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Abstract

Brendan P. Lidral-Porter

Choice Functions, Digraphs, and Balanced Allocations

In this thesis, we consider broadly the concept of choice in a variety of settings, fo-
cusing on equity in selection. In particular, we introduce the concept of (pair-wise)
domination graphs for hypergraphs endowed with a choice function on edges, and
are interested, for instance, in minimal numbers of edges for associated domination
graphs. Theorems regarding the existence of balanced (zero-edge) domination graphs
are presented. In addition, we consider fairness for choice functions, from a sequen-
tial perspective, prove existence of fair choice, and consider connections with balanced
allocation, path-connected directed graphs and cyclic preference. Several open ques-
tions are posed.
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Chapter 1: Introduction

Choice plays an integral role in daily life, and manifests in a multitude of ways

within various different fields. Just today you probably chose what to wear, where to

go to eat, or perhaps which of a few different songs to listen to whilst working out.

Indeed, how choices are made, the effects of these choices, and how they relate to

the systems upon which they operate is an emerging field. In this thesis, interest lies

especially in the representation of choice functions pictorially, with emphasis placed

on equity and balance in selections (you don’t want to wear the same outfit 10 days

in a row).

1.1 Terms and Definitions

In theoretical considerations of choice, it will be helpful to precisely define some terms

(whose definitions may differ somewhat from colloquial connotations). What follows

should serve as a legend for understanding these terms and how they relate to the

fields of study.

1.1.1 Hypertournaments and Hypergraphs

A hypergraph is a pair H = (V,E), where V = {v1, v2, ..., vn} is a set of n vertices

(sometimes called nodes) and E = {e1, e2, ..., em} is a set of m nonempty subset of V

called hyperedges or edges.

A hypertournament is a hypergraph wherein each edge e ∈ E is endowed with

an orientation. That means that if we have a hypergraph with 5 nodes, the edge

(1, 2, 3) would be distinct from the edge (1, 3, 2). Though both edges involve the

same vertices, the order (referred to as the orientaion) makes them distinct. One
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may think of these orientations as rankings, so (1, 2, 3) would represent an ordering

1→2→3 and (1, 3, 2) would represent 1→3→2. Along the edges, you must travel the

vertices in the order of the orientation of that edge.

Similar to hypertournaments, a k-hypertournament is a complete k-hypergraph

where again |V | = n, however complete denotes that E contains all edges of order

k, and thus we have |E| =
(
n
k

)
. This is a generalization of the standard tournament

model. Tournament here does not mean tournaments in the colloquial sense (e.g.

March Madness or NFL playoffs), but rather a k-hypertournament with k = 2. That

is, a tournament consists of n vertices where each edge contains 2 elements of V

and thus, a tournament consists of
(
n
2

)
many edges. Therefore, in order for March

Madness to be a tournament in our framework, every pair of teams would face each

other in a total of 64∗63
2

= 2016 games (ignoring play-in games). For mathematical

work related to tournaments, see for instance [1, 2, 3].

This thesis begins by primarily considering what we term (n, k)-choice-hypergraphs.

We take a complete k-hypergraph, denoted H, and define a choice function,

C : E → V , on the edges of the hypergraph where for each e ∈ E, C(e) “chooses”

an element in the edge. Choice functions replace the full orientations found in hyper-

tournaments, and thus gives rise to our term (n, k) choice-hypergraph. Specifically,

the pair (H,C) is what we refer to when we use the term (n, k)-choice-hypergraph –

recall that H itself is a tuple, H = (V,E).

Within the context of (n, k)-choice-hypergraphs, as with hypertournaments, nat-

ural questions arise regarding which vertices (if any) are “dominant”, or in some way

“beat” other vertices. To do so we will consider various different conceptions of “dom-

ination”. For example, for two vertices v, w ∈ V of some (n, k)-choice-hypergraph,

we may say that v “dominates” w if w is never chosen in edges where both v and w

are present.
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If we take the above conception of domination, we may represent an (n, k)-choice-

hypergraph with a directed graph. A directed graph is simply a pair G = (V,E),

where each edge e ∈ E is of size two and endowed with an orientation. Thus we

may represent our (n, k)-choice-hypergraph with a directed edge from vertex v to

vertex w if v “dominates” w. This leads to examples such as given in Figure 1.1.

The Table in Figure 1.1a gives a (5, 2)-choice-hypergraph with Figure 1.1b showing

an accompanying directed graph that gives dominance relationships.

e orientation C(e)
1 {1, 2} (1,2) 1
2 {1, 3} (3,1) 3
3 {1, 4} (1,4) 1
4 {1, 5} (5,1) 5
5 {2, 3} (2,3) 2
6 {2, 4} (4,2) 4
7 {2, 5} (2,5) 2
8 {3, 4} (3,4) 3
9 {3, 5} (5,3) 5

10 {4, 5} (4,5) 4

(a)

1

2

3

4

5

(b)

Figure 1.1: An example of a standard tournament with five vertices (a), and an
associated graphical display with a directed edge from vertex v to vertex w whenever
vertex v is chosen in the presence of w (b).

Note that in the above table, we have given both an orientation and a choice func-

tion, C, which selects elements of edges. This is because, for standard tournaments, a

2-hypertournament and an (n, 2)-choice-hypergraph are equivalent; orienting an edge

of order 2 is the same as selecting a single element. Note that C merely selects the

first element of the oriented edge.

In Chapter 2 we consider three possibilities for domination. As made explicit

therein, we settle on saying that a vertex v dominates another vertex w if the
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number of times v is chosen in the presence of w is greater than the number of times

w is chosen in the presence of v. Taking this formulation of domination, we produce

what we term (n, k)-choice-domination graphs, or (n, k)-domination graphs,

which are directed graphs made according to vertex domination relationships.

The above definitions and example lead to some natural questions, such as:

• What constitutes domination?

• What domination graphs arise from various choice functions?

• How many isomorphism classes of resulting domination graphs are possible?

In the context of (n, k)-choice-hypergraphs, these questions amongst others are

considered. The examination of (n, k)-choice-hypergraphs is the focus of Chapter 2,

and if all the reader desires is an understanding of that, one is encouraged to skip

ahead to the beginning of Chapter 2.

1.1.2 Sequential Choice

The other area of focus of this thesis is the concept of sequential choice and balanced

allocation considered in Appendix A.

By sequential choice we mean any choice made at regular intervals from subsets

of the same set of options. For example, from the introduction, consider someone

choosing which song from their music library to start their morning commute with

every day, or a group of friends who must, once a week, have one of them make a

choice for where to eat lunch.

In particular, consider a fixed set P = {p1, p2, ..., pn} of n individuals and suppose

selections x1, x2, ... are being drawn from P in successive fashion. We are interesting

in notions of “fairness” regarding the distribution of selections in time. To do so we
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define a choice function, C : P(P) \ ∅ → P where P(P) is the power set of P ,

and consider properties of choice functions which will ensure some idea of “fairness”.

One naive conception of fairness would be to uniformly randomly select from P ,

giving each p ∈ P a 1/n chance of being selected. However, this formulation which

seems a priori fair could lead to situations wherein an individual selects an unbounded

amount of times in a row – something no one would consider properly fair.

We suppose that x1, x2, . . . , xQ have been selected (via some means) from the set

P (think of these as Q-many initial selections). Following this xQ+1, xQ+2, . . . are to

be drawn under the assumption that for all times t > Q, xt ∈ Lt, where Lt ⊆ P is the

set of “least represented” elements in P among the Q selections directly preceding

time t. Moreover suppose xt = C(Lt) where C is some fixed choice function on subsets

of P .

By way of example, suppose that P = {1, 2, 3, 4, 5} and C is defined on subsets of

P of order 3 as in Table 1.1 below.

C({1, 2, 3}) = 1, C({1, 2, 4}) = 4, C({1, 2, 5}) = 5, C({1, 3, 4}) = 3,
C({1, 3, 5}) = 5, C({1, 4, 5}) = 4, C({2, 3, 4}) = 2, C({2, 3, 5}) = 5,
C({2, 4, 5}) = 4, C({3, 4, 5}) = 3.

