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Abstract

Sarah E. Roberts

In this thesis, we tabulate some previously undocumented link mosaic diagrams. Next
we prove an upper and lower bound on crossing number of certain mosaic diagrams of
knots in terms of winding number for knot diagrams that make only counterclockwise
turns. Next we begin drawing mosaic diagrams that have a more grid-like structure
and no crossings. This grid structure of a knot is similar to a “grid diagram” which
is equivalent to the arc presentation of a knot diagram. We generate grid diagrams
using pairs of permutations from the group ((Sn−1 × Sn). These permutations form
a set of coordinate pairs that locate the position of a turn tile in the diagram.
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Chapter 1: Introduction

Knot theory, although a recent focus of mathematical study, has a rich history.

Knots themselves have been used practically and artistically much longer than they

have in any mathematical context. Since the mathematical focus of knot theory be-

gan, there have been many developments and discovered applications to the study of

knots. Applications of knot theory have been found in statistical mechanics, particle

physics, astronomy, molecular biology, and chemistry. The search for knot invariants

has inspired a great deal of creativity in the field. Because knot invariants can help

us differentiate between knots there is a lot of motivation to find new invariants. This

search has led to drawing knots with sticks, coloring diagrams, polynomials have been

made to describe them.

We begin our study of knots in Chapter 2. We discuss helpful concepts, theorems,

and definitions that will be used throughout the duration of our work. After reading

“Knot Mosaic Tabulation” by [5] we noted that mosaic diagrams of knots have been

tabulated for small crossing numbers, while mosaics for links have not been well stud-

ied. So in Chapter 3 we tabulate mosaic diagrams of links and prove mosaic number

of all prime links with six or fewer crossings.

After tabulating link mosaics we began to explore diagrammatic bounds on cross-

ing number in terms of winding number. We prove such bounds for a special type

of knot diagram in Chapter 4. Next we focused on exploring a type of diagram for

knots and links called a right angle diagram. These diagrams may be specified by a

pair of permutations. We discuss right angle diagrams, and their direct relation to

grid diagrams and arc presentations in Chapter 5.
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Chapter 2: Background

2.1 Preliminaries on knots and links

We will begin our work with a few definitions starting with some of our more basic

terms like knot, link, and crossing number.

Definition 1. A knot is defined as the embedding of a circle into R3.

Knots and links are very similar, but have key differences. These differences can

be seen in the definition below.

Definition 2. A link is the disjoint embedding of one or more circles into R3. These

closed curves may have split components or have intertwined components.

Note that the term link encompasses the definition of a knot as well. When

referring to link, we mean a knot or a multicomponent link and not explicitly a link

with more than one component. When we refer to a knot however, we are always

referring to a one component closed curve as defined in Definition 1. The embedding

of the knot can be represented by what we call diagrams and projections of the knot.

Definition 3. A knot or link diagram is a representation of the link in R2.

Definition 4. The projection of a knot is defined the two dimensional representation

of the three dimensional knot.

There are infinitely many projections and diagrams of knots and links. Some

of these projections and diagrams may seem distinct, but all represent the same

knot. These different projections and diagrams are generated by ambient isotopies,

or movements of the knot that do not include cutting or gluing of the strands. The
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distinct diagrams and projections may seem inherently different, for example they

may have different crossing numbers, but we can always use ambient isotopies to

move from one diagram or projection to another.

Definition 5. A crossing of a knot or link is defined as a place where the strands

of a knot or components of a link pass over one another, they are are portrayed in a

diagram of a knot or link as a strand with two broken strands placed on either side of

the whole strand.

A diagram of a crossing is shown below in Figure 2.1.

Figure 2.1: A crossing in a knot
drawn as a strand with a “broken”
strand underneath.

In our work we will also refer to the term knot or link “shadow” defined below.

Definition 6. The shadow of a knot or link is a diagram of a knot or link shown as

if a light were shining above the projection of the knot in R3 onto R2. Knot and link

shadows are comparable to knot and link diagrams that do not have defined crossings.

We have mentioned the crossings of knots and links quite frequently already, but

we have not yet defined crossing number. It is defined as follows:

Definition 7. The smallest number of crossings found across all diagrams of the knot

or link is defined as the crossing number.

Crossing number is an example of a link invariant, which is an important quality

of a link that we define below.
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Definition 8. A link invariant is a property of a knot or link that does not change

when the projection of the knot is changed under ambient isotopy.

A link invariant can be used to tell the difference between two knots or two links.

Just as crossing number of a link is an invariant, so is the mosaic number, which is

an invariant derived from the mosaic diagram of the link.

Definition 9. The mosaic diagram of a knot is the smallest n× n board on which a

knot or link can be made of the square tiles, shown in Figure 2.2.

Definition 10. The mosaic number of a knot or link is defined as n where the mosaic

diagram from Definition 9 of the link is size n× n.

Unlike the artistic form of the mosaic in which pictures are made from an unlimited

number of distinct tiles, we are limited to only using five distinct tiles. These tiles

can be rotated by any multiple of π
2

radians. The tiles and their distinct rotations

are shown below in Figure 2.2.

Figure 2.2: Mosaic tiles and their
distinct rotations.

We form the diagram of a knot by aligning the tiles so that a connection point on

the sides of each tile are paired with another connection point.

Definition 11. Connection points are the points where the knot segments touch the

edge of the tile.

In particular, connection points are found at the midpoint of two or more edges

of each tile. We use these points to suitably connect the tiles.

4



Definition 12. When a mosaic is suitably connected there will be no unpaired con-

nection points, and the connection points will line up to meet each other at the mid-

point of the tile.

For example, in Figure 2.4, we see a suitably connected mosaic diagram of the

trefoil. Note that in order for a mosaic to be suitably connected, all crossing tiles

must be contained in the interior of the mosaic.

Definition 13. We define the interior of a mosaic board as the (n − 2) × (n − 2)

square in the center of the n× n mosaic.

Figure 2.3: Mosaic of a trefoil
knot, 31.

