiting_stat > z(end)

pValue=1;

elseif CM_limiting_stat < z(1)

pValue=0;

else
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pValue = interp1(z,Pz,CM_limiting_stat,’linear’);

end

H = alpha > 1-pValue;

if verbose

fprintf(’CM_stat: %6.5f CM_lim_stat: %6.5f\n’,CMstatistic,CM_limiting_stat);

fprintf(’T_mean: %4.3f T_var: %4.3f \n’,T_mean,T_var);

end
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Appendix B: Histogram and c.d.f. of wavelet coefficients

of fBm

Figure B.1: Histogram of wavelet coefficients of fBm
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Figure B.2: C.d.f. of wavelet coefficients of fBm

Figure B.3: Variance structure of wavelet coefficients of fBm
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Appendix C: Covariance structure of wavelet coefficients

of fBm

Figure C.1: Histogram of wavelet coefficients of fBm
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