Table 1.1: A choice function on the subsets of a five-individual set (restricted to
subsets of size three).

For Q = 7 and the 7 initial values (x1, x2, . . . , x7) = (2, 2, 3, 4, 5, 1, 1) this leads to

x8 = 3 as, at time t = 8, the least represented elements of P amongst the previous

7 values are {3, 4, 5}. Continuing in this way, it may be verified that the first 100

values are given by:

2 2 3 4 5 1 1 3 4 2 5 2 3 4 1 5 3 4 5 2 1 2 3 4 5 3 4 5 1 2 1 2
3 3 4 5 4 5 1 2 1 3 2 3 4 5 4 5 1 1 2 3 2 3 4 5 4 1 5 1 2 3 2 3
4 4 5 1 5 1 2 3 2 4 3 4 5 1 5 1 2 2 3 4 3 4 5 1 5 2 1 2 3 4 3 4
5 5 1 2.
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One thing of interest to note, is that this string of selections settles into a period of

length 80, given by

2 1 2 3 4 5 3 4 5 1 2 1 2 3 3 4 5 4 5 1 2 1 3 2 3 4 5 4 5 1 1 2
3 2 3 4 5 4 1 5 1 2 3 2 3 4 4 5 1 5 1 2 3 2 4 3 4 5 1 5 1 2 2 3
4 3 4 5 1 5 2 1 2 3 4 3 4 5 5 1.

Indeed, since both |P| and Q are finite, the sequence x must be ultimately periodic

with minimal period length at most nQ.

We define a choice function C to be fair if for all Q ≥ 1 such that n does not

divide Q, and all possible values of (x1, x2, ..., xQ), the resulting eventual cycle is

equally distributed over elements of P .

As before, we are able to represent these choice functions and their effects on the

system considered via directed graphs. We will do so by creating a directed edge from

p1 to p2 if p2 is never selected by C whenever p1, p2 ∈ Lt. For example, in Table 1.1

above, note that 2 is never selected whenever 1, 2 ∈ Lt. This leads to the following

directed graph shown below in Figure 1.2.

1

2

3

4

5

Figure 1.2: A directed graph for P = {1, 2, 3, 4, 5} where an edge is drawn from p1
to p2 if p2 is never chosen when p1, p2 ∈ Lt

6



From the overview given above, some natural questions arise, such as:

• What conditions are needed to ensure a fair choice function exists?

• How do properties of choice functions and their digraph representations trans-

late into properties of the resulting sequences?

• What is the set of all fair choice functions for a given P?

1.2 Results

For (n, k)-choice-hypergraphs, the concepts of pair-wise domination and domination-

hypergraphs are introduced and employed to discern results concerning the existence

of “balanced” hypertournaments and zero-edged domination hypergraphs. The con-

cept of pair-wise domination is integral in proving two main results:

Theorem 1. Suppose n, k ≥ 1 and H = (V,E) is a complete k-hypergraph on n

vertices. If k is odd and gcd(n, k) = 1, then there exists a choice function, C, on E

resulting in a zero-edge domination graph.

Theorem 2. If (H,C) is a choice-hypergraph with a zero-edge domination graph,

then for all v ∈ V ,

|{e ∈ E : C(e) = v}| = 1

n
·
(
n

k

)
(1.1)

that is, each vertex is chosen for an equal number of edges, in E.

In the context of sequential choice, we prove a variety of results, foremost amongst

them in importance is the following:

Theorem 3. The set of fair choice functions for a given P is non-empty for all P.
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1.3 Organization of the thesis

The remainder of the thesis proceeds as follows. Chapter 2, contains the paper “Sym-

metry in Domination for Hypergraphs with Choice” which has appeared in the journal

Symmetry. Chapter 3 includes discussion of future research. The appendices include

the paper “Balanced Allocation, Infinite Words, and Sequential Choice”, as well as

appendices for Chapter 2. Note that the bibliography for the introduction and con-

clusion appears after all appendices, this is because Chapter 2 and Appendix A are

self-contained papers and as such have their own bibliographies attached.
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Chapter 2: Symmetry in Domination for Hypergraphs

with Choice

The following paper1 has been published to the Journal Symmetry. Stylistic varia-

tions are due to the requirements of the journal. Kenneth S. Berenhaut and Brendan

P. Lidral-Porter wrote the paper. Kenneth S. Berenhaut, Brendan P. Lidral-Porter,

Theo H. Schoen, and Kyle P. Webb contributed to the results.

1K. S. Berenhaut, B. P. Lidral-Porter, T. H Schoen, K. P. Webb. Symmetry in Domination for
Hypergraphs with Choice. Symmetry (2017) Mar 22;9 (3):46.



2.1 Introduction

In this paper we introduce the concept of pair-wise domination for hypergraphs en-

dowed with a choice function on edges. A hypergraph is a pair H = (V,E), where

V = {v1, v2, . . . , vn} is a set of n vertices (or nodes) and E = {e1, e2, . . . , em} is a

set of m non-empty subsets of V called hyperedges or edges (see for instance [2]).

A k-hypertournament is a complete k-hypergraph H = (V,E) (i.e. E consists of all

the
(
n
k

)
possible k-subsets), with each k-edge endowed with an orientation. Here we

are interested in hypergraphs where each edge, e, has a chosen element C(e) ∈ e (in

place of a complete orientation). We will refer to the pair (H,C) as a (complete) k-

hypergraph with choice (or an (n, k) choice-hypergraph). For various considerations

of choice functions, see for instance [10] and [18]. For some recent work related to

choice in the context of Cayley graphs see [1].

In the case k = 2, both k-hypertournaments and hypergraphs with choice reduce

to standard tournaments. For discussion of tournaments, see for instance [11], [12],

and [20]. The following is an example of a standard tournament with n = 5 vertices.

Example 1. Consider the complete 2-hypertournament with five nodes and ten

edges, depicted via the table in Figure 2.1a. Here, for instance, vertex 1 is chosen in

the presence of vertices 2 and 4 (the first and third lines in the table). In fact, in

this particular instance, each vertex is chosen for exactly two of the
(
5
2

)
= 10 edges.

Figure 2.1b gives a graphical display with a directed edge from vertex v to vertex w

whenever vertex v is chosen in the presence of w.

10



e orientation C(e)
1 {1, 2} (1,2) 1
2 {1, 3} (3,1) 3
3 {1, 4} (1,4) 1
4 {1, 5} (5,1) 5
5 {2, 3} (2,3) 2
6 {2, 4} (4,2) 4
7 {2, 5} (2,5) 2
8 {3, 4} (3,4) 3
9 {3, 5} (5,3) 5

10 {4, 5} (4,5) 4

(a)

1

2

3

4

5

(b)

Figure 2.1: An example of a standard tournament with five vertices (a), and an
associated graphical display with a directed edge from vertex v to vertex w whenever
vertex v is chosen in the presence of w (b).

In the next example we consider a complete 3-hypergraph with choice.

Example 2. Consider the complete 3-hypergraph with choice with five vertices and

10 edges, depicted in the table in Figure 2.2a. Here vertex 1 is chosen once in the

presence of vertices 2 and 4 (for edges {1, 2, 3} and {1, 3, 4}, respectively), twice in

the presence of vertex 3 (again edges {1, 2, 3} and {1, 3, 4}) and never in the presence

of vertex 5. Note that again, as in Example 1, each node is chosen in the case of

exactly two edges.

In considering possible analogues to Figure 2.1b, summarizing domination, one

might include a directed edge from vertex v to vertex w, if and only if for edges that

include both v and w, the tally of wins for v exceeds that of w. The resulting graph

is depicted in Figure 2.2b. Note that there is a directed edge from vertex 1 to vertex

2, since vertex 1 is chosen for edge {1, 2, 3}, while there is no edge, e, where vertex 2

is chosen when 1 ∈ e. It may be noted that in this case the associated graph is path

connected.