Using enough tiles and a large enough mosaic board we can create any knot or

link. This is because there are a finite number of crossings for each link, and we

can always find a finite interior board that will contain these crossings so that they

are suitably connected. Once we place the crossings in the interior we can connect

them with the non-crossing tiles appropriately, possibly extending the interior, until

we have created a diagram of the knot. Each knot can be made using a finite number

of tiles, and given a sufficient number of tiles we are guaranteed to create a diagram

of the knot. Note that once we have created a mosaic diagram of a knot it is easy

to make the diagram as large as we desire; the more interesting and challenging task

is finding the smallest board containing the knot. Once we have found this minimal

mosaic, then we have found the mosaic number of the knot. For example, in Figure

2.3 we show a minimal mosaic diagram for a trefoil. We can prove that this is the
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smallest diagram of the trefoil and consequently show that the mosaic number of the

trefoil must be four.

Proposition 2.1 The mosaic number of the trefoil is four.

Proof. The crossing number of the trefoil is three. We mentioned above that all

crossings must be contained in the interior of a mosaic board. Thus we must have an

interior that can contain at least three tiles. It is easy to see that the smallest board

with at least three interior tiles must be the 4× 4 board (which has an interior board

of size (2 × 2) giving us four interior tiles.) Finally Figure 2.3 displays the trefoil

drawn on a 4× 4 board. Thus this is the smallest board admitting a diagram of the

trefoil and so the mosaic number of the trefoil is four.

The mosaic number for all knots through eight crossings has been tabulated in

[5]. In Chapter 3 of this paper we find and prove the mosaic number for all links

tabulated in [1] through six crossings, and discuss different methods for finding and

proving mosaic number.

Mosaics of knots, specifically quantum knots, were developed by Kauffman and

Lomonaco in [6] to help diagram quantum systems. They claim that their quan-

tum knot systems could be used to simulate quantum vortices, and that they could

provide understanding in other related fields of quantum systems. After developing

knot mosaics Lomonaco and Kauffman posed some questions regarding application

of knot mosaics, both quantum ones and purely mathematical ones. For example,

how does one compute the mosaic number in general? Is the mosaic number related

to the crossing number of a knot? How does one find an observable, or quantum

knot invariant, for the mosaic number? They also ask questions directed towards the

quantum application of mosaic diagrams.

Since the creation of these diagrams, other mathematicians have studied mosaic
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diagrams of knots for mathematical applications. Modifications of the mosaic diagram

have been discussed. For example, Gardunoño discusses a type of mosaic tile in [4]

called a “virtual mosaic tile” and elaborates on a system of virtual mosaic diagrams

that result in bounds on different types of crossings. People have also explored the

idea of allowing mosaics to be rectangular instead of square, and how composition of

knots affects mosaic number. The study of mosaic diagrams has been a fairly recent

development in topology and ongoing research continues along these and other direc-

tions.

2.2 Specifics on grid diagrams and curvature

Our objective was to find relations between knot invariants and the mosaic number

of a knot. As we worked toward this goal we began to reduce the mosaic diagram of

a knot to what we call a “right angle diagram” or RAD. Instead of using the turn

tiles from mosaic diagrams, we use tiles that have sharp right angle turns. We also

label the boxes with numbers so that we can easily locate which square the turn tiles

are to be placed in.

Definition 14. The right angle diagram of a knot is simply a knot drawn with right

angles and vertical and horizontal lines instead of smooth curves; in other words, it

is a mosaic diagram of a knot with sharpened turns.

Creating this type of diagram allows us to view knots in a new way. We are able to

show how knots can be drawn using permutations from the group (Sn−1×Sn)/Z2, and

we are easily able to deduce the curvature of a knot by counting the number of turns

that the knot made. This enables us to prove bounds on the crossing number of a

knot in terms of the winding number. We also find that our right angle diagrams were

just another form of grid diagrams which are also very similar to mosaic diagrams.
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Definition 15. A grid diagram is a n × n grid with one X and one O in each row

and column. We connect each X and O in the same row with a horizontal strand,

and each X and O in the same column with a vertical strand. This gives us n X’s

and n O’s, n vertical strands, and n horizontal strands in the whole diagram. We call

n the grid number.

These grid diagrams are equivalent to another well known diagram called the arc

presentation of the knot. We will define arc presentation and thoroughly discuss its

relationship to grid diagrams in Chapter 5.

Next we will discuss winding number and curvature. We use winding number

to define our upper and lower bounds on crossing number, and we will also discuss

curvature of knots and links because of its relation to winding number. We will begin

with some definitions.

Definition 16. The winding number of an oriented polygonal knot diagram is the sum

of its signed exterior angles, and can be computed as the following:
∑ signed exterior angles

2π
.

The winding number of an oriented link is the sum of each component’s winding num-

ber.

A diagram an exterior angle of a curve is shown in Figure 2.7, and the term is

defined below.

Definition 17. The exterior angles of a knot or link are the angles that the tangent

lines makes as they move along the outside of the curve from one point on the curve

to another.

The winding number of a knot is a knot invariant directly associated with the

curvature of a knot, their relationship is shown in the following theorem and definition.
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Theorem 2.1. (Hopf’s Umlaufsatz) If C is a simple closed plane curve, then
∫
C
κds =

±2π, the positive occuring when C is counterclockwise and the negative occurring when

C is clockwise.

Definition 18. The total curvature for planar curves in general will have a value of

2πw where w ∈ Z is the winding number of a closed planar loop.

We call κ(s) the curvature function and we assume that it is parameterized by

arclength, the equation for total curvature is shown below

κtot =

∫ L

0

κ(s)ds.

Definition 19. We define absolute curvature for arbitrary curves as follows;

κabs =

∫ L

0

| κ(s) | ds.

For mosaics curvature is much more straight forward to calculate since the only

places where the knot or link curves is on turning tiles. We have that κabs = t · π
2
,

where t is the number of turns on the curve of mosaic diagrams. For some of our

work we search for bounds of knots and links that only make counterclockwise turns

so in this case we have that κtot = κabs. Next we discuss, and prove a useful lemma

and proposition for curvature of planar closed curves on mosaics.