11



e C0(e)
1 {1, 2, 3} 1
2 {1, 2, 4} 4
3 {1, 2, 5} 5
4 {1, 3, 4} 1
5 {1, 3, 5} 3
6 {1, 4, 5} 4
7 {2, 3, 4} 3
8 {2, 3, 5} 2
9 {2, 4, 5} 2

10 {3, 4, 5} 5

(a)

1

2

3

4

5

(b)

Figure 2.2: An example of a possible (5,3) choice-hypergraph (a), with a possible
graph summarizing pair-wise domination (b).

Now, define the function τ : V × V → Z+ via

τ(v, w) = |{e ∈ E : v, w ∈ e and C(e) = v}|, (2.1)

i.e. τ(v, w) is the number of edges for which v is chosen in the presence of w.

Example 2 leads to consideration of potential appropriate graphs on n vertices

reflecting domination properties among vertices. Here we mention three possibilities.

(i) There is a directed edge from vertex v to vertex w if

τ(w, v) = 0, (2.2)

i.e. if vertex w is never chosen in the presence of vertex v.

(ii) There is a directed edge from vertex v to vertex w if

τ(v, w) > τ(w, v),

(2.3)

i.e. among the edges containing both v and w, v is chosen with greater frequency.

12



(iii) There is a directed edge from vertex v to vertex w if

τ(v, w) >

(
n−2
k−2
)

2
, (2.4)

i.e. v is chosen for a majority of the edges containing both v and w.

We will restrict attention henceforth to Option (ii), above, unless stated otherwise.

It should be noted that for a standard tournament graph (i.e. k = 2) all three formu-

lations are equivalent; furthermore, Option (iii) is a stricter requirement than Option

(ii). For discussion of ranking for vertices in hypertournaments, see for instance [17].

We refer to graphs as in Figures 2.2b and 2.3 (below) as (n, k)-choice-domination

graphs or simply (n, k)-domination graphs. When n and k are clear from context,

we will at times simply refer to these as domination graphs. As with tournaments,

domination graphs could be valuable in considerations of individual dominance in

competitive settings, as may arise for instance in biology, game theory or decision

analysis. Note that hypergraphs with choice allow for analysis of scenarios wherein

selection (but not full orientation) information is available.

Example 3. Table 2.1 gives a 3-hypergraph with n = 5 vertices and m = 10 edges,

along with four possible choice functions, C0 (from Example 2), C1, C2 and C3 on E,

while Figure 2.3 includes the associated domination graphs, for comparison.
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e C0(e) C1(e) C2(e) C3(e)
1 {1, 2, 3} 1 1 1 1
2 {1, 2, 4} 4 1 2 2
3 {1, 2, 5} 5 5 5 5
4 {1, 3, 4} 1 3 4 4
5 {1, 3, 5} 3 5 3 3
6 {1, 4, 5} 4 4 1 1
7 {2, 3, 4} 3 2 3 4
8 {2, 3, 5} 2 2 2 2
9 {2, 4, 5} 2 4 4 4

10 {3, 4, 5} 5 3 5 3

Table 2.1: Four possible (5, 3) choice-hypergraphs

1

2

3

4

5

(a)

1

2

3
4

5

(b)

1

2

3

4

5

(c)

1

2

3

4

5

(d)

Figure 2.3: Domination graphs arising from choice-hypergraphs with choice functions
C0, C1, C2, and C3 as in Table 2.1

For fixed n and k, many natural questions arise as to properties of resulting

domination graphs; for instance:

1. What are the maximal and minimal number of edges possible for an (n, k)-

domination graph?

2. What proportion of (n, k)-domination graphs are strongly path connected (for

example Figures 2.3a and 2.3b)?

3. What is the distribution of the number of edges in the domination graph for a

uniformly selected choice function on the edges of a k-hypergraph on n vertices?
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4. What is the number of non-isomorphic (n, k)-domination graphs?

Example 4. ((5, 3) domination graphs.) For (n, k) = (5, 3), we have that |E| = 10

and the number of distinct choice functions on E is 310 = 59049. Tables 2.2 and 2.3

give frequency tables for the number of choice functions leading to domination graphs

with a given number of edges, and a given number of strongly connected components,

respectively. Note that 3348 choice functions result in strongly connected domination

graphs. There are 225 non-isomorphic (5, 3)-domination graphs (of which 21 are

strongly connected); plots of these are provided in the Supplementary Materials;

Figure 2.4 gives the frequencies for these graphs. The two most frequent domination

graphs (each occurring for 1560 distinct choice functions, C), are given in Figure 2.5a

and 2.5b respectively; the most frequently occurring strongly connected domination

graph is given in Figure 2.5c.

Table 2.2: Edge distribution for (5, 3)-domination graphs

Edges 0 2 3 4 5 6 7 8 9 10
Frequency 6 60 120 1035 3324 10080 15180 16920 9180 3144

Table 2.3: Component distribution for (5, 3)-domination graphs

Components 1 2 3 5
Frequency 3348 6630 11760 37311

15



Figure 2.4: Frequency distribution for non-isomorphic (5, 3)-domination graphs
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(a) (b) (c)

Figure 2.5: Three frequently occurring (5, 3)-domination graphs. The two most
frequent domination graphs are given in (a) and (b). The most frequently occurring
strongly connected domination graph is given in (c).

In reference to Question 1 above, in Section 2 below, we will prove the following

two results.

Theorem 4. Suppose n, k ≥ 1 and H = (V,E) is a complete k-hypergraph on n

vertices. If k is odd and gcd(n, k) = 1, then there exists a choice function, C, on E

resulting in a zero-edge domination graph.

Theorem 5. If (H,C) is a choice-hypergraph with a zero-edge domination graph,

then for all v ∈ V ,

|{e ∈ E : C(e) = v}| = 1

n
·
(
n

k

)
(2.5)

that is, each vertex is chosen for an equal number of edges, in E.

The question of minimal edges in associated domination graphs may be of interest

in instances where notions of “fairness” and equitable distribution are of importance,

such as in resource allocation, decision theory, data and network processing, and

clinical trials. Fairness and choice have been considered in the past, notably in the

context of social welfare and information processing. The interested reader might like

to consult, for instance [1, 3, 5, 9, 10, 14, 18, 24].
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Figure 2.6 provides an example of a (9, 5) choice-hypergraph with vertex set V =

{1, 2, . . . , 9}, possessing a zero edge domination graph (employing the construction in

the proof of Theorem 4). Note that |E| =
(
9
5

)
= 126, and τ(1, 2) = 8 = τ(2, 1) (as

highlighted in red; C(e) for e ∈ E satisfying {1, 2} ∈ e are indicated in bold). It may

also be verified that |{e ∈ E : C(e) = 1}| = 126/9 = 14, as required by Theorem 5.

Figure 2.6: A (9, 5)-choice hypergraph resulting in a zero-edge domination graph.
For given e ∈ E, the value of C(e) is listed to the right of the five elements of e in a
demarcated column.

Before turning to proofs of Theorems 4 and 5, we will briefly mention some recent

related work on hypertournaments, which carry over to choice-hypergraphs. Recall

that a k-hypertournament is a complete k-hypergraph H = (V,E), with each edge

endowed with an orientation. We will refer to the oriented edges as arcs.

One concept considered extensively in the literature is score sequences (see for

instance [8], [20], [19], [13], [21], [12], [15]). In particular, for a given 1 ≤ i ≤ n define

the score, si of a vertex vi of a k-hypertournament on H = (V,E) as the number of arcs
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containing vi in which vi is not the last element (this is with a complete orientation on

the edges, rather than a choice function solely selecting a single element). Similarly,

define the losing score, ri as the number of arcs containing vi in which vi is the last

element. The total score, ti, is then given by ti = si− ri. Finally, we obtain the score

sequences (s1, . . . , sn), (r1, . . . , rn) and (t1, . . . , tn). Guofei et al. proved the following

results regarding existence of score sequences (see also [22] and [13]).

Theorem 6. (Guofei et al. [8]) Given two non-negative integers n and k with n ≥

k > 1, a non-decreasing sequence R = (r1, r2, . . . , rn) of non-negative integers is a

losing score sequence of some k-hypertournament if and only if for each j (k ≤ j ≤ n),

j∑

i=1

ri ≥
(
j

k

)
, (2.6)

with equality when j = n.