Lemma 2.1. The number of turns, t, used in a mosaic diagram is always even.

Proof. The following proof is for a knot on a mosaic diagram. Beginning at the first

turn tile of the mosaic diagram we continue along a straight section of the curve

until we arrive at our next turn as we continue we get farther from the first turn tile.
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Because the link on our mosaic diagram is closed we know that we must return the

the first tile eventually thus each tile must have a corresponding tile that sends the

curve in the opposite direction. For example, the tile in Figure 2.4 sends the curve

south, so our tile in Figure 2.4 will be paired with another tile in the diagram that

turns the curve north. Since we can pair all of the tiles like this, we know that the

Figure 2.4: Example of an ori-
ented turn tile.

number of turn tiles is even. This argument can be applied to each component of a

link on a mosaic diagram and because sum of even numbers is still even we will have

the same result for links.

Proposition 2.1 For mosaics, κabs = π`, where ` = t
2
, and t is the number of turns

on the mosaic diagram.

Proof. Each turn tile curves ±π
2

radians, so then the absolute curvature will be π
2
t

where t is the number of turns used in the mosaic. We know that t
2

will be an integer

because we showed that t was even. Let ` = t
2
, then we have κabs = π` for some

` ∈ Z.

Proposition 2.2 κabs = π` ≤ 2π | w |=| κtot | when all of the turns are coun-

terclockwise or all clockwise. We will show this is true with two different proofs that

give us different perspectives of Proposition 2.2.

Proof. Recall that winding number w, is equal to
∑ signed exterior angles

2π
, so the

greatest possible winding number for a diagram would have the value:
|tπ

2
|

2π
, and

would be the consequence of a diagram that contained only counterclockwise (all

10



exterior angles measure +π
2

radians) or clockwise turns (all exterior angles measure

−π
2

radians). So we have that

| w |=
∑
| signed exterior angles |

2π
≤
| tπ

2
|

2π
=
t

4
.

Now because ` = t
2

we have that | w |≤ 1
2
`, or that

2 | w |≤ `.

Observe that equality holds only when all of the turns are counterclockwise. By

multiplying both sides of our last inequality by π we see that

κabs = π` ≤ 2π | w |=| κtot | .

Our second proof follows from the triangle inequality.

Proof. Another way to derive this begins with the triangle inequality. By the defini-

tion of the triangle inequality we have that

| a | + | b |≥| a+ b |,

and we have equality if and only if a, b have the same sign (i.e. ab ≥ 0). Now let

θi =(curvature of a particular turn i). For mosaics we know that θi = ±π
2
. Since

κtot = θ1 + · · ·+ θ2m where 2m = t and κabs =| θ1 | + · · ·+ | θ2m |, we have that:

| θ1 | + · · ·+ | θ2m | ≥ | θ1 + · · ·+ θ2m |
→ κabs ≥ | κtot |

Note that this equality holds if and only if all turns are clockwise or counterclockwise.

The corollary below follows from the Proposition 2.2 above.
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Corollary 1. If equality holds, then 4 divides t, where t is the number of turns.

This is true because a circle can always be made of four turn pieces. All of our

closed curves that contain only clockwise or counterclockwise turns will be made up

of circles that are either one component, or linked.

In the following example we see this inequality for the mosaic diagram of a trefoil:

the trefoil has ` = 4, t = 8, and w = 2.

Figure 2.5: Mosaic of a trefoil
knot, 31.

We conclude with a more in depth look at winding number of a knot diagram since

it is what we focus on when finding our bounds. Winding number can be described

as the degree of a continuous mapping, or how many times a curve loops about a

point inside of a curve. It is used in many different fields of mathematics, such as

differential geometry, complex analysis, and topology.

Winding number of a curve can be calculated in two different ways. In the first

method we consider being stationed at a point P , as in Figure 2.6. The winding

number is the number of times the curve turns completely about P . In this example

our curve winds about the point P two times, giving us a winding number of two.

For some curves however, there is no single point P that will work. Consider Figure

2.6 with The second method can be used for any curve. It is done by finding the sum of

signed exterior angles of the curve. We can have a positive or negative winding number

depending on the orientation of the curve. Counterclockwise turns are counted as

12



Figure 2.6: On the left we have a curve winding about a point P , and on the right
we have a curve for which no single P exists.

positive, and clockwise turns as negative. The example in Figure 2.7 shows one of

the positive exterior angles that we would add to calculate winding number of this

particular curve. Also note that if we start and end in the same place on a curve,

Figure 2.7: Example of an exterior
angle on an oriented closed curve.

then the winding number will always be an integer. Winding number also allows us

to observe something about the curve as a whole instead of only looking at one part

of a curve. Now that we have explored the basic definitions and concepts from our

work, we will begin our detailed work with our tabulation of link mosaics.
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Chapter 3: Tabulating with link mosaics

3.1 The basics for determining mosaic number

There are two approaches to finding the mosaic number of a link. In the first approach

we find a mosaic of the link and then use information about the link to prove that the

link cannot be made using a smaller board. Using the second exhaustive approach

requires we find all possible knots and links that can be made on a board of a particular

size. We continue this process, increasing the size of the board until we discover a

mosaic of the link we desire. Both techniques are used in this paper to tabulate links

through crossing number six. We also use several key facts in our deduction of low

crossing mosaic numbers for links:

Proposition 3.1. Any suitably connected mosaic board with minimal crossing number

will not have a corner tile of the interior board connected to itself.

Proof. Consider a suitably connected mosaic board with a corner tile that is connected

to itself, as in Figure 3.1. Note that we can remove the crossing at this corner by

preforming a Reidemeister I move. Because we can always reduce the crossing number

by at least one, we know that any mosaic board with this attribute is not minimal.

Figure 3.1: Removable crossing made by connecting a corner
tile to iteslf.
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Proposition 3.2a. If the interior of a board has an odd number of tiles on its edge,

and this edge is also made entirely of crossing tiles we can reduce the crossing number

of the link by at least one.

Proof. This is given to us by Proposition 3.1, and is shown below in Figure 3.2 on

two edges.

Proposition 3.2b. If the interior of a board has an even edge made entirely of

crossing tiles, then we can either reduce the crossing number of the projection of the

knot by zero, or two.

Proof. Reducing the crossing number of the diagram by zero is shown in the top of

Figure 3.3. We reduce the crossing number of a mosaic diagram by two by utilizing

Proposition 3.1 twice, shown in the bottom of Figure 3.3.

Figure 3.2: Crossings that can be
eliminated on an odd board.

Figure 3.3: Crossings that can be
eliminated on an even board.

We use these facts to rule out particular arrangements of crossing tiles in the inte-

rior. Once we have all of the possible arrangements of interior boards of a particular

size, we can construct the possible links made from the interior board. This brings

us to our third proposition.
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Proposition 3.3: (n − 2)2 ≥ Cr, where Cr denotes the crossing number of a knot

or link diagram displayed on the n× n mosaic board.

Proof. Note that if our board is of size n × n, then our interior board is of size

(n − 2)2. Then because our crossing tiles can only be placed on the interior of the

mosaic diagram, the maximum number of crossings we can place is the number of

interior tiles.

3.2 Tabulating all links with mosaic number six and below

3.2.1 Finding links with mosaic number three

By drawing a circle on four tiles, is easy to see that the mosaic number of the unknot

is two, and clearly this is the only link with mosaic number two. The mosaic numbers

for knots through eight crossings have also been found and tabulated in [5], so we

begin our work with the two component unlink, 02
1. We can draw 02

1 on a 3×3 mosaic

by depicting both as unknots as circles that pass through the center tile as illustrated

in Figure 3.4 below. Thus M(02
1) = 3. Also note that there is only one interior tile,

so the maximum number of crossings that we can include is one. It is clear to see

that the only one crossing link is the one component unknot, thus there are no other

links that can be portrayed in a 3× 3 diagram.

Figure 3.4: A minimal mosaic di-
agram of 02

1.
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3.2.2 Finding links with mosaic number four

Next we examine 22
1, the Hopf link. Since the Hopf link has two crossings, its mosaic

number is at least 4; Proposition 3 implies a 3 × 3 board contains only one tile in

its interior board, so it contains at most one crossing. Now note that we can indeed

draw 22
1 on a 4× 4 mosaic, thus M(22

1) = 4 which is shown below in Figure 3.5.

Figure 3.5: 22
1

For 42
1 we again see that there are 4 crossings, so we must at least use a 4 × 4

board. Again, we see that we can indeed create 42
1 on a 4× 4 board, so we have that

M(42
1) = 4 shown in Figure 3.6 below. Note that we are considering the tabulated

links from [1], which do not include split or composite links past 02
1. If we were to

consider split and composite links there would be more links to discuss with mosaic

number four.

Figure 3.6: 42
1

3.2.3 Finding links with mosaic number five

For links possessing more than four crossings Proposition 3 guarantees that we have

at least mosaic number five. Since 52
1 is the next link in our tabulation, and it has five
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crossings we know that we must move on to the 5× 5 board. We use the exhaustive

second approach, discussed in Section 3.1, in order to find all possible links on a 5×5

board.

Note that we indeed have enough interior tiles to draw 52
1 on a 5 × 5 board, and

that we can draw 52
1, the only five-crossing multicomponent link, on the 5×5 mosaic.

So we have that M(52
1) = 5 shown below in Figure 3.7.

Figure 3.7: 52
1

Next, we consider the possible six-crossing links in several cases and subcases.

We generate cases 6A-6D by looking for valid configurations of six crossings without

duplicates. We do so by considering all of the possible configurations for six cross-

ing tiles on the interior board. For these cases we do not yet assign crossings. The

subcases are created from assigning the crossings to the arrangements. Note that the

bold box in the mosaic diagram encloses the interior of the mosaic, and in the top left

of Figure 3.8 we show Case (6A) by only showing the interior board of the mosaic.

We begin our discussion with Case (6A). First note that there are an odd num-

ber of connection points going into the top middle boundary tile in Case (6A). We

know that there are no defined tiles that have an odd number of connection points.

Thus we see that this case cannot possibly make a link, and we move on to Case (6B).

For Case (6B), shown in the top right corner of Figure 3.8, we see that the green

tiles are forced in order to maintain six total crossings. Any other tile choice would
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Figure 3.8: Beginning with the
top left and reading from top to
bottom we have cases: 6A, 6B,
6C, and 6D.

include Reidemeister I moves and reduce our crossing number by at least one. Next

we have two possible choices for the center tile, and then two ways we can alternate

the bottom right corner for each center tile. One choice of center tile produces the

granny knot and square knot, while the other choice of center tile produces a two–

component unlink, or 62
1.

Next we explain how we generate our six subcases for case (6B) which are shown

below in Figure 3.9. We see that in the first column we have our two different choices

for the center tile without having chosen how the bottom corner alternates. The

second and third columns show the two different choices for alternating the corners

given the center choice.

For Case (6C), the bottom left corner of Figure 3.8, the curves drawn in the bound-

ary tiles are forced in order to not reduce our crossing number. We have two choices

for the center tile, and then four choices for alternating of the bottom corner, result-

ing in eight cases. These eight cases result in four trefoils, 62, 6∗2, a two–component

unlink, and 51.
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Figure 3.9: Six subcasses for case
6B.

Finally, for Case (6D) shown in the bottom right corner of Figure 3.8, we see that

again the green tiles are forced, and similar to Case (6C) have eight results from the

two choices of the center tile, and four choices for alternating the bottom right corner.

This time we create four trefoils, 62, 6∗2, an unknot and 51.

Thus we can conclude that the only prime six –crossing multi component link that

exists on a 5× 5 board is 62
1.