Theorem 7. (Guofei et al. [8]) Given two non-negative integers n and k with n ≥

k > 1, a non-decreasing sequence S = (s1, s2, . . . , sn) of non-negative integers is a

score-sequence of some k-hypertournament if and only if for each j (k ≤ j ≤ n),

j∑

i=1

si ≥ j

(
n− 1

k − 1

)
+

(
n− j
k

)
−
(
n

k

)
, (2.7)

with equality when j = n.

A k-hypertournament is said to be regular if for each vertex, v, the tally of arcs

containing v as the last element is
(
n
k

)
/n. Koh and Ree [13] proved the following.

Theorem 8. (Koh and Ree, [13]) A regular (n, k) hypertournament exists if and only

if n|
(
n
k

)
.

For alternative considerations of regularity see [23] and [17].
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Compare Theorem 8 with Theorems 4 and 5, above. Note that symmetry in

domination (i.e. the existence of choice functions resulting in zero-edge domination

graphs) is a stronger requirement than regularity. To see this, simply note that all

standard tournaments have
(
n
k

)
-edge domination graphs.

For further work on hypertournaments or score sequences, see for instance Pirizda

et al. [19], Landau [15], Marshall [17], Khan et al. [12], Guofei et al. [8], Gunderson

et al. [6], Li et al. [16], Guo and Surmacs [7], and Chou and Guofei [4].

In the next section we prove Theorems 4 and 5.

2.2 Proof of Theorems 4 and 5

Before moving on to the proofs of Theorems 4 and 5, we introduce some preliminary

notation. First, suppose n ≥ k ≥ 1 are fixed and (H,C) is an (n, k)-hypergraph with

choice, where H = (V,E) is a complete k-hypergraph on n vertices. Without loss

of generality, we assume that V = {0, 1, . . . , n − 1}. Similar to in [13], define the

rotation operator P : E → E, via P (e) = e + 1 (mod n), i.e. P acts on k-subsets of

V by shifting the elements (cyclically) to the right by one.2 For e ∈ E and j ≥ 0,

define P j as the j-fold iteration of P and the order of e, αe, via

αe
def
= min{γ ≥ 1 : P γ(e) = e}. (2.8)

We will denote the set of equivalence classes under successive application of P by

R = {R1, . . . , Rq}. Note that for R ∈ R, |R| is the order of each e ∈ R. We will refer

to elements of R as rotation classes of H.

In general, addition of the form S + c for S ⊆ Z and c ∈ Z, will be modulo n,

unless stated otherwise.

2Here, e + 1 indicates {v + 1 : v ∈ e}.
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The set e ∈ E is said to be symmetric if −e = e (mod n), and more generally

R ∈ R is symmetric if, for all e ∈ R, −e ∈ R. Note that if for some e ∈ R, e = −e,

then for 1 ≤ i ≤ n, −(e + i) = −e− i = e− i ∈ R, and hence if e ∈ R is symmetric

then R is symmetric. If R is not symmetric, then there exists an R′ ∈ R \ R such

that e ∈ R implies −e ∈ R′.

Let Hn,k be the set of all (n, k)-choice hypergraphs for fixed n, k ∈ Z+ and Gn be

the set of all directed graphs on n vertices. Suppose a domination scheme, D is fixed

(see (i)–(iii), above, for examples) and define GD : Hn,k → Gn, where GD(T ) is the

domination graph for choice-hypergraph T = (H,C) under domination scheme D.

We have the following elementary lemma:

Lemma 1. Suppose H is a k-hypertournament on n vertices with gcd(n, k) = 1.

Then, for any R ∈ R, |R| = n.

Proof. Suppose gcd(n, k) = 1, andR = {R1, R2, . . . , Rq} for some q ≥ 1. For any R ∈

R and any e ∈ R, set α = αe and represent e as a binary vector ζ = (ζ1, ζ2, . . . , ζn).

We then have, with a =
∑

1≤i≤α ζi and b = n/α,

k = ba, n = bα. (2.9)

Now, suppose n = αp+ r, with p ≥ 0 and 0 ≤ r ≤ α− 1. Then

e = Pα(p+1)(e) = P n−r+α(e) = Pα−r(e). (2.10)

Since α is minimal, we have r = 0 and hence b = n/α ∈ Z. Thus, since gcd(n, k) = 1,

(2.9) gives that b = 1, α = n and finally |R| = n.

For convenience of notation, as in (2.1), define the function τR : V × V → Z+ via

τR(v, w) = |{e ∈ R : v, w ∈ e and C(e) = v}|, (2.11)
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i.e. τR(v, w) is the number of edges in the rotation class R ∈ R for which v is chosen

in the presence of w. Note that

τ(v, w) =
∑

R∈R
τR(v, w). (2.12)

Lemma 2. Suppose n, k ≥ 1 with k odd, H = (V,E) is a complete k-hypergraph on

n vertices, and R ∈ R. If R is symmetric and e ∈ R, then there exists a ξ ∈ V and

T = {δ1, δ2, . . . , δk}, such that e = ξ + T , and δ ∈ T implies −δ ∈ T .

Proof. Suppose that R is symmetric and e = {x1, . . . , xk} ∈ R. Then, there exists

an i such that e+ i = −e, and hence a permutation (j1, j2, . . . , jk) of (1, 2, . . . , k) such

that

xjq + i = −xq, 1 ≤ q ≤ k. (2.13)

Since k is odd, there exists a Q such that

xQ + i = −xQ, (2.14)

and taking differences, (2.13) and (2.14) implies

xjq − xQ = xQ − xq = −(xq − xQ), 1 ≤ q ≤ k. (2.15)

The result follows upon setting ξ = xQ, and T = {xq − xQ : 1 ≤ q ≤ k}.

We will now prove Theorem 4 regarding the existence of choice functions with

symmetry in domination.

Proof of Theorem 1. Suppose gcd(n, k) = 1, k is odd, and (H,C) is an (n, k)-choice

hypergraph. Consider E, the set of all edges in H, and let R = {R1, R2, . . . , Rq} be

the set of all rotation classes of H, where, by Lemma 1, for R ∈ R, |R| = n, and

|R| =
(
n
k

)
/n. Fix v, w ∈ V , with v 6= w, and choose some R ∈ R.
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Suppose R is symmetric and fix an e ∈ R. Then by Lemma 2, e = ξ + T , where

ξ ∈ V and T is closed under additive inverses. For u = e + i ∈ R, set C(u) = ξ + i.

Suppose v = ξ + jv and w = ξ + jw for jv, jw ∈ {0, 1, ..., n− 1}. For f ∈ R, C(f) = v

implies f = e + jv and C(f) = w implies f = e + jw. Note that w ∈ e + jv if and

only if jw − jv ∈ T . Similarly, v ∈ e+ jw if and only if jv − jw ∈ T . Since T is closed

under inverses, we have

τR(v, w) = |{e ∈ R : v, w ∈ e and C(e) = v}|

= |{e ∈ R : v, w ∈ e and C(e) = w}|

= τR(w, v). (2.16)

Suppose R is not symmetric, and consider R′ = {−e : e ∈ R}, and note that

R ∩ R′ = ∅. Fix an e ∈ R and ξ ∈ e, and write e = ξ + T (note that T is not closed

under inverses). For f ∈ R ∪R′, set

C(f) =

{
ξ + i if f = e+ i = ξ + i+ T ∈ R
−ξ + i if f = −e+ i = −ξ + i− T ∈ R′. (2.17)

Now, suppose v = ξ+ jv and w = ξ+ jw. For f ∈ R∪R′, C(f) = v implies f = e+ jv

or f = −e + jv, and C(f) = w implies f = e + jw or f = −e + jw. Note that

w ∈ e + jv if and only if jw − jv ∈ T , and w ∈ −e + jv if and only if jw − jv ∈ −T

(i.e. jv − jw ∈ T ). Similarly, v ∈ e + jw if and only if jv − jw ∈ T , and v ∈ −e + jw

if and only if jv − jw ∈ −T (i.e. jw − jv ∈ −T ). Thus,

τR∪R′(v, w) = |{f ∈ R ∪R′ : v, w ∈ f and C(f) = v}|

= |{f ∈ R ∪R′ : v, w ∈ f and C(f) = w}|

= τR∪R′(w, v). (2.18)

Employing (2.16), (2.18) and (2.12), the result follows.
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We will now prove Theorem 5.