We finish finding all of the possible links on a 5 × 5 board by filling the whole

interior with crossing tiles. The interior of a 5 × 5 board contains nine tiles, but by

Proposition 1 we see that the largest possible crossing number on a 5 × 5 board is

seven, shown in Figure 3.2. Now we observe all of the possible seven-crossing links

on a 5 × 5 board. We see that in order to create seven-crossing links we must avoid

creating the Reidemeister I moves described in Proposition 2. By eliminating the

cases in which Proposition 2 can be applied, and the cases in which a Reidemeister

II move is created we conclude that there are only four possible cases up to rotation

and mirroring. These four cases are generated in the same way as the cases above.

We have a choice for the center tile, and then four choices for alternating the bottom

right corner. Shown below we see that Case (7A) creates the figure eight link, Case
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(7B) creates 74, case (7C) creates 61, and finally Case (7D) creates 6∗1. So we see that

there are no seven-crossing, two-component links on a 5× 5 board.

Figure 3.10: Case 7A. Figure 3.11: Case 7B.

Figure 3.12: Case 7C. Figure 3.13: Case 7D.
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We have now accounted for all possible cases of links on a 5 × 5 mosaic, but we

still have several six-crossing links that were not found on a 5× 5 board. Thus if we

can draw these six-crossing links on a 6× 6 diagram, then the mosaic number for this

link will be 6. Note that all six-crossing links aside from 62
1, which we found on a

5×5 mosaic, must fit onto a 6×6 mosaic. Thus we have that M(62
2) = 6, M(62

3) = 6,

M(63
1) = 6, M(63

2) = 6, and M(63
3) = 6, all of which are shown in the table in the

following section.
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3.3 Table for links up to six crossings

Below we have a table of all of the mosaics for six crossing links:

M(01) = 2 M(02
1) = 3 M(22

1) = 4 M(31) = 4

M(41) = 5 M(42
1) = 4 M(51) = 5 M(52) = 5

M(52
1) = 5 M(61) = 5 M(62) = 5 M(63) = 6

M(62
1) = 5 M(62

2) = 6 M(62
3) = 6 M(63

1) = 6

M(63
2) = 6 M(63

3) = 6
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Chapter 4: Upper and lower bounds on crossing number

4.1 Lower bound on crossing number

After tabulating the link mosaic diagrams, we sought bounds that could help us make

better conjectures for the mosaic number for knots and links. It seemed likely that

we could bound the number of crossings in a knot by the number of turns the knot

made, and that this could help us estimate how large of a mosaic board we would

need to make a knot. Below we prove a lower bound on crossing number.

Theorem 4.1. Let Cr(γ) be the crossing number and w(γ) be the winding number

of a closed curve, γ ∈ R2, that only makes π
2

radian counterclockwise turns. Then we

have

w(γ)− 1 ≤ Cr(γ). (4.1)

Proof. Consider a simple closed curve, γ ∈ R2 on a mosaic diagram, that only makes

counterclockwise turns. We imagine that γ is drawn so that all turns occur at integer

points, i.e., in Z × Z ⊂ R2. Let γ have C crossings. Our proof relies on classifying

these into four categories of crossings that we will discuss below.

Next we resolve the crossings on the perimeter of the curve so that we can de-

compose our original curve into more simple types of curves. Resolving or smoothing

our crossings breaks apart our one-component curve into one outer curve and inner

curves that we label αi for 1 ≤ i ≤ n for some n ∈ N. First let k be the number

of crossings on the perimeter of γ. Then let Cr(αi) denote any crossings the interior

curves have with themselves, and Cr(αiαl) denote crossings between any two distinct

interior curves. Let δ be the outer zero-crossing perimeter curve that is created when
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the crossings are resolved. In Figure 4.1, shown below, we see an example of resolving

the crossings on the perimeter, and labeling the resulting curves accordingly using a

six crossing planar curve. Having now accounted for four different types of crossings

for γ we observe that.

Cr(γ) = k +

j∑
i=1

Cr(αi) +
∑
i>l

Cr(αiαl) + 0. (4.2)

Figure 4.1: Resolving crossings in a mosaic diagram.

In general, we claim that if a curve γ has winding number n, then the sum of

the winding numbers of the resulting αi’s is n − 1. In order to prove this claim, we

first show that resolving a crossing does not change winding number. Because we are

working with γ on a mosaic diagram we observe that crossing tiles have zero curvature

(i.e., a winding number equal to zero). When we resolve a crossing tile, we replace

it with a tile containing two curves. One curve on the tile has an exterior angle of

π
2

radians, while the other has an exterior angle of −π
2

radians, shown in Figure 4.2

below. A crossing tile being resolved will always result with this because we must

maintain the orientation of the original curves. Since the sum of the two exterior an-

gles is zero, by definition we know that the winding number of the curves in the tile

will also be zero. Thus, resolving any crossing tile will not change the winding number.

25



Figure 4.2: Resolving one crossing tile.

When we resolve the crossings on the perimeter we create an outer curve δ that

has winding number one. Because we have shown that resolving crossings does not

change the winding number of our new collection of curves, the remaining curves must

have winding numbers that sum to n − 1. In other words, given w(γ) = n, we will

have
j∑
i=1

w(αi) = n− 1, where the αi denote the interior curves of γ.

This claim allows us to prove our inequality. We induct on winding number, and

begin with our base case, w = 1.

As our base case we consider all curves with only counterclockwise turns with winding

number w = 1. Note that the only situation in which this is true is in the class of

simple closed planar curves that are oriented counterclockwise; denote this class of

curves U . Now consider an arbitrary knot u ∈ U , then we see that,

Cr(u) ≥ w(u)− 1
0 ≥ 1− 1,

satisfying our hypothesis.

For our induction step we assume that the inequality holds true for all closed curves

γ that only make counterclockwise turns and have w(γ) ≤ n. That is,

Cr(γ) ≥ w(γ)− 1 = n− 1.

Now consider a closed curve γ with only counterclockwise turns such that w(γ) =
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n+ 1. We want to show that

Cr(γ) ≥ w(γ)− 1 = n. (4.3)

.

First note that summing the winding numbers of each individual αi is equivalent

to finding the winding number of the collection, or sum, of the curves: w(
j⋃
i=1

αi) =

n =
j∑
i=1

w(αi). Then by our induction hypothesis
j∑
i=1

Cr(αi) ≥
j∑
i=1

(w(αi)−1). Next we

apply the summation to the constant term and winding number to get:
j∑
i=1

w(αi)−j =

n− j.

We substitute this into Equation 4.2 to produce the inequality below.

Cr(γ) ≥ k + (n− j) +
∑
i>l

Cr(αiαl) + 0 (4.4)

The third term,
∑
i>l

Cr(αiαl), counts the crossings between different components

of the interior curves. It is greater than or equal to zero. Now we have that Cr(γ) ≥

k + (n− j) + 0 + 0

Because we resolve k crossings on the perimeter, k is the maximum number of

interior curves that we can create. Since j is the number of closed curves created in

the interior we must have that j ≤ k. So then we have that k − j ≥ 0 which tells us

that k + n − j ≥ n. Now we rewrite Inequality 4.4 as: Cr(γ) ≥ k + (n − j) ≥ n =

(n+ 1)− 1 = w(γ)− 1. So we have shown that Inequality 4.3 is true.

Now that we have shown the lower bound for crossing number in terms of winding
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number it becomes natural to search for an upper bound. This is the subject of

Section 4.2.

4.2 Upper bound on crossing number

Our next task is to find an upper bound for the crossing number of one-component

closed planar right angle curves. Finding this upper bound for one-component curves

is not immediately obvious, so we observe crossing numbers for n-component links

in which each component was simple, closed, planar and only made counterclockwise

turns. Note that the maximum number of times two rectangles can cross is four, this

is shown in the shadow of a two component link in Figure 4.3.

Figure 4.3: Maximum number of crossings for two simple planar closed curves.

The maximum crossing number of such an n-component link is easy to see when

overlapping each component so that it crosses each of the other components four

times, we will call such a link Lmax. An example is shown in Figure 4.4. We utilized a

Figure 4.4: Maximum crossing three component link.

maneuver called the rectangle move, similar to “smoothing” a crossing, that combines
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components of our n-component link to make a one-component link. Once finding the

rectangle move we found that we could reverse the process with what we called the

inverse rectangle move. It is easy to establish the maximum number of crossings on

the n-component link; from this we deduce that there must be a maximum number

of crossings for the corresponding one-component link.

We begin by defining the rectangle move and its inverse. First, notice that if we

attempt to connect any components by breaking a straight arc of the component and

then connecting the loose ends, we will create turns that are not counterclockwise,

shown in Figure 4.5.

Figure 4.5: Breaking components and reattaching along straight arcs.

Since each component is only made of straight arcs, turns, and crossings, we have

a limited number of places up to isotopy we can choose to break and reattach compo-

nents. Because breaking components at a turn tile is isotopic to breaking a component

along a straight arc, the only other place to break the a component is at a crossing.

After breaking our components at a crossing we must reattach our components so

that we preserve the orientation of the strands. Reattaching in this way maintains

counterclockwise turns and reduces our number of components by one. We call the

process of breaking two components at a crossing and then reattaching them a “rect-

angle move”, which we define in detail below.

Definition 20. A rectangle move combines two components of a multicomponent link
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into one by finding a crossing shared by two distinct components of the link, and then

breaking the crossing. This produces four loose ends. Reattach them to produce a

single closed curve. We attach strands 1 and 2, and strands 3 and 4 to one another.

Figure 4.6: Rectangle Move shown at the circled crossing.

Definition 21. The inverse rectangle move separates components of a one-component

link using the following algorithm:

• We begin with our one-component closed curve γ and find two corners that are

on the same component of the link, such that the corners turn the same direction

shown in Figure 4.7 (a).

• Next we remove the vertex of each corner, leaving four unconnected strands

shown in Figure 4.7 (b).

• Note that there is only one way to connect the four ends that creates one addi-

tional component and maintains the orientation of the strands shown in Figure

4.7 (c).

Performing an inverse rectangle move creates at least one additional crossing, does

not change the number of turns or the winding number, and increases the number of

components by one. We repeat this process until the number of components is equal
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(a) Locating appropriate
corner strands to apply the
inverse rectangle move.

(b) Removing vertices. (c) Connecting ends of components.

Figure 4.7: Inverse rectangle move.

to the winding number. Now we have created a link that has w(γ) components. Since

performing the corresponding rectangle moves change the w(γ)-component link into

the original curve, we have shown that there is a well-defined invertible algorithm

that inputs an n-component curve and outputs a one-component planar curve that

has winding number n.

For our proof we want to begin with a knot diagram D and produce a link L that

also makes only counterclockwise turns with the same winding number. Our goal is

to prove the following theorem.

Theorem 4.2. Let Cr(γ) be the crossing number and w(γ) be the winding number of

a closed planar curve, γ, that only makes counterclockwise right angle turns. Then

Cr(γ) ≤ 2w2(γ)− 3w(γ) + 1. (4.5)

Proof. We begin with a knot diagram D, such that w(D) = n. Consider L, the n-

component link constructed by applying n − 1 inverse rectangle moves to D. Each

component will be closed, simple, and planar, with winding number equal to one, i.e.,

a rectangle. Also note that Cr(D)+(n−1) ≤ Cr(L) because we used n−1 rectangle

moves to form L from D, and each move adds at least one crossing. Let Lmax be the

link with n components as above, and maximal crossing number. Recall that such
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a 3-component link was shown in Figure 4.4. Because each component has winding

number one we have

w(L) = w(Lmax) = n.

Note that L has n components and recall that each set of two components can cross

a maximum of four times. Now we have Cr(Lmax) = 4
(
w
2

)
= 2w2 − 2w where w

is the winding number of Lmax. Note that Cr(L) ≤ Cr(Lmax) because D does

not necessarily have the maximum number of crossings, and L is created from D.

We previously stated that Cr(D) + (n − 1) ≤ Cr(L). This can be rewritten as

Cr(D) + (w − 1) ≤ Cr(L) because w = n. So putting everything together we have

Cr(D) + (w − 1) ≤ Cr(L) ≤ Cr(Lmax) = 4

(
w

2

)
.