Proof of Theorem 2. Suppose (H,C) is a choice-hypergraph with a zero-edge

domination graph, where H = (V,E) is a complete k-hypergraph on n vertices. For

a fixed vertex v ∈ V , define σv = {e ∈ E : v ∈ e} and ωv = {e ∈ σv : C(e) = v},

i.e. σv is the set of edges to which v belongs and ωv is the set of edges for which v is

selected. Note that

|ωv| ≤ |σv| =
(
n− 1

k − 1

)
. (2.19)

Assume |ωv| <
(
n
k

)
/n. Since (H,C) has a zero-edge domination graph, τ(w, v) =

τ(v, w) for all w ∈ V and hence

(
n− 1

k − 1

)
= |σv| = (k − 1)|ωv|+ |ωv| (2.20)

< k
1

n

(
n

k

)
=

(
n− 1

k − 1

)
. (2.21)

Thus |ωv| ≥
(
n
k

)
/n for all v ∈ V . The result follows upon noting that

∑

v∈V
ωv = |E| =

(
n

k

)
. (2.22)
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Chapter 3: Conclusions and future work

This thesis considers choice functions in relation to balance in selection. In par-

ticular, for a given set P of size n, consider a choice function C on the non-empty

subsets of P (i.e. C is a function from P(P) \ ∅ to P , where P(P) is the power set

of P)

With respect to hypergraphs and hypertournaments, we employ the concept of

pair-wise domination for hypergraphs endowed with a choice function on the edges.

A hypergraph is a pair H = (V,E), where V = {v1, v2, ..., v2} is a set of n vertices and

E = {e1, e2, ..., em} is a set of m nonempty subset of V called hyperedges or edges.

Hypertournaments are a generalization of the standard tournament model, where

traditionally n competitors face each other in one-on-one match-ups of size k = 2 (for

work related to tournaments, see [1, 2, 3]). Hypertournaments extend this concept

in considering k-hypertournaments, wherein a complete k-hypergraph H = (V,E)

(where |E| =
(
n
k

)
) has an orientation for each edge e ∈ E. Here, we consider choosing

a single winner via a choice function, C, on the edges of the hypertournament. We

call the pair (H,C) an (n, k) choice-hypergraph. Questions which arise include “what

constitutes domination?”, “what properties of domination graphs arise from various

choice functions?”, and “How many isomorphism classes of domination graphs are

possible”.

With respect to balanced allocations and fair representation (considered in Ap-

pendix A), related questions are considered. The problem of addressing inequities

(dynamically) may arise naturally in instances where notions of “fairness” and eq-

uitable distribution are of interest, such as in resource allocation, decision theory,

data and network processing, and clinical trials. Of interest in this context are con-
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siderations of what constitutes a “fair” choice function, and how to rectify a priori

conceptions of fairness which may, in practice, lead to unbalanced or inequitable rep-

resentations of members. Questions of particular interest are “when do fair choice

functions exist?”, “what sort of balanced representation is possible?”, and “what

properties of associated directed graphs arise from fair choice functions?”, amongst

others.

3.1 Future Work

Future avenues of research include natural extensions. In the case of (n, k) choice-

hypergraphs, of interest are the following questions (for general (n, k)):

Open Question 1. What are the maximal and minimal possible number of edges for

an (n, k)-domination graph?

Open Question 2. What proportion of (n, k)-domination graphs are strongly path

connected (for example Figures 2.3a and 2.3b)?

Open Question 3. What is the distribution of the number of edges in the domination

graph for a uniformly selected choice function on the edges of a k-hypergraph on n

vertices?

Open Question 4. What is the number of non-isomorphic (n, k)-domination graphs?

Consideration of these and related questions is work in progress.
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Appendix A: Balanced Allocation, Infinite Words, and

Sequential Choice

This paper1 is currently in pre-submission for the journal Discrete Applied Mathe-

matics. Stylistic variations are due to the requirements of the journal. K.S.B., K.E.B,

K.M.D., B.P.L.-P., and M.H.S. contributed to the research and wrote the paper.

1K. S Berenhaut, K. E. Beeler, K. M. Donadio, B. P. Lidral-Porter, M. H. Stone Balanced allocation,
infinite words, and sequential choice. Discrete Applied Mathematics.
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Abstract

In this paper, we introduce a stringent definition of fairness for choice functions, from

a sequential perspective. We prove existence of fair choice, and consider connections

with balanced allocation, path-connected directed graphs and cyclic preference. Some
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from a sequential perspective, and prove existence of fair choice, via consideration of

cyclic preference.

Although our focus here is on aspects of choice, the work is closely related to

the study of balanced allocations (see for instance [1, 2]). Therein one often con-

siders a model consisting of sequential placement of m balls into n bins. Different

combinations of random and deterministic placement are considered, with a quantity

of interest being the maximal number of balls placed in any one bin. Implications

on performance for memory restrictions are considered in [3, 4]. Generally, implied

in these methods is that preference in placement is given in some manner to the

least loaded of a set of selection of bins, with ties broken arbitrarily. The benefits

of an asymmetric tie-breaking mechanism are discussed for instance in [5] and in the

context of deterministic walks in [6]. Although here we are interested in balanced

allocations from a deterministic perspective, and the interactions with choice mech-

anisms, the work could be applicable in computational resource allocation, wherein

the above methods are often applied.

In particular, consider a fixed set P = {p1, p2, . . . , pn} of n individuals and suppose

selections x1, x2, . . . are being drawn from P in successive fashion. We are interested

in notions of fairness regarding the distribution of selections in time. We suppose

that x1, x2, . . . , xQ have been selected (via some means) from the set P . Following

this xQ+1, xQ+2, . . . are to be drawn under the assumption that for t > Q, xt ∈ Lt,

where Lt ⊆ P is the set of “least represented” elements in P among the Q selections

directly preceding time t, and moreover suppose xt = C(Lt) where C is some fixed

choice function on subsets of P .
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Notationally, for a given k with 0 < k < t, let Nk
t (p) be the number of selections

of individual p ∈ P within the k time points directly preceding time t, i.e.

Nk
t (p) = |{1 ≤ i ≤ k : xt−i = p}|. (1)

For convenience, when considering k = t− 1, we will write simply

Nt(p) = |{1 ≤ i ≤ t− 1 : xi = p}|, (2)

i.e. Nt(p) represents the number of instances of p prior to time t. In addition define

Lt via

Lt = Lt(Q)
def
=

{
p ∈ P : NQ

t (p) = min
π∈P

(NQ
t (π))

}
. (3)

Finally, we assume that xt is selected via a choice function C on the non-empty

subsets of P (i.e. C is a function from P(P) \ ∅ to P , where P(P) is the power set

of P), so that

xt = C(Lt), t > Q. (4)

We begin with a simple five-individual example.

Example 1. Suppose P = {1, 2, 3, 4, 5} and Q = 7, with initial selections given by

(x1, x2, . . . , x7) = (2, 2, 3, 4, 5, 1, 1), (5)
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and the choice function C (restricted to subsets of P of size three) is as given in Table

1.

C({1, 2, 3}) = 1, C({1, 2, 4}) = 4, C({1, 2, 5}) = 5, C({1, 3, 4}) = 3,

C({1, 3, 5}) = 5, C({1, 4, 5}) = 4, C({2, 3, 4}) = 2, C({2, 3, 5}) = 5,

C({2, 4, 5}) = 4, C({3, 4, 5}) = 3.

Table 1: A choice function on the subsets of a five-individual set (restricted to subsets of size three).