Subtracting (w − 1) from both sides we have that

Cr(D) ≤ Cr(L)− (w − 1) ≤ 2w2 − 2w − (w − 1).

Simplifying we have that Cr(D) ≤ 2w2− 2w− (w− 1) = 2w2− 3w+ 1. Thus we have

shown that our theorem holds, and we conclude our proof for the upper bound.
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Chapter 5: Grid diagrams and arc presentation

5.1 Right angle diagrams and permutations

We search for ways to generalize our bounds from Chapter 4 on crossing number

to a larger category of curves. Previously we required that the diagram make only

counterclockwise perpendicular turns, but we now allow both counterclockwise and

clockwise 90◦ turns in our diagrams.

Now we will define the expanded class of planar diagrams that we consider.

Definition 22. A right angle diagram is a closed planar curve in R2 drawn on a

t
2
× t

2
grid where t is the number of turns that the curve has. The right angle diagram

is the shadow of the knot with sharp right angles instead of smooth curves for turns.

The term shadow implies that we have not chosen crossings for the knot.

We first consider diagrams with four perpendicular turns and find all of the pos-

sible outcomes. It is clear that that there is only one four-turn diagram up to planar

isotopy, and that it is equivalent to the mosaic or grid diagram of an unknot. We

continued by finding all of the diagrams that could be produced from six turns by

hand. This was tedious; how could we assure that we had indeed found all of the

diagrams? To do so we restructured our system of generating diagrams with t turns

by using a system of permutations that generated all of the possible locations on a

grid where a turn tile can be found, and all of the possible ways those turns can

be connected disregarding crossing assignments. We describe this process in detail

below.

Note that each turn tile is connected to one vertical and one horizontal strand.

Thus the total number of strands is equal to the total number of turns. Recall from

Lemma 2.1 that the number of turns on a mosaic diagram is always even. Because the
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only difference between a right angle diagram and a mosaic diagram is the smoothness

of turns, and the crossing information, the number of turns on a right angle diagram

will also be even. The number of only vertical or only horizontal strands is t
2
. For

simplicity, let k = t
2

so that we can write our work interns of k. We choose two

permutations, φ from the group Sk, and σ from the group Sk−1 Let σj denote the jth

column and let φi denote the ith row, then (φj, σi) denotes the location of the turn

tile in column j and row i. Saying φ ∈ Sk allows us to begin in any row. However,

we require σ1 = 1 mandating that we start in the first column of our grid. Thus

σ = (σ1, σ2, · · · , σk) maybe viewed as lying in Sn/Zn ∼= Sn−1.

The two permutations can be broken down into a set of “coordinate pairs” each

of which denote the location of a turn tile on the RAD. Each of the numbers in σ will

be used twice in the set of coordinate pairs1 to tell us what column to place our turn

tile in, and φ will be used twice in the set of coordinate pairs to tell us the row to

place our turn tile. We use φ to give the first number in the coordinate pair, and σ to

give the second number. We alternately hold one of each of the coordinates constant

so that we get a vertical or horizontal segment between each turn tile. We begin by

holding the φ coordinate constant first. In general we see that given permutations

φ = (φ1, φ2, · · · , φk), and σ = (1, σ2, σ3, · · · , σk) our diagram would encounter turns

at precisely the following coordinates

(φ1, 1)(φ1, σ2), (φ2, σ2) · · · , (φk, 1)(φ1, 1).

Example 5.1. For example the set of permutations φ = (231), and σ = (132) give

the following set of coordinate pairs

(2, 1)(2, 3)(3, 3)(3, 2)(1, 2)(1, 1)(2, 1).

This list tells us that our first point starts in the second row and the first column,

1This excludes the duplicate coordinate pair that sends us back to the original turn tile.
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goes to the point in the second row and third column, then third row third column,

third row second column, first row second column, first row first column, and finally,

back to the second row and first column. Following this set of points all the way

through gives us a diagram of the unknot with one crossing, shown in Figure 5.1.

Figure 5.1: Example of drawing a knot shadow using permutations.

The ability to generate shadows of knots in this way allows us to systematically

generate all ambient isotopies, rotations, and orientations of the knots with a par-

ticular number of turns. However, because we are only interested in distinct knots,

generating all of the diagrams that are isotopically the same clutters our work. It is

possible that we could eliminate particular permutations that produce isotopic dia-

grams.

Example 5.2. For example, the permutations φ = (4312) and σ = (1234) create the

same right angle diagram as the permutations φ′ = (2134) and σ′ = (1432), but when

we draw them, they are drawn with opposite orientation shown in Figure 5.2 below

with (φ, σ) on the left, and (φ′, σ′) on the right.
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Figure 5.2: Sets of permutations that give opposite orientated diagrams.

We know that there always exists a permutation of each φ and σ as in the previ-

ous example because as in our theorem below we know we can always find a pair of

permutations that corresponds to the given right angle diagram.

Next we began asking questions about these permutations. For instance, is the

map from (Sn−1 × Sn) → {RAD} a bijection? Can we find a generalization of per-

mutations that generate right angle diagrams that are the same, but are oriented

differently? What types of permutations give us maximal and minimal crossing num-

ber given t turns? Is there a particular feature in the set of permutations that indicates

a crossing? In asking these questions, we were able to show the following theorem.

Theorem 5.1. Given (φ, σ) ∈ (Sk × Sk−1) we can produce a right angle diagram.

Conversely, given a right angle diagram with orientation and a starting point in the

first column, we can find a pair of permutations that corresponds to the given right

angle diagram.

Proof. To prove the former statement consider (φ, σ) ∈ (Sk × Sk−1) such that σ =

(1, σ2, · · · , σk−1), and φ = (φ1, φ2, · · · , φk). Then we have turns at the following set of

coordinate pairs

(φ1, 1)(φ1, σ2), (φ2, σ2) · · · , (φk, 1)(φ1, 1).