We then have x8 = C({3, 4, 5}) = 3, and since

(x2, x3, . . . , x8) = (2, 3, 4, 5, 1, 1, 3), (6)

it follows that x9 = C({2, 4, 5}) = 4. It may be verified that the first 100 values

(through x100) are in fact given by

2 2 3 4 5 1 1 3 4 2 5 2 3 4 1 5 3 4 5 2 1 2 3 4 5 3 4 5 1 2 1 2

3 3 4 5 4 5 1 2 1 3 2 3 4 5 4 5 1 1 2 3 2 3 4 5 4 1 5 1 2 3 2 3

4 4 5 1 5 1 2 3 2 4 3 4 5 1 5 1 2 2 3 4 3 4 5 1 5 2 1 2 3 4 3 4

5 5 1 2.

The sequence is eventually periodic with period length eighty given by
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2 1 2 3 4 5 3 4 5 1 2 1 2 3 3 4 5 4 5 1 2 1 3 2 3 4 5 4 5 1 1 2

3 2 3 4 5 4 1 5 1 2 3 2 3 4 4 5 1 5 1 2 3 2 4 3 4 5 1 5 1 2 2 3

4 3 4 5 1 5 2 1 2 3 4 3 4 5 5 1.

Note that, in perhaps surprisingly equal fashion, each of the five elements of P ap-

pears in the resulting period, above, exactly sixteen times.

Since both |P| and Q are finite, the sequence x must be ultimately periodic with

minimal period length at most nQ. We will refer to the minimal period length as

P = Px. Example 1 suggests investigation of dynamic fairness of choice functions in

an equalizing sense.

Definition 1. We say that a choice function, C, on an n-set P is fair (or sequentially

fair) if for all Q ≥ 1 such that n does not divide Q, and all possible values of

(x1, x2, . . . , xQ), the resulting eventual cycle is equally distributed over elements of P .

The restriction that n does not divide Q in the above definition will be clear later,

when we prove (see Corollary 1) that if n divides Q, the resulting eventual cycle is

never equally distributed over elements of P .

The next example gives selections on sets of size three, which are not consistent

with fair choice in the sense of Definition 1. On the other hand, we will see later that

selections as in Table 1 are consistent with fair choice.

Example 2. Suppose P and (x1, x2, . . . , x7) are as in Example 1, and C (restricted
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to sets of size three) is as in Table 1, except that C({1, 2, 3}) = 3 and C({1, 3, 4}) = 1

(note this is simply a swap in chosen values). Then, it may be verified that the

resulting minimal period is now of length eight, given by 3 4 5 3 4 5 2 1 and C is

not fair; for instance, there are two 5’s and one 1 in the period.

Definition 2. Let CP be the set of all choice functions on the subsets of P , and define

FP ⊂ CP to be the set of all fair choice functions (for P).

Among the questions we are interested in is the following.

Open Problem 1. Suppose P is fixed. Determine the set FP .

Among our results, we will prove the following.

Theorem 1. The set FP is non-empty for all P.

Without loss of generality, we will restrict attention to the set P = {1, 2, . . . , n}, and

denote FP by Fn.

Fairness and choice have been considered in the past, notably in the context of

social welfare and information processing. The interested reader might like to consult,

for instance [7, 8, 9, 10, 11, 12, 13, 14]. Balance in sequences has been considered in

the context of clinical trials (see for instance [15, 16, 17, 18]), as well as other areas

such as word combinatorics and load balancing [19, 20, 5].

The remainder of the paper proceeds as follows. Section 2 contains some prelim-

inaries and notation and Section 3 follows with results related to cyclic preference,
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domination graphs and the existence of fair choice functions in the sense of Definition

1.

2. Preliminaries and notation

In this section we introduce some preliminary definitions and notation.

The following definitions regarding equitable representation of elements of P =

{1, 2, ..., n} in x = (x1, x2, . . .) will be useful in what follows.

Definition 3. If (x, k, t) satisfies 1 < k ≤ t− 1 and

|Nk
t (π)−Nk

t (ρ)| ≤ 1 for all π, ρ ∈ P , (7)

we say that x is k-smooth at t. If, in addition k = Q + 1, we will say simply that x

is smooth at t.

Definition 4. If the sequence

{|Nt+1(π)−Nt+1(ρ)| : t ≥ Q} (8)

is bounded above, for all π, ρ ∈ P , then we say that x is asymptotically balanced.

Recall that P = Px is the length of a minimal period of the sequence x.

Definition 5. If there exists a T > 0 such that for all t > T ,

N
Px
t (π) = N

Px
t (ρ) for all π, ρ ∈ P , (9)

37



then we say that x is cyclically balanced.

The following elementary lemma will be helpful.

Lemma 1. If x is asymptotically balanced, then limt→∞Nt+1(π)/t = 1/n, for all

π ∈ P .

Proof. Assume x is asymptotically balanced and π ∈ P . Then, for t ≥ 0,

t =
∑

ρ∈P
Nt+1(ρ) = Nt+1(π) + (n− 1)Nt+1(π) + Vt = nNt+1(π) + Vt, (10)

where Vt < D for some D > 0 (independent of t). Thus

Nt+1(π)

t
=
t− Vt
nt

=
1

n
− Vt
nt
, (11)

and the lemma follows upon taking the limit in (11).

Note that since x is ultimately periodic, x is asymptotically balanced if and only if

x is cyclically balanced. In addition, Definition 1 can be restated in terms of cyclical

balance.

Definition 6. (Definition 1, revisited). We say that a choice function, C, on an n-set

P is fair (or sequentially fair) if for all Q ≥ 1 such that n does not divide Q, and all

possible values of (x1, x2, . . . , xQ), x is cyclically balanced .

Now, for convenience define d = d(Q, n) and r = r(Q, n), via
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Q+ 1 = nd+ r, 0 ≤ r ≤ n− 1. (12)

We have the following lemma.

Lemma 2. If x is smooth at some T > Q + 1, then x is smooth at all t ≥ T . In

addition, for all t ≥ T

|Lt| ∈ {1, n− r + 1}. (13)

Proof. For t > Q+ 1, set

A+
t = {π : NQ+1

t (π) = d+ 1} and A−t = {π : NQ+1
t (π) = d}, (14)

and note that by (12) and (7), |A+
T | = r and |A−T | = n− r. Suppose xT−(Q+1) = p. If

p ∈ A−T , then LT = {p}, |Lt| = 1, xT = p, and (A+
T+1, A

−
T+1) = (A+

T , A
−
T ). Otherwise

LT = A−T ∪ {p}, |Lt| = n − r + 1 and (|A+
T+1|, |A−T+1|) = (|A+

T |, |A−T |). Note that in

both cases, A+
T+1 ∪ A−T+1 = A+

T ∪ A−T = P and |LT | ∈ {1, n− r + 1}. Inductively, we

have (|A+
t |, |A−t |) = (r, n− r), and |Lt| ∈ {1, n− r + 1} for all t ≥ T , and the result

follows.
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Theorem 2. The sequence x is smooth for all t > 2Q+ 1, i.e.

NQ+1
t (π) ∈ {d, d+ 1} for all π ∈ P , (15)

and in addition (13) holds for all t > 2Q+ 1.

Proof. Suppose NQ+1
T (π) ≥ d+ 2, for some π ∈ P and T > 2Q+ 1, and set

J = max{T − (Q+ 1) ≤ i ≤ T − 1 : xi = π}. (16)

Then, NQ
J (π) ≥ d+ 1, and xJ = π, and by (4), NQ

J (ρ) ≥ d+ 1, for all ρ ∈ P . Hence,

by (12),

nd+ r − 1 = Q ≥ (d+ 1)n = nd+ n, (17)

and hence r ≥ n+1 (which contradicts (12)). Thus, NQ+1
t (π) ≤ d+1 for all t > 2Q+1

and π ∈ P . If NQ+1
t (π) = d for all π, then (15) holds. Hence, assume NQ+1

T0
(π) = d+1

for some π and T0 > 2Q+ 1, and similar to (16)

J0 = max{T0 − (Q+ 1) ≤ i ≤ T0 − 1 : xi = π}. (18)

Then, NQ
J0

(π) ≥ d, and xJ0 = π, and thus by (4) and (12), NQ
J0

(ρ) ≥ d (and hence

NQ+1
J0

(ρ) ≥ d) for all ρ ∈ P , and x is smooth at t = J0. Employing Lemma 2, x is

smooth for all t ≥ J0 (and in particular for t > 2Q+ 1), and (13) holds.
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Note that Theorem 2 implies that when examining long term behavior of x, it is

sufficient to consider the behavior of C on subsets Lt ⊂ P of size n− r + 1.

The following theorem provides conditions under which x is not asymptotically

balanced.

Theorem 3. Suppose r ≥ 1 and there exists a nonempty subset satisfying A ⊂ P,

such that C(L) /∈ A whenever A ⊂ L ⊆ P and |L| = n − r + 1. Then, there exist

initial values such that x is not asymptotically balanced.

Proof. Consider initial values such that NQ+1(π) = d for π ∈ A and NQ+1(π) ≤ d+1

for π /∈ A. This is possible via (12), since |A| ≤ n− r, (n− r + 1) + (r − 1) = n and

(n− r + 1)d+ (r − 1)(d+ 1) = nd+ r − 1 = Q. (19)

Now, note that A ⊂ LQ+1 and |LQ+1| = n− r + 1, and hence xQ+1 = C(LQ+1) /∈ A,

and NQ+1
Q+2 (π) = NQ+2(π) = d, for all π ∈ A. Suppose NQ+1

t (π) = d for some

t > Q + 1 and all π ∈ A. If xt−(Q+1) ∈ A, then Lt = {xt−(Q+1)}, thus xt = xt−(Q+1)

and NQ+1
t+1 (π) = d for all π ∈ A. Otherwise |Lt| = n− r+ 1, A ⊂ Lt, xt = C(Lt) /∈ A,

and again NQ+1
t+1 (π) = d. Thus NQ+1

t (π) = d, for all t > Q + 1 and π ∈ A. If d = 0,

then Nt+1(π) = 0 for all t > Q+ 1 and π ∈ A. Otherwise, for j ≥ 1

Nj(Q+1)+1(π)

j(Q+ 1)
=

dj

j(Q+ 1)
=

d

nd+ r
=

1

n+ r/d
. (20)

In either case, lim inft→∞Nt+1(π)/t < 1/n, and x is not asymptotically balanced.
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Corollary 1. If n divides Q (i.e. r = 1) then there exist initial values such that x is

not asymptotically balanced.

Proof. Set π = C(P) and A = P \ {π}. We have |A| = n− 1 < n = n− r + 1, and

the hypotheses of Theorem 3 are satisfied.

Complimentary to Corollary 1, we have the following.

Theorem 4. If n divides Q+ 1 (i.e. r = 0), then x is asymptotically balanced.

Proof. Theorem 2 implies that NQ+1
t (π) = d for all t > 2Q+ 1 and π ∈ P . Thus, as

a crude bound, |Nt+1(π) − Nt+1(ρ)| ≤ 2Q + 1 for all t > 2Q + 1 and π, ρ ∈ P , and

the theorem holds.

In the next section we prove the existence of fair choice functions, via consideration

of cyclic preference properties.

3. Graph representations, cyclic preference and the existence of fair choice.

In this section, we consider cyclic preference for C as it relates to cyclic balance

of x.

Akin to (2), for convenience, when considering only values determined via (4) (i.e.

{xt : t ≥ Q+ 1}), we will write simply

Ñt(p) = |{Q+ 1 ≤ i ≤ t− 1 : xi = p}|, (21)

i.e. Ñt(p) represents the number of instances of p between time Q+ 1 and time t− 1,

inclusively.
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We begin with the following key lemma regarding pair-wise domination for ele-

ments of P .

Lemma 3. Suppose π, ρ ∈ P and for t ≥ Q + 1, ρ ∈ Lt implies C(Lt) 6= π. Then,

for t > 0,

∆2Q+1+t(π, ρ)
def
= Ñ2Q+1+t(π)− Ñ2Q+1+t(ρ) ≤ d+ 1. (22)

Proof. Suppose that π, ρ ∈ P satisfy the requirements in the statement of the lemma.

Theorem 2 implies that (22) holds for 0 ≤ t ≤ Q. Assume that (22) does not hold

for some t > 0, and let

T0 = min{t : ∆2Q+1+t(π, ρ) = d+ 2}. (23)

Then x(2Q+1)+(T0−1) = x2Q+T0 = π, which, by the assumptions in the lemma, implies

NQ
2Q+T0

(π) < NQ
2Q+T0

(ρ). (24)

Thus

∆2Q+T0+1(π, ρ) = ∆Q+T0(π, ρ) +NQ
2Q+T0

(π)−NQ
2Q+T0

(ρ) + 1, (25)

(see Figure 1). Therefore,

∆Q+T0(π, ρ) = ∆Q+1+T0(π, ρ) +NQ
Q+T0

(ρ)−NQ
Q+T0

(π)− 1 ≥ ∆Q+1+T0(π, ρ) = d+ 2,
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which contradicts the definition of T0 in (23). The lemma follows.

Figure 1: Schematic for Equation (25) in the proof of Theorem 3, indicating sequence values under
consideration.

Theorem 5. Suppose the set P, a choice function C (on P(P)) and Q ≥ 1 are fixed,

and r is as in (12). Now, for 2 ≤ c ≤ n− 1, consider graphs G = Gc(C) with vertex

set P and directed edge set E = {(π1, π2)}, determined via (π1, π2) ∈ E, if and only

if, π1 ∈ L with |L| = c implies C(L) 6= π2. If the graph Gn−r+1 is path connected,

i.e., there exists a path of the form

(pi0 , pi1)(pi1 , pi2) · · · (piw , pi0) (26)

such that {pij : 0 ≤ j ≤ w} = P, then x is asymptotically balanced.

Before proving Theorem 5, we give some some resulting graphs as described in

the statement of Theorem 5, for P = {1, 2, 3, 4, 5, 6}.
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Example 2. The choice function given in Table 2, below, leads to the digraphs in

Figure 2, for 2 ≤ |L| ≤ 5. Note that each of the graphs is path connected.

L C(L) L C(L) L C(L) L C(L)

{1} 1 {3, 5} 5 {2, 3, 5} 5 {1, 3, 4, 6} 6

{2} 2 {3, 6} 6 {2, 3, 6} 6 {1, 3, 5, 6} 5

{3} 3 {4, 5} 4 {2, 4, 5} 4 {1, 4, 5, 6} 4

{4} 4 {4, 6} 6 {2, 4, 6} 6 {2, 3, 4, 5} 2

{5} 5 {5, 6} 5 {2, 5, 6} 5 {2, 3, 4, 6} 6

{6} 6 {1, 2, 3} 1 {3, 4, 5} 3 {2, 3, 5, 6} 5

{1, 2} 1 {1, 2, 4} 4 {3, 4, 6} 6 {2, 4, 5, 6} 4

{1, 3} 3 {1, 2, 5} 5 {3, 5, 6} 5 {3, 4, 5, 6} 3

{1, 4} 4 {1, 2, 6} 6 {4, 5, 6} 4 {1, 2, 3, 4, 5} 1

{1, 5} 5 {1, 3, 4} 3 {1, 2, 3, 4} 1 {1, 2, 3, 4, 6} 6

{1, 6} 6 {1, 3, 5} 5 {1, 2, 3, 5} 5 {1, 2, 3, 5, 6} 5

{2, 3} 2 {1, 3, 6} 6 {1, 2, 3, 6} 6 {1, 2, 4, 5, 6} 4

{2, 4} 4 {1, 4, 5} 4 {1, 2, 4, 5} 4 {1, 3, 4, 5, 6} 3

{2, 5} 5 {1, 4, 6} 6 {1, 2, 4, 6} 6 {2, 3, 4, 5, 6} 2

{2, 6} 6 {1, 5, 6} 5 {1, 2, 5, 6} 5 {1, 2, 3, 4, 5, 6} 1

{3, 4} 3 {2, 3, 4} 2 {1, 3, 4, 5} 3

Table 2: Choice function for Example 2
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(a) (b)

(c) (d)

Figure 2: Plots of associated digraphs, Gc(C) for the choice function, C, in Table 2 for c = 2, 3, 4, 5
respectively.