Note that we begin and end with the same coordinate pair, so we are guaranteed
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to create a closed curve. Also note that each coordinate pair alternately holds the

vertical coordinate or the horizontal coordinate constant; this creates the vertical and

horizontal segments of our diagram. This guarantees that we will always have only

vertical and horizontal lines connecting our ±π
2

radian turns, so we have thus shown

that our pair of permutations will create a right angle diagram.

Now to prove the later statement consider a right angle diagram with orientation

and a starting point. We utilize the starting point of the diagram to produce the first

coordinate pair. Given the curve’s orientation follow it to our next turn. Write the

coordinates of this turn as our next coordinate pair. Proceed in this way until we can

record all of the coordinate pairs in order back to the first one. Then write σ and

φ from our set of coordinate pairs by recording all of our distinct column and row

coordinates. Now we have generated σ and φ from our right angle diagram.

5.2 Grid diagrams and arc presentations

After developing right angle diagrams, we learned that his effort had independently

produced a slight generalization of grid diagrams. (See Definition 15 in Chapter 2).

There are only two slight differences between right angle diagrams and grid diagrams.

First, right angle diagrams do not give crossing information; second grid diagrams

utilize X’s and O’s to describe the turn tiles; right angle diagrams do not. Like right

angle diagrams grid diagrams are also oriented, include links, and have only vertical

and horizontal strands connecting the turn tiles or X’s and O’s respectively.

For links, grid diagrams are in correspondence with arc presentation, and have

gained popularity recently because of their application to knot Floer homology [7].

Late in this section we show that grid diagrams are directly analogous to the arc

presentation of a knot. Our definitions for arc presentation and arc index are given

by [3].
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Definition 23. An open-book decomposition is a decomposition of a closed oriented

3-manifold M into a union of surfaces with boundary and solid tori.

Definition 24. An arc presentation of a link L is an embedding of L in finitely

many pages of an open-book decomposition so that each of these pages meets L in a

single simple arc. The open-book decomposition separates each arc of the knot onto

an individual page, and all of the pages meet at the vertical axis.

Definition 25. Arc index of a link is the minimum number of pages required to

present a given link, denoted α(L).

Definition 25 partially gives us the correspondence between arc presentation and

grid diagrams. The arc index corresponds to the number of vertical strands in our

grid diagram. Because the grid diagram is defined so that there is one vertical strand

in each column the arc index and the grid index will be equal. We will show that

there is total correspondence between the two by projecting our arc presentation onto

a cylinder that is centered along the axis of the pages; then we unroll the cylinder

to give our grid diagram. The specifics of this process are as follows; we follow the

description from [2].

Theorem 5.2. Begin with an arc presentation of a link L, and two cylinders C1

and C2 about the axis of the pages of the diagram. Let C1 have radius one, and C2

have radius two. Let each page be labeled from {1, 2, · · · ,m}, with each page being

{θ1, · · · , θm} radians apart. Given these tools we will show that the arc presentation

and grid diagram of a link L are the same.

Proof. 1. We begin by projecting each arc, ai that connects an xi and a yi. xi

and yi are the positions along the axis where the arcs touch the axis. Each arc

will have one xi and one yi where xi is the lowest position of the arc, and yi is
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the highest. This is shown on the left side of Figure 5.3. We project xi and yi

together onto the surface of C2. We are left with an open 3-gon with vertices

(0, xi), (0, y1), (2, xi), (2, yi), each of these vertices are given by (r, z) where r is

the radius and z is the vertical position on the z axis. The segments that are

projected onto the cylinder will be the vertical segments of the grid diagram.

A diagram of this process is shown below in Figure 5.4.

Figure 5.3: The arc ai being projected onto C2 about the axis of the pages.

2. We have translated the vertical section of each arc, but the arcs are still attached

to the axis by the wedge formed by the two half spokes of radius one. This wedge

is formed by segments of arcs on adjacent pages, and is attached to the axis at

the (0, z) where z is one of our xi’s or yi’s. The half spokes we refer to reach

from the axis to the cylinder of radius one, this is the part we pull off of the axis

and project onto C1. We do this at each level along the axis. These segments

will make up the horizontal components of the diagram. A diagram of the half

spokes being projected to C1 is shown below.

3. Now L lies only on C1 and C2 so we can cut the two cylinders along any half

plane between pages of the arc presentation. This will give us a trapezoid with

height one, a top of width 4π, a base of width 2π with. We find m levels

between the base and the top, one level per page of the arc presentation. The

levels represent the points at which the vertical and horizontal strands meet, we
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Figure 5.4: Translating the half spokes of radius one at xi onto C1.

stretch the points out as we separate C1 and C2. The diagram of the trapezoid

is shown below.

Figure 5.5: Trapezoid made when we cut between two half planes.

4. We then stretch out the face of C1 so that it has length 4π giving us a rectangular

prism. Then looking perpendicularly at what used to be the faces of C1 and

C2 we can see the horizontal and vertical strands. These strands come together

where the m layers connecting the vertical and horizontal were. We no longer see

them because we are looking parallel, down their length. These points become

our X’s or an O’s from our grid diagrams.

Example 5.3. The following example is for the figure-eight knot, and shows the

process of going from a grid diagram to an arc presentation. Beginning with a 5× 5

grid diagram of 41, we draw our vertical components on the face of C2, and draw our
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horizontal components on C1; we depict these drawn on the trapezoid. Our five layers

connecting them were previously our X’s and O’s. The horizontal strands are pushed

back to the axis of the open-book decomposition where they come to a point. This

point will be one of the xi’s or yi’s we talked about in the first step of our algorithm.

The vertical strands can now be mapped to the pages of the arc presentation.

Starting from our arc presentation, we would follow the steps described above

to generate our vertical and horizontal strands. Our vertical and horizontal strands

would then define our grid diagram.

(a) Grid diagram of 41. (b) Applying vertical and horizon-
tal arcs onto the two cylinders.

(c) Projecting onto the pages of the
arc presentation.

Figure 5.6: Grid diagram to arc presentation.
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