Proof of Theorem 5. Suppose G is path connected, with a path as in (26), and

t ≥ 0. Then, employing Lemma 3, for v1, v2 ∈ P , there exist (γi)1≤i≤w1 and (σi)1≤i≤w2
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with w1, w2 ≤ w such that,

Ñξt(v1) ≤ Ñξt(pγ1) + δ ≤ · · · ≤ Ñξt(pγw1
) + w1δ ≤ Ñξt(v2) + (w1 + 1)δ

and

Ñξt(v2) ≤ Ñξt(pσ1) + δ ≤ · · · ≤ Ñξt(pσw2
) + w2δ ≤ Ñξt(v1) + (w2 + 1)δ,

where ξt = 2Q+ 1 + t and δ = d+ 1. Hence

|Ñ2Q+1+t(v1)− Ñ2Q+1+t(v2)| ≤ (w + 1)(d+ 1), (27)

and x is asymptotically balanced.

Note that the argument employed in Theorem 5 carries over to connected components.

This fact is provided in the following theorem.

Theorem 6. For the construction of Gn−r+1 given in Theorem 5, if P1 ⊂ P are the

vertices in a path-connected component of Gn−r+1 then, the sequence

{|Ñ2Q+1+t(v1)− Ñ2Q+1+t(v2)| : t ≥ 0} (28)

is bounded above, for all ρ1, ρ2 ∈ P1.

For π, ρ ∈ P , we will say π �c ρ if and only if |L| = c and π ∈ L implies C(L) 6= ρ.
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The following theorem follows directly from Theorem 5.

Theorem 7. Suppose c = n−r+1 and (σ1, σ2, . . . , σn) is a permutation of (1, 2, . . . , n).

If πσi �c πσi+1
, for 1 ≤ i ≤ n − 1 and πσn �c πσ1, i.e. there is a cyclic preference

ordering on P, then x is asymptotically balanced.

The next result considers existence of asymptotically balanced sequences, when

r > 1.

Theorem 8. Suppose r > 1. Then there exists a choice function C such that x is

asymptotically balanced for all initial values.

Proof. Suppose t ≥ 2Q+1, and note that, by (13), |Lt| > 1 implies |Lt| = n−r+1 <

n. Now, set c = n− r + 1, and for L ∈P(P), with |L| = c, define

UL = {2 ≤ i ≤ n : pi−1 /∈ L and pi ∈ L} (29)

and

uL =





max{u : u ∈ UL}, If UL 6= ∅,

1, otherwise
, (30)

and set C(L) = puL . Suppose i ≥ 2 and pi−1 ∈ L. Then ut 6= i and hence pi−1 �c pi.

On the other hand, if uL = 1, then UL = ∅, L = {p1, p2, . . . , pc} 6= P , and pn /∈ L.

Thus pn �c p1, and by Theorem 7, x is asymptotically balanced.

Defining a choice function on subsets of P as described in the proof of Theorem
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8, and combining with Theorem 4 leads directly to Theorem 1.

Example 3. Table 3 provides some additional preference restrictions in the case

n = 5 and c = 3. The associated digraphs are given in Figure 3. The final row in

Table 3 provides the minimal cycle length of x, for the initial values (x1, x2, . . . , x7) =

(1, 5, 2, 3, 4, 2, 3).

L C1 C2 C3 C4 C5 C6 C7 C8 C9

{1, 2, 3} 2 2 3 3 2 1 2 1 1

{1, 2, 4} 1 1 2 2 2 1 2 2 4

{1, 2, 5} 1 1 1 1 5 5 1 5 5

{1, 3, 4} 3 4 3 3 1 4 4 4 3

{1, 3, 5} 1 3 5 3 5 1 1 1 5

{1, 4, 5} 4 1 1 1 1 4 4 1 5

{2, 3, 4} 4 3 4 3 2 2 4 4 2

{2, 3, 5} 5 3 5 5 3 3 5 3 5

{2, 4, 5} 4 5 4 4 4 5 4 4 2

{3, 4, 5} 5 4 4 4 5 5 3 3 5

period length 64 8 80 80 8 17 17 25 32

Table 3: Choices on subsets of size three for Example 3.

49



1

2

3

4

5

(a)

1

2

3

4 5

(b)

1

2

3

4

5

(c)

1

2 3

4

5

(d)

1

2

3

4

5

(e)

1

2

3

4

5

(f)

1

2

3

4

5

(g)

1

2

3

4

5

(h)

1

2

3

4

5

(i)

Figure 3: Plots of the digraphs for the choice functions in Table 3. (a) corresponds to C1, (b) to C2,
etc.

We close with some final related open questions.

Open Question 1. Suppose that x1, x2, . . . , xQ are drawn uniformly (randomly)

from the set P , and xt is drawn uniformly from the set Lt. What is the distribution

of Nt(π), for π ∈ P?

Open Question 2. Fix P and 2 ≤ c ≤ n − 1, and consider the set Gc = {Gc(C) :
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C ∈ CP} (where Gc(C) = Gc is as defined in the statement of Theorem 5). What is

|Gc|? For what proportion of C ∈ CP is Gc(C) path connected?
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[5] B. Vöcking, How asymmetry helps load balancing, Journal of the ACM (JACM)

50 (4) (2003) 568–589.

[6] K. E. Beeler, K. S. Berenhaut, J. N. Cooper, M. N. Hunter, P. S. Barr, Deter-

ministic walks with choice, Discrete Applied Mathematics 162 (2014) 100–107.

[7] K. E. Beeler, K. S. Berenhaut, J. N. Cooper, M. N. Hunter, P. S. Barr, Deter-

ministic walks with choice, Discrete Applied Mathematics 162 (2014) 100–107.

51



[8] S. Brookes, Fairness, resources, and separation, Electronic Notes in Theoretical

Computer Science 265 (2010) 177–195.

[9] C. Cooper, D. Ilcinkas, R. Klasing, A. Kosowski, Derandomizing random walks

in undirected graphs using locally fair exploration strategies, Distributed Com-

puting 24 (2) (2011) 91–99.

[10] M. Jaeger, On fairness and randomness, Information and Computation 207 (9)

(2009) 909–922.

[11] M. R. Johnson, Ideal structures of path independent choice functions, Journal

of Economic Theory 65 (2) (1995) 468–504.

[12] M. W. Krawczyk, A model of procedural and distributive fairness, Theory and

decision 70 (1) (2011) 111–128.

[13] H. Moulin, Choice functions over a finite set: a summary, Social Choice and

Welfare 2 (2) (1985) 147–160.

[14] H. Völzer, D. Varacca, Defining fairness in reactive and concurrent systems,

Journal of the ACM (JACM) 59 (3) (2012) 13.

[15] B. Efron, Forcing a sequential experiment to be balanced, Biometrika (1971)

403–417.

[16] D. J. McEntegart, The pursuit of balance using stratified and dynamic ran-

domization techniques: an overview, Drug Information Journal 37 (3) (2003)

293–308.

52



[17] K. F. Schulz, D. A. Grimes, Unequal group sizes in randomised trials: guarding

against guessing, The Lancet 359 (9310) (2002) 966–970.

[18] L.-J. Wei, A class of designs for sequential clinical trials, Journal of the American

Statistical Association 72 (358) (1977) 382–386.

[19] S. Sano, N. Miyoshi, R. Kataoka, m-balanced words: A generalization of balanced

words, Theoretical computer science 314 (1-2) (2004) 97–120.

[20] L. Vuillon, et al., Balanced words, Bulletin of the Belgian Mathematical Society-

Simon Stevin 10 (5) (2003) 787–805.

53



Appendix B: S1: Plots of the 225 distinct non-isomorphic

(5, 3) domination graphs.
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Appendix C: S2: Plots of the 21 distinct strongly

connected, non-isomorphic (5, 3) domination graphs
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